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Abstract. In this paper we prove coupled fixed point theorems of multivalued mappings in partially ordered met-
ric spaces by utilizing the combination of multivalued monotone iterative technique and multivalued contraction

principle. We also establish some results on the stability of coupled fixed point sets of multivalued mappings in

partially ordered metric spaces.
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1. Introduction

In 2006, Bhaskar and Lakshmikantham [2] introduced the notions of a mixed monotone map-
ping and a coupled fixed point, and proved some coupled fixed point theorems for single valued
mixed monotone mappings. They further applied their results to the existence of a unique so-
lution to a periodic boundary value problem associated with a first order ordinary differential

equation. Afterwards, some coupled fixed point theorems in partially ordered metric spaces
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were developed by Lakshmikantham and Ciric [3], Luong and Thuan [5], Samet [8], among

others.

In this paper, we obtain sufficient conditions on the existence of coupled fixed point of mul-
tivalued mappings in partially ordered metric spaces by using the combination of multivalued
monotone iterative technique and multivalued contraction principle. We also provide sufficient
conditions where the components of the coupled fixed point are equal. Results on the stability
of coupled fixed point sets of multivalued mappings in partially ordered metric spaces are also

proven.

2. Preliminaries

We recall some definitions and important results found in the literature.
Definition 2.1 A partially ordered set is a system (X, <) where X is a non-empty set and < is a

binary relation on X satisfying, for all x,y,z € X,

(1) x =X x (reflexivity)
(2) if x Xy and y < x, then x = y (antisymmetry)

(3) if x X yand y =< z, then x < z (transitivity)

Definition 2.2 A non-empty set X together with a metric d : X x X — RT U {0} is called a

metric space if the following conditions are satisfied by any x,y,z € X:

a. d(x,y)>0andd(x,y) =0ifand only ifx =y

o
=
=

Definition 2.3 Let (X, d) be a metric space. A sequence {x,} € X is a Cauchy sequence if it has
the property that given € > 0, there exists N € N such that d(x,,x,) < € whenever n,m > N.
The metric (X,d) is complete if every Cauchy sequence in X is convergent.

Definition 2.4 (X,d, <) is a partially ordered complete metric space if (X,d) is a complete

metric space and (X, <) is a partially ordered set.



COUPLED FIXED POINT THEOREMS IN PARTIALLY ORDERED METRIC SPACES 19

Definition 2.5 The distance between any point a of X and any nonempty subset B of X is defined

as:

d(a,B) := grelgd(a,b).

For A, B € CB(X) (set of non-empty, closed, and bounded subsets of X), let

D(A,B) := max{supd(b,A),supd(a,B)}.
beB acA

D is called the Hausdorff metric induced by d.

Lemma 2.6 [7] Let {A,} be a sequence in CB(X) and r}grolo D(A,,A) =0 for A € CB(X). If
x, €A, and ’}glgod(xn,x) =0, then x € A.

Definition 2.7 Let (X,d) be a complete metric space and (X, =) be a partially ordered set.

Define the product metric on X x X as:
d((x1,y1), (x2,¥2)) = d(x1,%2) +d(y1,y2)

for all x;,y; € X(i = 1,2).

For notational convenience, we use the same symbol d for the metric on X as well as for the
product metric on X x X.
Definition 2.8 Define partial order on the product space X x X as: for (u,v), (x,y) € X x X

(u,v) 2 (x,y) < u=<xandy <.

Definition 2.9 [2] Let F : X x X — CB(X) (f : X x X — X) be a multivalued (single valued)

mapping. A point (x,y) is said to be a coupled fixed point of the multivalued (single valued)
mapping F (f) if x € F(x,y) (x= f(x,y)) and y € F(y,x) (v = f(,%)).

The main result of Bhaskar and Lakshmikantham in [2] is the following coupled fixed point
theorem.
Theorem 2.10 (Bhaskar and Lakshmikantham, 2006) [2] Let f : X x X — X be a continuous

mapping having the mixed monotone property on X. Assume that there exists a € [0, 1) with
o
A(f () f)) < 5 [l +d ()], for all u= xand y < v
If there exists xg, yp € X such that

xo < f(x0,y0) and yo > f(yo,X0)-
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Then there exists x,y € X such that

x= f(x,y) and y = f(y,x).

