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Abstract. In this paper, we first give an answer to a question concerning quasicontractions under w-

cone-distance, posed in the recent paper [Lj. Ćirić, H. Lakzian, V. Rakočević, Fixed point theorems for

w-cone distance contraction mappings in tvs-cone metric spaces, Fixed Point Theory Appl. 2012:3 (2012),

doi:10.1186/1687-1812-2012-3]. Then, we prove some coupled and b-coupled fixed point results in tvs-cone

metric spaces, which improve several known corresponding results. Finally, we derive several (common)

coupled fixed point results under w-cone distance in tvs-cone metric spaces, thus also improving some

known theorems. Examples are given to show the usage of these results, and that our improvements are

proper.
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1. Introduction

Cone metric spaces were considered by Huang and Zhang in [1], who re-introduced

the concept which has been known since the middle of 20th century (see, e.g., [2, 3]).
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Topological vector space-valued version of these spaces was treated in [4]–[10]; see also

[11] for a survey of fixed point results in these spaces.

Fixed point theorems in metric spaces with the so-called w-distance were obtained for

the first time by Kada et al. in [12] where nonconvex minimization problems were treated.

Further results were given, e.g., in [13, 14]. Cone metric version of this notion (sometimes

called a c-distance) was used, e.g., in [15]–[19].

Coupled fixed points in ordered metric spaces were treated, e.g., in [20]–[26] and many

other papers. Such problems in cone metric spaces were investigated, e.g., in [27]–[34].

In this paper, after some preliminaries, we first give an answer (Theorem 2.2) to the

Question concerning quasicontractions under w-cone-distance, posed in the recent paper

[19]. In Section 3, we prove some coupled and b-coupled fixed point results in tvs-cone

metric spaces, which improve corresponding results from [34]. An example shows that

this improvement is proper. Several other results can be improved in a similar way, some

of which are also mentioned.

In Section 4, we derive several (common) coupled fixed point results under w-cone

distance in tvs-cone metric spaces, thus also improving some known theorems. Again,

examples show the usage of these results, and that the respective theorems do not hold

when the underlying cone metric is used instead of a w-cone distance in the contractive

condition.

For the sake of simplicity, we work in spaces without order, but most of the results can

be easily re-formulated for the case of ordered tvs-cone metric spaces.

2. Preliminaries and auxiliary results

2.1. Cones and tvs-cone metric spaces

Let E be a real Hausdorff topological vector space (tvs for short) with the zero vector

θ. A proper nonempty and closed subset K of E is called a cone if K +K ⊂ K,λK ⊂ K

for λ ≥ 0 and K ∩ (−K) = {θ}. We shall always assume that the cone K has a nonempty

interior int K (such cones are called solid).
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Each cone K induces a partial order � on E by x � y ⇔ y − x ∈ K. x ≺ y will stand

for (x � y and x 6= y), while x � y will stand for y − x ∈ intK. The pair (E,K) is an

ordered topological vector space.

For a pair of elements x, y in E such that x � y, put [x, y] = {z ∈ E : x � z � y}. A

subset A of E is said to be order-convex if [x, y] ⊂ A, whenever x, y ∈ A and x � y.

Ordered topological vector space (E,K) is order-convex if it has a base of neighborhoods

of θ consisting of order-convex subsets. In this case, the cone K is said to be normal. If

E is a normed space, this condition means that the unit ball is order-convex, which is

equivalent to the condition that there is a number k such that x, y ∈ E and 0 � x � y

implies that ‖x‖ ≤ k‖y‖. A proof of the following assertion can be found, e.g., in [2].

Theorem 2.1. If the underlying cone of an ordered tvs is solid and normal, then such

tvs must be an ordered normed space.

We will call a sequence {un} in E a c-sequence if for each c � θ there exists n0 ∈ N

such that un � c for n ≥ n0. It is easy to show that if {un} and {vn} are c-sequences in

E and α, β > 0, then {αun + βvn} is a c-sequence.

If V is an absolutely convex and absorbing subset of E, its Minkowski functional qV is

defined by

E 3 x 7→ qV (x) = inf{λ > 0 : x ∈ λV }.

It is a semi-norm on E (i.e., qV (x+y) ≤ qV (x)+qV (y) for x, y ∈ E and qV (λx) = |λ|qV (x)

for x ∈ E, λ a scalar). If V is an absolutely convex neighborhood of θ in E, then qV is

continuous and

{x ∈ E : qV (x) < 1} = intV ⊂ V ⊂ V = {x ∈ E : qV (x) ≤ 1}.

