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Abstract. In this paper, a hybrid iteration method is studied. Convergence theorems for a fixed point of asymptot-

ically nonexpansive mapping are established in Banach spaces.
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1. Introduction and preliminaries

Let K be a nonempty closed convex subset of a real Banach space E. LetT : K — K be a

mapping. Recall that 7 is said to be nonexpansive if
|Tx—Ty[| < |lx—y|| VxeK.
T is said to be L-Lipschitzian if there exists a constant L > 0 such that

|Tx—Ty|| <L|x—y|| VxeK.
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T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with

lim,, .. k,, = 1 such that
| T"x—T"y|| < knllx—y|| VxeK,n>1.

Iterative techniques for approximating fixed points of nonexpansive mappings and asymptot-
ically nonexpansive mappings have been studied by various authors; see, e.g., [1-16]. In 2007,
Wang [17] introduced an explicit hybrid iteration method for nonexpansive mappings in Hilbert
space. In the same year, Osilike et al. [18] extended Wang’s results to arbitrary Banach spaces
without the strong monotonicity assumption imposed on the hybrid operator. In 2012, Qiu et
al. [13] improved and extended the results in [11] and studied the strong convergence.

Inspired and motivated by this facts, we study a hybrid iteration scheme for approximating
fixed points of asymptotically nonexpansive mappings. Convergence theorems for a fixed point
of asymptotically nonexpansive mapping are established in uniformly convex Banach spaces.

Let K be a nonempty closed convex subset of a real uniformly convex Banach space and

T : K — K be asymptotically nonexpansive. This scheme is defined as follows.
Xnt1 = Quu~+ B X0+ 7, [T"xn — Anp1HA (T"x,)], Vn >0, (1.1)

where u € K and xp € K, {o,}, {B,}, {7,} and {A,,} are real sequences in [0, 1) and o, + B, +
Y, =1foralln>1.

Recall the following definitions.

Definition 1.1. [19] A norm on Banach space E is uniformly convex if for all {x,}, {y,} C
{z € E: ||zl = 1} such that || (x+y)|| = 1, we have [[x, — ya|| — 0.

A Banach space E is said to satisfy the Opial’s condition [20] if, for all sequences {x,}
in E such that {x,} converges weakly to some x € E, the inequality limsup,_.., ||x, —x| <

limsup,,_,., ||x, — || holds for all y # x in E.

Definition 1.2. [21] Let C and K be two Banach spaces and let 7' be a mapping from C into K.
Then the mapping 7 is said to be
(i) demiclosed if x, = x1inC and Tx, — y in K imply Tx =y;



112 ESRA YOLACAN, HUKMI KIZILTUNC
(ii) demicompact if any bounded sequence {x,} in C such that {x, — Tx, } converges strongly
has a convergent subsequence;

(iii) completely continuous if it is continuous and compact.

T is said to satisfy condition (A) [5] if F (T) # 0 and there exists a nondecreasing function f :
[0,00) — [0,00) with f(0) =0and f () >0 forallz € (0,00) such that ||x — T'x|| > f (d (x,F (T)))
forallx € D(T), whered (x,F (T)) :=inf{||x—p|: pe F(T)}.

In the sequel, we need the following useful known lemmas to prove our main results.

Lemma 1.1. [22] Let {a,}, {b,} and {8,} be sequences of nonnegative real numbers satis-
fying the inequality

an+1 < (1 +5n)an+bn, Vn >1

If Yo by <ocoandy, 8, <o, then

(i) lim,, 0 a;, exists;

(ii) In particular, if {a,} has a subsequence {ay;} converging to 0, then lim,_,.a, = 0.
Lemma 1.2. [14] Let E be a uniformly convex Banach space and let a, b be two constants with
0 < a < b < 1. Suppose that {t,} C [a,D] is a real sequence and {x,}, {y,} are two sequences

in E. Then the conditions
lim ||t,x, + (1 —1,)y,|| = d, limsup ||x,|| < d, limsup ||y,|| <d
n—oo n—>o0 n—oo

imply that im,,_, ||x, — yn|| = 0, where d > 0 is a constant.