3. Main results

This section is divided into two parts: first part provides coupled fixed point theorems of
multivalued and single valued in partially ordered metric spaces; second part gives sufficient

conditions on the stability of coupled fixed point sets.

Coupled Fixed Point Theorems
Theorem 3.1 Let (X,d, <) be a partially ordered complete metric space. Let F : X x X —
CB(X) be a multivalued mapping such that the following conditions are satisfied:
i. There exists xg,y9 € X and some x; € F(xp,y0),y1 € F(yo,X0) such that (xp,yo) =<
(x1,31)
il. Ifxp,x,y1,y2 € X and (x1,y1) = (x2,)2), then
a. forall u; € F(xy,y;) there exists up € F(xp,y2) such that u; < uy and d(uj,u) <

D(F (x1,y1),F (x2,y2))

b. for all v; € F(y;,x]) there exists vo € F(y2,x2) such that vy < vy and d(vy,v3) <
D(F(y1,x1),F(y2,x2))
ui. If x, — x is a nondecreasing sequence in X, then x, < x for all n, and if y, =+ yis a
nonincreasing sequence in X, then y <y, for all n
iv. There exists a € (0,1) such that D(F (x,y),F (u,v)) <

(u,v)

Then F has a coupled fixed point.

d((x,y), (u,v)) for all (x,y) <

| R

Proof. Let xg,yo € X such that there exists x| € F(xg,yo) and y; € F(yo,xo) satisfying xo < x;
and y; =< yp, or that is, (xo,y0) = (x1,y1). If xo = x; and yo = yj, then we are done. Suppose

that is not the case, then from condition iv

D(F (x0.30),F (x1,31)) < 5.((x0,30): (¥1.31)
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Now from condition ii, since (xg,yo) = (x1,y1), then

e forall x; € F(xg,yp) there exists x, € F(x;,y;) such that x; < x, and

d(x1,x2) < D(F(x0,y0),F(x1,y1))

< 2 d((30.50),(x1.31))

e forall y; € F(yo,xp) there exists y, € F(y;,x;) such that y, <y and

S

d(y1,y2) < D(F (yo,xo),F (y1,x1))

I
S

(F(y1,x1),F (y0,%0))
d((y1,x1),(y0,%0))
d((y0,x0), (y1,%1))

d((x0,0), (x1,y1))

IN

I
NRNR N

Consider,

d((x1,1), (x2,52)) = d(x1,%2) +d(y1,y2)

| R

d((x0,50), (¥1,51)) + =d((x0,50), (x1,31))

<
- 2
d((x0,0), (x1,51))

Il
QR

Similarly, it can be shown that d((y1,x1), (y2,x2)) < ad((xo,y0), (x1,y1))-

Now we have (x1,y1) < (x2,y2), then from condition ii,

e there exists x3 € F(xp,y;) such that x, < x3 and

d(x2,x3)

IN
S

(F(x1,51),F (x2,y2))
d((x1,y1), (x2,y2))

(oed((x0,¥0), (x1,¥1)))

IA A
(STESI ST

N|QN

d((x0,0), (x1,51))

21
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e there exists y3 € F(y;,x) such that y3 <y, and

IN
S

(F(y1,x1),F(y2,%2))

d((y1,x1), (y2,x2))

d<y27y3)

INA
N|R N

IN

(oed((y0,%0), (y1,X1)))

N|9N

d((x0,0), (x1,51))

Thus,

d((x2,2), (x3,¥3)) = d(x2,%3) +d(y2,y3)

2

d((x0,30): (11,31)) + -d((¥0,30). (x1,31))

(XZ
< Z
-2

o?d((x0,Y0) (x1,1))

Continuing this process, we obtain a nondecreasing sequence {x,} and a nonincreasing se-

quence {y, } such that x,, .1 € F(x,y,) and y,+1 € F(yy,x,) wWithx, < x4 and y, 11 < y,. Thus

we have,
al’l
d (X, Xp11) < 7d<(x07y0)7(x17)’1))
al’l
d(Yn,yns1) < Td«xO,}’O):(Xl,)’l))
Hence

d((xmyn)’ (xn+l7yn+l)) < and(<x0ay0)7 (xlay1>)