Note also that qV (coA) ⊂ co (qV (A)) for arbitrary A ⊂ E.

Let now e ∈ intK. Then [−e, e] = (K − e) ∩ (e −K) = {z ∈ E : −e � z � e} is an

absolutely convex neighborhood of θ; its Minkowski functional q[−e,e] will be denoted by

qe. It is an increasing function on K. Indeed, let θ � x1 � x2; then {λ : x1 ∈ λ[−e, e]} ⊃

{λ : x2 ∈ λ[−e, e]} and it follows that qe(x1) ≤ qe(x2). If the cone K is solid and normal,

qe is a norm in E.
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We note that {un} is a c-sequence in E if and only if qe(un)→ 0 as n→∞.

From [1, 4, 5, 7], we give the following

Definition 2.2. Let X be a nonempty set and (E,K) an ordered tvs. A function

d : X × X → E is called a tvs-cone metric and (X , d) is called a tvs-cone metric space if

the following conditions hold:

(c1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;

(c2) d(x, y) = d(y, x) for all x, y ∈ X ;

(c3) d(x, z) � d(x, y) + d(y, z) for all x, y, z ∈ X .

Taking into account Theorem 2.1, proper generalizations when passing from norm-

valued cone metric spaces of [1] to tvs-cone metric spaces can be obtained only in the case

of nonnormal cones.

It is said that a sequence {xn} in (X , d) converges to x ∈ X (denoted as xn → x,

n→∞) if d(xn, x) is a c-sequence in E. Similarly, Cauchy sequences and the completeness

of the space are defined, see [1, 7, 11] and references therein.

The following properties are easy to prove:

(p1) If u, v, w ∈ E, u � v and v � w then u� w.

(p2) If u ∈ E and θ � u� c for each c ∈ intK then u = θ.

(p3) If un, vn, u, v ∈ E, θ � un � vn for each n ∈ N, and un → u, vn → v (n → ∞),

then θ � u � v.

(p4) If xn, x ∈ X , un ∈ E, d(xn, x) � un and un → θ (n→∞), then xn → x (n→∞).

(p5) If u � λu, where u ∈ K and 0 ≤ λ < 1, then u = θ.

(p6) If c� θ and un ∈ E, un → θ (n→∞), then there exists n0 such that un � c for

all n ≥ n0.

By (p6), each θ-sequence in K is a c-sequence. The converse is true if the cone K is

normal, but in general, a c-sequence need not be a θ-sequence (see [7, 11]).

Similar assertions hold for double sequences {umn}.

Also, from [7], we know that the cone metric d need not be a continuous function.
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In the sequel, E will always denote a topological vector space, with the zero vector θ

and with order relation �, generated by a solid cone K.

The following result was proved in [10].

Theorem 2.3. Let (X , d) be a tvs-cone metric space over a solid cone K and let e ∈ intK.

Let qe be the corresponding Minkowski functional of [−e, e]. Then dq = qe ◦ d is a (real-

valued) metric on X . Moreover:

1◦ xn
d→ x⇔ xn

dq→ x.

2◦ {xn} is a d-Cauchy sequence if and only if it is a dq-Cauchy sequence.

3◦ (X , d) is complete if and only if (X , dq) is complete.

Hence, topologies induced on X by d and dq are equivalent, i.e., these spaces have the

same collections of closed, resp. open sets, and the same continuous functions (provided

the underlying cone is solid).

2.2. w-cone-distance

Kada et al. [12] introduced the notion of w-distance in metric spaces as follows.

Definition 2.4. [12] Let (X , d) be a metric space. A function p : X × X → [0,+∞) is

called a w-distance in X if:

(1) p(x, z) ≤ p(x, y) + p(y, z) for all x, y, z ∈ X ;

(2) p(x, ·) : X → [0,+∞) is lower-semicontinuous for each x ∈ X ;

(3) For each ε > 0, there exists δ > 0, such that p(z, x) < δ and p(z, y) < δ implies

d(x, y) < ε.

They proved some fixed point results using this notion (see also [13, 14]). The notion

was transferred to the setting of (tvs)-cone metric spaces in two ways. Cho et al. [15]

introduced what they called a c-distance and this was also used in several other papers

(see, e.g., [16]–[18]) to obtain fixed point results.