Lemma 1.3. [23] Let E be a real uniformly convex Banach space. Let K be a nonempty closed
convex subset of E and let T : K — K be nonexpansive mapping. Then I — T is demiclosed at

Z€ero.
2. Main results

Theorem 2.1. Let E be a real uniformly convex Banach space, let K be a nonempty closed con-
vex subset of E, and let T : K — K be an asymptotically nonexpansive mapping with sequence

{kn} C [1,00) satisfying Y (kn—1) < ooy A: K — K is an L-Lipschitzian mapping. Let the
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hybrid iteration {x,} be defined by (1.1) and F(T) # 0, where {a,}, {B,}, {v,} and {1} are
real sequences in [0,1) and satisfy the following conditions:

(i) @+ By + 7, = 15

(ii) limy oo ay, = 0, Y71 Oty = 00;

(iii) Typ_y An < o0,

Then

(1) limy, e ||x, — p|| = 0 exists, Vp € F;
(2) 1imy oo | T — x| = 03

(3) {xn} converges strongly to a fixed point of T if and only if liminf, . d (x,,F) = 0.

Proof. (1) Let p € F (T). In view of arbitrary u € K, we have

M = max {[lu— pl|}. (2.1)

By using (1.1), we have

X1 = pll

= lawu+Bxn+ 7, [T = Anp 1 RA(T"2,)] = p|

< Cullu=pll+By [l =l + % 1T = Pl + VaAnrt 1 [|A (T"0) |
< Cullu=pll+B, b =Pl + % IT"x0 = pll+ Y Ant 1 i [|A (T"x0) = A (P) | + VaAnr 1t [|A (D)
< O [lu—pll+ B, 1 = pll+ Vikn |0 = Pl

+YAnitknL |0 = pll + Y Ani 11t |A (P)]]- (2.2)

Since limy, 00k, = 1 (n — o0), we know that {k, } is bounded and there exists Q; > 1 such that

ky < Qi.Leth,=k,—1,by ¥ (k,—1) <oowehave Y h, <occ. Hence we have
1

n=1 n=

X1 = p

< oMtk (B + 1) o = Pl + Va At ROIL [0 = pll + VA1 [A (D)
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IN

0taM + (1+hy) (1= &) [0 = pll + Yy A a OLL X = pl| + YV A1 A (P) ]

IN

0taM + (1= &y + ) | X0 = pll + ¥V Ant 1 ROLL X — Il + VoA n 1 [A (P) ]
< (Ut An i HOWL) oo = pll+ A [A(P)][ +M

< (1+5n)||xn_p||+bn7 (2.3)

where 8, = h, + A1 uQ1L and b, = A, i ||A(p)|| + M. Since condition (iii) and )oi hy, <
n=1

oo, we have Y 8, < and Y b, < oo by Lemma 1.1 we get lim,_,c ||x, — p|| exists. This
n=1 n=1

completes the proof of (1).

(2) Since {||x, — p||} is bounded, there exists Q> > 0 such that

1% —pll < Qa, Yn>1. (2.4)
‘We can assume
Jim [lx, —plf = ¢, (2.5)

where ¢ > 0 is some number. Since {x, — p} is a convergent sequence, so {x,} is bounded
sequence in K.

By (2.5) we have that

lim sup ||x, — p|| = c. (2.6)

n—yoo

By condition (iii) &, < Qy, E‘, h, <o and (2.4), (2.5), (2.6), we have that
n=1

lim sup ||[T"xn — A1 | A(T"x,)||] — P

n—oo

< lim:g]g;{HT”xn —pll+ A [|A(T"x) ||}

< lim sup {ky fon = pll + An1t (Lo flxn = pll 114 (P) D}
< limnsigo{knﬂxn—pﬂ+/1n+1H(LQ1Q2+||A(P)||)}

< limnsglo)o{(l +hn) || %0 — pll + Anp1it (LO1Q2 + |A (D))}
< ¢ (2.7)
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Therefore (2.5), (2.6), (2.7) and Lemma 1.2 we know that

T 775, Ao 142 A (7)) —xa]) 0. (28)

From condition (ii) and (2.8), we have

1 = X

= |agu+B,xn+ 7, [T"x0 — A1 LA (T"xn)] — X4 |

IN

Ot [ = pll + %, 1T"x0 = A 1 LA (T"20)] = x|

— 0, as (n— o). (2.9)

It follows from condition (iii) and (2.8) that

By (2.9) and

IN - IA

IN

IN

10— T" x|
< o = [T = At A (T"x0) ]|

FT"%0 = A 1 LA (T"%x0)] = T" x|
<l = [T"x% — Aps t BA (T"x0)] | + Ana (L1 Q2+ [|A (P) )
— 0as (n—o0). (2.10)
(2.10), we have that