Next, to show that {x,} and {y,} are Cauchy sequences. Let N € N and m,n > N such that

m > n, then
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d(xn,xm) < d(xnyxn—o—l) +d(xn+1;xn+2) +... +d(xm—1 ,Xm)

< a?nd((xo,yo)a(xlayl))Jr an+1d((x0’y°)’(x1’yl)) e
N O‘";_l d((x0,y0), (x1,71))
= & ((30.30)- (1)1 @t @)

Therefore d(x,,x,) — 0 as n — oo, and this implies that {x,} is a Cauchy sequence. Since
X 1s a complete metric space, there exists x € X such that x, — x as n — co. Similarly we can

show that {y, } is a Cauchy sequence and there exists y € X such that y, — y as n — oo.

Finally, we have to show that x € F(x,y) and y € F(y,x). Since {x,} is a nondecreasing
sequence in X such that x,, — x, and {y,} is a nonincreasing sequence in X such that y, — y,
therefore from condition iii, x,, < x for all n and y <y, for all n, that is, (x,,y,) < (x,y) for all

n. Using condition iv and the fact that d((x,,y,), (x,y)) — 0 it follows that

D(F (Xn,yn), F (x,)) < = d((Xn,yn), (x,y)) = 0.

R

Moreover because x,.1 € F(x,,y,) and lgn d(xp+1,x) =0, it follows from Lemma 2.6 that
n—oo

x € F(x,y).

Similarly using condition iv and the fact that d((y,,x), (y,x)) — 0 it follows that

D(F (Yn,%n), F (%)) < —d((yn, Xn), (1:x)) = 0.

SRS

Furthermore, since y,+1 € F(yp,x,) and li_r}n d(ypi1,y) =0, it follows from Lemma 2.6 that
n—roo

y € F(y,x). Therefore, (x,y) € X x X is a coupled fixed point of F. O

A corollary of Theorem 3.1 would automatically follow for the existence of coupled fixed

point of single valued mappings.
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Corollary 3.2 Let (X,d, <) be a partially ordered complete metric space. Let f : X x X — X be

a single valued mapping such that the following conditions are satisfied:

i. There exists xp,yp € X such that x; = f(x0,¥0), 1 = f(yo,%0) and (xo,y0) =< (x1,¥1)
ii. If x1,x2,y1,y2 € X and (x1,y1) = (x2,y2), then f(x1,y1) = f(x2,y2) and f(y2,x2) =<
f<y17x1>'

iii. If x, — x is a nondecreasing sequence in X, then x, < x for all n, and if y, - yis a

nonincreasing sequence in X, then y <y, for all n

iv. There exists & € (0,1) such that d(f(x,y), f(u,v)) <
(u,v)

d((x,y), (u,v)) for all (x,y) <

(S~

Then f has a coupled fixed point.

Theorem 3.3 In addition to the hypotheses of Theorem 3.1, suppose that xg,yy € X are compa-

rable, then x = y.

Proof. Suppose xg,yg € X are comparable, in particular, assume that xo < yg. If x9 < yo then
(x0,¥0) =< (y0,X0), and from condition ii.a of Theorem 3.1 for all x; € F(xq,yo) there exists
y1 € F(yo,x0) such that x; < y;. Now, assume that x; < yg, then (x,yx) =< (yk,Xx). Hence, by
condition ii.a of Theorem 3.1, for all x;| € F(xy,yx) there exists y;i1 € F(yg,xx) such that
Xj+1 = Vi1 Therefore for every x, € F(x,—1,y,—1) there exists y, € F(y,—1,%,—1) such that

Xp =Xy, foralln € N.

and D(y, F (yp,xn)) <

N M

For a given € > 0 there exists N € N such that D(x, F (x,,y,)) <

N m

whenever n > N. Hence we have that for all n > N,

D(X,y) SD('va(xn+17yn+1))+D(F(xn+l7yn+1)vy>
SD(va<xn—0—17))n—0—1))_|’D(F(xn—0—1>yn—¢—1)7F<yn—0—17xn—0—1)>