The following variant of this definition was given in [19].

Definition 2.5. [19] Let (X , d) be a tvs-cone metric space. A function p : X × X → K

is called a w-cone-distance in X if:
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(w1) p(x, z) � p(x, y) + p(y, z) for all x, y, z ∈ X ;

(w2) p(x, ·) : X → K is lower-semicontinuous for each x ∈ X ;

(w3) For each c ∈ E with θ � c, there exists e ∈ E with θ � e, such that p(z, x)� e

and p(z, y)� e implies d(x, y)� c.

Using the notion of c-sequences, condition (w2) of the previous definition can be for-

mulated in the following equivalent way (see [19]):

(w2’) If yn, y ∈ X , yn → y as n → ∞ and g(y) = p(x, y), then g(y) − g(yn) is a

c-sequence.

Remark 2.6. Definition of c-distance from [15] differs from Definition 2.5 of w-cone-

distance in the way that the following condition is used instead of (w2):

If a sequence {yn} in X converges to a point y ∈ X, and for some x ∈ X and u = ux ∈

K, p(x, yn) � u holds for each n ∈ N, then p(x, y) � u.

By [15, Remark 2.6], it is clear that each w-cone distance is a c-distance, but the

converse does not hold.

Several examples of w-cone distances and c-distances can be found in [15]–[19]. See

also further Examples 4.2 and 4.4.

Similarly to Theorem 2.3 we obtain the following

Lemma 2.7. Let (X , d) be a tvs-cone metric space over a solid cone K and let p be a

w-cone-distance on X . Let e ∈ intK and let qe be the corresponding Minkowski functional

of [−e, e]. Then pq = qe ◦ p is a (real-valued) w-distance on X .

Proof. We check the conditions of Definition 2.4. (1) is straightforward.

(2) Let x ∈ X and denote gq(y) = pq(x, y). In order to prove that gq is lower semicon-

tinuous, take y, yn ∈ X such that yn → y in dq, which is equivalent to yn → y in d. Since

p is lower semicontinuous, this means that, for arbitrary ε > 0, p(x, y) � p(x, yn)+ε ·e for

n large enough. But then gq(y) ≤ gq(yn)+ε and gq = pq(x, ·) is also lower semicontinuous.

(3) For the given ε > 0 denote c = ε·e. Then c ∈ intK. By (w3), there exists c1 ∈ intK

such that

p(z, x)� c1 and p(z, y)� c1 implies d(x, y)� c. (2.1)
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Denote δ = qe(c1) and suppose that pq(z, x) < δ and pq(z, y) < δ. This means that

qe(p(z, x)) < δ = qe(c1) and qe(p(z, y)) < δ = qe(c1), which implies that p(z, x)� c1 and

p(z, y) � c1. By (2.1), we obtain that d(x, y) � c = ε · e and hence dq(x, y) < ε. This

completes the proof.

Using the previous lemma, as well as Theorem 2.3, most of the results from papers [15]–

[19] can be reduced to their metric counterparts. Moreover, an answer to the Question at

the end of paper [19] can be deduced, since it reduces to Ume’s result [35, Theorem 3.1].

Theorem 2.8. Let p be a w-cone-distance on a tvs-cone metric space (X , d). Suppose

that f, g : X → X are self-maps such that for some constant λ ∈ [0, 1) and for every

x, y ∈ X there exists

v ∈ co {p(gx, gy), p(gx, fx), p(gy, fy), p(gx, fy), p(gy, fx)}

such that p(fx, fy) � λv. Suppose that fX ⊂ gX and that one of these two subsets of

X is complete. Assume further that for each y ∈ X with fy 6= gy there exists c � θ

satisfying

c� p(gx, gy) + p(gx, fx), for each x ∈ X .

Then f and g have a unique point of coincidence. Moreover, if f and g are weakly

compatible, then they have a unique common fixed point z, and p(z, z) = θ holds.

Proof. Let e ∈ intK and let qe, dq = qe ◦ d and pq = qe ◦ p be defined as in Theorem 2.3

and Lemma 2.7. Then the contractive condition implies that there exists

qev ∈ co {pq(gx, gy), pq(gx, fx), pq(gy, fy), pq(gx, fy), pq(gy, fx)}

such that pq(fx, fy) ≤ λqev. But the last set is a set of real numbers, so this can be

written as

pq(fx, fy) ≤ λmax{pq(gx, gy), pq(gx, fx), pq(gy, fy), pq(gx, fy), pq(gy, fx)}.