120 — Txa|

1260 = T"xn || 4 17" — Txa|

%0 — T | 4k || T 0 — x|

1260 — T" x|

(50— T 750y + s =)
260 — T" x|

hin (k-1 |10 — X1 ||+ || T a1 — X1 ||+ [[0—1 — xal])

0, as (n— o0). (2.11)
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This completes the proof of (2).
(3) From (2.3), we obtain

X1 =
< (1460) [lxn = pll +bn

=[x — pll+ @y, (2.12)

where ©, = 8, ||x, — p|| + by Since {x, — p} isbounded and ¥, &, <o and Y b, < oo, we
1 1

n= n=

get Y , < oo. Therefore, (2.3) implies
n=1

d (511, F (T)) < d (50, F (T)) + . (2.13)
By Lemma 1.1 (i), it follows from (2.13) that lim, . d (x,,,F (T)) exists. Noticing

lim inf d (x,,F (T)) =0,

n—o0

it follows from (2.13) and Lemma 1.1 (ii) that we have lim,_,.d (x,, F (T')) = 0. For arbitrary
€ > 0, there exists a positive integer Ny such that d (x,,F (T)) < § for all n > N;. In addition,

Zl ®, < o implies that there exists a positive integer N, such that '21 0;< % for all n > N;.
n= j=

Choose N = max {N;,N>}, thend (x,,F (T)) < £ and ¥ @; < £. This means that there exists
j=N
ax* € F(T) such that |[xy —x*|| < £. It follows from (2.12) that for all n, m > N,

[en =2l < [l = X[ 4 [l — X7

n m
< =24+ ) op v =X+ ),
j=N+1 j=N+1

2 (HXN—)C*H + Z (L)j)
i=N

J

IN

< E&.

Therefore, {x, } is a Cauchy sequence. Suppose lim,_. X, = g, then since lim, o || Tx, — X, || =

0, we have ¢ € F (T). This completes the proof of (3).

Theorem 2.2. Let E be a real uniformly convex Banach space, let K be a nonempty closed con-

vex subset of E, and let T : K — K be an asymptotically nonexpansive mapping with sequence
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{kn} C [1,00) satisfying Y, (kn—1) < ooy A: K — K is an L-Lipschitzian mapping. Let the
hybrid iteration {x,} be defined by (1.1) and F(T) # 0, where {a,}, {B,}, {v,} and {1} are
real sequences in [0,1) and satisfy the following conditions:
(i) Qn+By+7, = 1s
(ii) limy o ay = 0, Y71 Oy = 00;
(iii) Yoo | Ap < oo

If T is demicompact, then the sequence {x,} converges strongly to a fixed point of T .

Proof. By Theorem 2.1 (1), {x,} is bounded. Since 7 is demicompact from the fact that
lim,,_,e || TX;, — x| = 0. Then there exists a subsequence{xnj} of {x,} that converges strongly
to g € K as j — oo. Therefore it follows from (2.11) T'x,; — g as j — co. Using the continity of
T we getthat Tqg = g as so g € F (T). It follows from (2.3) and Theorem 3.1 and lim, e Xy, = ¢

that {x,} converges strongly to ¢ € F (T). This completes the proof.

Theorem 2.3. Let E be a real uniformly convex Banach space satisfying Opial’s condition, let
K be a nonempty closed convex subset of E, and let T : K — K be an asymptotically nonex-
pansive mapping with sequence {k,} C [1,00) satisfying Y, (kn—1) < oo; A: K — K is an
L-Lipschitzian mapping. Let the hybrid iteration {x,} be defined by (1.1) and F(T) # 0, where
{on}, {B,}, {v,} and {A,} are real sequences in [0,1) and satisfy the following conditions:

(i) o+ B, +7,=1;

(ii) limy o ay, = 0, Y"1 Oy = 0]

(iii) Typ_y An < o0,

Then {x,} converges weakly to a fixed point of T .

Proof. From Lemma 1.3, / — T demiclosed at zero and since Theorem 2.1 (2) and E satisfies
Opial’s condition, it follows from standart argument that {x, } converges weakly to a fixed point

of T. This completes the proof.

Remark 2.4. By using Theorem 2.1, we can prove that {x, } converges strongly to a fixed point
of T if T is completely continuous or satisfies condition (A). Therefore the results presented in

this paper extend and improve the corresponding results in [10-13] and [18].
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