Moreover, the given condition implies that for each y ∈ X with fy 6= gy,

pq(gx, gy) + pq(gx, fx) ≥ qec > 0 for each x ∈ X .
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In other words, inf{ pq(gx, gy) + pq(gx, fx) : x ∈ X } > 0, and hence [35, Theorem 3.1]

can be applied to reach the conclusions.

We will make use of the following basic lemma.

Lemma 2.9. Let p be a w-cone-distance on a tvs-cone metric space (X , d). Define

D : X 2 ×X 2 → K and P : X 2 ×X 2 → K by

D(X,U) = d(x, u) + d(y, v), P (X,U) = p(x, u) + p(y, v), X = (x, y), U = (u, v).

(2.2)

Then D is a tvs-cone metric on X 2 and P is a w-cone-distance on (X 2, D). If the space

(X , d) is complete, then so is (X 2, D).

Proof. The axioms of a tvs-cone metric for the function D can be checked directly. Let

us prove that (X 2, D) is complete if (X , d) is such.

Let {Xn} = {(xn, yn)} be a Cauchy sequence in (X 2, D). This means that {D(Xn, Xm)}

is a (double) c-sequence in K. Since d(xn, xm) � D(Xn, Xm) and d(yn, ym) � D(xn, xm),

it follows that {d(xn, xm)} and {d(yn, ym)} are double c-sequences in K. Hence, {xn} and

{yn} are Cauchy sequences in (X , d). By supposition, they converge to, say, x and y,

respectively. It easily follows that {Xn} converges to X = (x, y).

In order to prove the assertion about P , first note that the triangular inequality follows

directly.

(w2) Since, by definition, the mapping g(y) = p(x, y), y ∈ X (for fixed x ∈ X ) is

lower semicontinuous, it can be easily checked that the mapping G(U) = P (X,U) =

p(x, u)+p(y, v), U = (u, v) ∈ X 2 (for fixed X = (x, y) ∈ X 2) is also lower semicontinuous.

(w3) For the given c � θ, let e � θ be an element satisfying condition (w3) for the

w-cone distance p, but for the vector c
2
. Then the following implications hold:

p(x, u)� e ∧ p(x, z)� e ⇒ d(u, z)� c

2
,

p(y, v)� e ∧ p(y, w)� e ⇒ d(v, w)� c

2
.

(2.3)

Now, if

P ((x, y), (u, v)) = p(x, u) + p(y, v)� e,
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then p(x, u)� e and p(y, v)� e, and, similarly,

P ((x, y), (z, w)) = p(x, z) + p(y, w)� e,

implies p(x, z)� e and p(y, w)� e. Using (2.3), it follows that

D((u, v), (z, w)) = d(u, z) + d(v, w)� c

2
+
c

2
= c.

This completes the proof.

3. Coupled fixed point results in tvs-cone metric spaces

First we recall some definitions.

Definition 3.1. [34] Let X be a non-empty set and let f, g : X 2 → X be two mappings.

A point (x, y) ∈ X 2 is called:

(1) a b-coupled coincidence point of f and g if f(x, y) = g(x, y) and f(y, x) = g(y, x);

then (g(x, y), g(y, x)) is called a b-coupled point of coincidence;

(2) a b-common coupled fixed point of f and g if f(x, y) = g(x, y) = x and f(y, x) =

g(y, x) = y.

(3) The mappings f and g are called w̃-compatible if f(x, y) = g(x, y) and f(y, x) =

g(y, x) imply that f(g(x, y), g(y, x)) = g(f(x, y), f(y, x)).

Theorem 3.2. Let (X , d) be a tvs-cone metric space and let f, g : X 2 → X be two

mappings satisfying:

(i) for any (x, y) ∈ X 2 there exists (u, v) ∈ X 2 such that f(x, y) = g(u, v) and

f(y, x) = g(v, u);

(ii) {(g(x, y), g(y, x)) : x, y ∈ X} is a complete subspace of X 2 (taken with the product

cone metric, as in Lemma 2.9).
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Suppose that for some nonnegative constants α, β, γ, δ, ε such that α+ β + γ + δ + ε < 1,

and for all x, y, u, v ∈ X , the following inequality holds:

d(f(x, y), f(u, v)) + d(f(y, x), f(v, u)) � α[d(g(x, y), g(u, v)) + d(g(y, x), g(v, u))]

+ β[d(g(x, y), f(x, y)) + d(g(y, x), f(y, x))] + γ[d(g(u, v), f(u, v)) + d(g(v, u), f(v, u))]

+ δ[d(g(x, y), f(u, v)) + d(g(y, x), f(v, u))] + ε[d(g(u, v), f(x, y)) + d(g(v, u), f(y, x))]

(3.1)

Then, there exists a b-coupled coincidence point of f and g in X 2.

Proof. We will use the procedure similar as in [23]–[26], using Lemma 2.9.

So, consider in the set X 2 the cone metric D defined by (2.2). Then, (X 2, D) is a

tvs-cone metric space. Define the mappings F,G : X 2 → X 2 by

F (x, y) = (f(x, y), f(y, x)), G(x, y) = (g(x, y), g(y, x)).

Then, it is easy to see that:

(1) F (X 2) ⊂ G(X 2);

(2) subset G(X 2) of X 2 is complete.

Moreover, condition (3.1) imply the following one:

D(FX,FU) � αD(GX,GU)+βD(GX,FX)+γD(GU,FU)+δD(GX,FU)+εD(GU,FX),

for all X = (x, y) and U = (u, v) ∈ X 2. This means that conditions of Hardy-Rogers type

for two self-mappings in a tvs-cone metric space are fulfilled. Using Theorem 2.3 this can

be further reduced to the classical Hardy-Rogers type condition in the associated metric

space. It follows that F and G have a coincidence point Z = (z, w) ∈ X 2. It is easy to

see that this point is a b-coupled coincidence point of f and g. This completes the proof.

Remark 3.3. Condition (3.1) of Theorem 3.2 is obviously a consequence of the con-

tractive condition (h3) of [34, Corollary 1]. Hence, Theorem 3.2 is an improvement of

that corollary, proved in a much easier way. We show in the next example that this

improvement is proper.

It is also clear that several other known coupled fixed point results obtained recently,

such as [27, Theorems 3.1, 3.2], [28, Theorem 16], [30, Theorem 2.2], [33, Theorem 2.2],
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and others, can be proved in a much easier way and/or improved using the presented

method.

Example 3.4. Let E = C1
R[0, 1] with ‖ϕ‖ = ‖ϕ‖∞+‖ϕ′‖∞ and K = {ϕ ∈ E : ϕ(t) ≥ 0}.

It is well known that this cone is nonnormal (see e.g. [2]). Let τ be the strongest vector

(locally convex) topology on E. Then (E, τ) is a topological vector space which is not

normable and is not even metrizable. Let X = R and d : X × X → E be defined by

d(x, y)(t) = |x− y| · et. Then (X , d) is a tvs-cone metric space over a nonnormal solid

cone.

Consider the mappings f, g : X 2 → X given by

f(x, y) =
x− 4y

3
, g(x, y) = 2x,

and take α = 5
6

and β = γ = δ = ε = 0. Then condition (3.1) of Theorem 3.2 holds for

all x, y, u, v ∈ X since

d(f(x, y), f(u, v)) + d(f(y, x), f(v, u))

=

∣∣∣∣x− 4y

3
− u− 4v

3

∣∣∣∣ · et +

∣∣∣∣y − 4x

3
− v − 4u

3

∣∣∣∣ · et
� 5

3
(|x− u|+ |y − v|) · et

=
5

6
(|2x− 2u|+ |2y − 2v|) · et

=
5

6
[d(g(x, y), g(u, v)) + d(g(y, x), g(v, u))] ,

holds for all x, y, u, v ∈ X and all t ∈ [0, 1]. By Theorem 3.2, f and g have a b-coupled

coincidence point (which is (0, 0)).

On the other hand, suppose that condition (h3) of [34, Corollary 1] holds with α1 =

· · · = α4 = 0, i.e.,∣∣∣∣x− 4y

3
− u− 4v

3

∣∣∣∣ · et � α5 · (|2x− 2u|+ |2y − 2v|) · et

holds for all x, y, u, v ∈ X and all t ∈ [0, 1]. Put x = u, and the previous inequality

reduces to

4

3
|y − v| ≤ 2α5|y − v|,
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which, for y 6= v, gives α5 ≥ 2
3
, which is excluded by supposition α5 <

1
2
. Hence, the

existence of a b-coupled coincidence point cannot be obtained using [34, Corollary 1] (with

α1 = · · · = α4 = 0).

Remark 3.5. As in the most results of this kind, if we add to the conditions of Theorem

3.2 that f and g are w̃-compatible, then it can be easily shown that f and g have a unique

b-common coupled fixed point (see details in [34]).

4. Results on coupled fixed points under w-cone-distance

contractive conditions

The first result of this section is the following

Theorem 4.1. Let (X , d) be a complete tvs-cone metric space and let p be a w-cone-

distance on X . Suppose that a continuous map f : X 2 → X satisfies the following two

conditions:

p(f(x, y), f(u, v)) + p(f(y, x), f(v, u))

� α[p(x, u) + p(y, v)] + β[p(x, f(x, y)) + p(y, f(y, x))]

+ γ[p(u, f(u, v)) + p(v, f(v, u))] + δ[p(x, f(u, v)) + p(y, f(v, u))]

+ ε[p(u, f(x, y)) + p(v, f(y, x))],

p(f(u, v), f(x, y)) + p(f(v, u), f(y, x))

� α[p(u, x) + p(v, y)] + β[p(f(x, y), x) + p(f(y, x), y)]

+ γ[p(f(u, v), u) + p(f(v, u), v)] + δ[p(f(u, v), x) + p(f(v, u), y)]

+ ε[p(f(x, u), u) + p(f(y, x), v)],

(4.1)

for all x, y, u, v ∈ X , where α, β, γ, δ, ε are nonnegative constants such that α + β + γ +

2δ + 2ε < 1. Then f has a coupled fixed point (z, w) in X 2. Moreover, it is p(z, z) =

p(w,w) = θ.
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Recall (e.g., [20]) that the point (z, w) ∈ X 2 is called a coupled fixed point of a mapping

f : X 2 → X if f(z, w) = z and f(w, z) = w.

Proof. Consider in the set X 2 the cone metric D and w-cone distance P defined by (2.2).

Then, by Lemma 2.9, (X 2, D) is a complete tvs-cone metric space. Define the mapping

F : X 2 → X 2 by

F (x, y) = (f(x, y), f(y, x)).

Then, it is easy to see that F is continuous, and that conditions (4.1) imply the following

ones:

P (FX,FU) � αP (X,U) + βP (X,FX) + γP (U, FU) + δP (X,FU) + εP (U, FX),

P (FU, FX) � αP (U,X) + βP (FX,X) + γP (FU,U) + δP (FU,X) + εP (FX,U),

for all X = (x, y) and U = (u, v) ∈ X 2. Moreover, by Remark 2.6, w-cone distance P on

X 2 is also a c-distance. Hence, all the conditions of [16, Theorem 2] are fulfilled and we

conclude that F has a fixed point (z, w) ∈ X 2 such that P ((z, w), (z, w)) = (θ, θ) ∈ X 2.

But then obviously (z, w) satisfies what is needed. This completes the proof.

Example 4.2. Let X = [0,+∞), E = C[0, 1], K = {ϕ ∈ E : ϕ(t) ≥ 0, t ∈ [0, 1]},

d(x, y) = |x− y|ϕ and p(x, y) = yϕ for x, y ∈ X and fixed ϕ ∈ K. Then (X , d) is a (tvs)-

cone metric space and p is a w-cone distance on it (see [15, Example 2.10]). Consider the

mapping f : X 2 → X given by

f(x, y) =
x+ 2y

4
,

and take α = 13
20

, β = γ = 2
15

and δ = ε = 0. Then the contractive conditions (4.1) of

Theorem 4.1 are satisfied, since:

p(f(x, y), f(u, v)) + p(f(y, x), f(v, u))

=
3

4
(u+ v)ϕ �

[
3

4
(u+ v) +

1

10
(x+ y)

]
ϕ

= α[p(x, u) + p(y, v)] + β[p(x, f(x, y)) + p(y, f(y, x))] + γ[p(u, f(u, v)) + p(v, f(v, u))]
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and

p(f(u, v), f(x, y)) + p(f(v, u), f(y, x))

=
3

4
(x+ y)ϕ �

[
3

4
(x+ y) +

1

10
(u+ v)

]
ϕ

= α[p(u, x) + p(v, y)] + β[p(u, f(u, v)) + p(v, f(v, u))] + γ[p(x, f(x, y)) + p(y, f(y, x))]

hold for all x, y, u, v ∈ X . All other conditions of Theorem 4.1 are also satisfied, hence f

has a (unique) coupled fixed point (which is (0, 0)).

In a similar way, using [16, Theorem 3], one can obtain the following common coupled

fixed point result.

Theorem 4.3. Let (X , d) be a complete tvs-cone metric space and let p be a w-cone-

distance on X . Suppose that continuous maps f : X 2 → X and g : X → X satisfy the

following two conditions:

p(f(x, y), gu) + p(f(y, x), gv) � α[p(x, u) + p(y, v)]

+ β[p(x, f(x, y)) + p(y, f(y, x)) + p(u, gu) + p(v, gv)]

+ δ[p(x, gu) + p(y, gv) + p(u, f(x, y)) + p(v, f(y, x))],

p(gu, f(x, y)) + p(gv, f(y, x)) � α[p(u, x) + p(v, y)]

+ β[p(f(x, y), x) + p(f(y, x), y) + p(gu, u) + p(gv, v)]

+ δ[p(gu, x) + p(gv, y) + p(f(x, y), u) + p(f(y, x), v)],

(4.2)

for all x, y, u, v ∈ X , where α, β, δ are nonnegative constants such that α + 2β + 4δ < 1.

Then f and g have a common coupled fixed point (z, w) in X 2. Moreover, it is p(z, z) =

p(w,w) = θ.

Recall (e.g., [21]) that a point (z, w) ∈ X 2 is called a common coupled fixed point of

mappings f : X 2 → X and g : X → X if f(z, w) = gz = z and f(w, z) = gw = w.

As a corollary, we obtain, e.g., the common coupled fixed point result for mappings

f : X 2 → X and g : X → X satisfying

p(f(x, y), gu) + p(f(y, x), gv) � α[p(x, u) + p(y, v)],

p(gu, f(x, y)) + p(gv, f(y, x)) � α[p(u, x) + p(v, y)],
(4.3)



COUPLED FIXED POINT RESULTS UNDER W-CONE-DISTANCE 43

0 ≤ α < 1. This is an improvement of [13, Theorem 2.1] (in the case without order; of

course, an “ordered” variant could be derived similarly, as we have said in the beginning).

Modifying an example from [16], we show that it may happen that conditions of the

type (4.3), taken in the tvs-cone metric of the given space, may not be sufficient for

concluding about the existence of a common coupled fixed point.

Example 4.4. Let E, K, X and d be the same as in Example 4.2 and define p(x, y) = xϕ,

for fixed ϕ ∈ K. Consider the mappings f : X 2 → X and g : X → X defined by

f(x, y) = x
4

and gx = x
2
. If x = y = 5, u = v = 15

2
, then

d(f(x, y), gu) + d(f(y, x), gv) =

∣∣∣∣54 − 15

4

∣∣∣∣ϕ+

∣∣∣∣54 − 15

4

∣∣∣∣ϕ = 5ϕ,

and

d(x, u) + d(y, v) =

∣∣∣∣5− 15

2

∣∣∣∣ϕ+

∣∣∣∣5− 15

2

∣∣∣∣ϕ = 5ϕ.

Thus, there is no α ∈ (0, 1) (and hence no triple (α, β, δ)) such that

d(f(x, y), gu) + d(f(y, x), gv) � α[d(x, u) + d(y, v)]

for all x, y, u, v ∈ X , i.e., the existence of a common coupled fixed point of f and g cannot

be deduced from the tvs-cone metric version of Theorem 4.3.

However, conditions of the w-cone-distance version (Theorem 4.3) are satisfied. Indeed,

take arbitrary α, 1
2
≤ α < 1 and β = δ = 0. Then, for all x, y, u, v ∈ X ,

p(f(x, y), gu) + p(f(y, x), gv) = [f(x, y) + f(y, x)]ϕ =
x+ y

4
ϕ

� α(x+ y)ϕ = α[p(x, u) + p(y, v)],

and

p(gu, f(x, y)) + p(gv, f(y, x)) = [gu+ gv]ϕ =
u+ v

2
ϕ

� α(u+ v)ϕ = α[p(u, x) + p(v, y)].

Hence, the existence of a common coupled fixed point of f and g (which is (0, 0)) follows

from Theorem 4.3.
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