+D(F(yn+l7xn+l)a)’>
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€ &
< 5 —|—D(F(xn+1,yn+1)7F()’n+l,Xn+l)) + E

(04
<e+ Ed((xn+17yn+1)a (Vn+1,%n+1))

(04

<e+ E(d(xn+17yn+1) +d<xn+layn+1))

=&+ ad(Xy11,Yn+1)

S €+ a<d(xn+17-x> "‘d(x»)’) +d()’a)’n+1))

However, a(d(xy+1,x) +d(x,y) +d(y,yn+1)) — ad(x,y) as n — oo. Thus we have

D(x,y) < e+ ad(x,y)

< e+ aD(x,y)

Therefore, we have (1 — o)D(x,y) < €, which implies that D(x,y) = 0, since € > 0 is abitrary

and, hence we have x =y O

Remark 3.4 Theorem 3.1 generalizes the result of of Bhaskar and Lakshmikantham in [2].
Stability of Coupled Fixed Point Sets

In this part, we are going to prove a lemma and a theorem for the stabilty of coupled fixed
point sets of multivalued mappings in partially ordered metric spaces.

For notational convenience, we denote by {(«,v)} < F(u,v) if and only if there exists u; €
F(u,v) and v; € F(v,u) such that (u,v) < (u,v1) where d(u,u;) < D(u,F (u,v)) and d(v,v;) <
D(v,F(v,u)).

Lemma 3.5 Let (X,d,=<) be a partially ordered complete metric space. Let F; : X X X —
CB(X), (i = 1,2) satisfy all of the conditions of Theorem 3.1. Denote by C(F}) and C(F3) the
respective coupled fixed point sets of Fj and F, and C = C(F;) UC(F3). If

a. forall (xo,y0) € C(F1), {(x0,y0)} <g F2(x0,Y0)
b. for all (wo,z0) € C(F3), {(wo,20)} <g Fi(wo,20)

then

D(C(F1),C(F2)) = sup [D(Fi(x,y),Fa(x,y)) +D(F1(v,x), B2 (v %)) [T —
(xy)eC
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where a € (0,1).

Proof. Let (xq,y0) € C(F), then {(x0,y0)} <g F>(x0,Y0), that is, there exists x; € F>(xp,yo) and
y1 € F>(y0,x0) such that (xg,y0) = (x1,y1) wWhere d(xo,x1) < D(x0,F>(x0,y0)) and d(yo,y1) <

D(yo,F>(y0,x0))- Since F; satisfies all conditions of Theorem 3.1, then we obtain

e a nondecreasing sequence {x,} such that x,, € F>(x,—1,y,—1) and
n

d(xn, Xp11) < %d((XO,YO)a(Xl,yl))

e a nonincreasing sequence {y,} such thaty, € F>(y,—1,x,—1) and
n

(s ye1) < (30,30, (x1.31))

Hence we have a sequence {(x;,,y,)} such that x, € F>(x,—1,ys—1) and y, € F>(yp—1,%1—1)

and d((xn,¥n), (Xnt1,9n41)) < o'd((x0,¥0), (x1,1))-
Let N € N and m,n > N such that m > n, then

d(xmxm) < d(xnaxn+1) +d<xn+laxn+2) +... ‘Jl‘d(xmfl,xm)

- %nd((XO,yO)a(xl7y1))+ an;ld((xo,yo%(xl,yl))+..-
n r;ld((xo,yo),(xl,yl))

_ %nd((xo,yo), (L)) (et +a" )

< %"d((xo,yo),(xl,yl))ﬁ

Therefore d(xy,x,) — 0 as n — oo, thus {x,} is a Cauchy sequence. Since X is a complete
metric space, there exists w € X such that x,, — w as n — co. In similar manner, we can show
that {y, } is a Cauchy sequence and there exists z € X such that y, — z where (w,z) € C(F3).

Furthermore, let us consider:

d((x0,y0), (w,2)) = d(x0,w) +d(y0,2)

< ;)d(xi,xi+l) + Z%)d(ijyjﬂq)
i= J=
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gd(xo,x1)+i%ld((xo,yo%(xm))+d(y0’y”
i=1
+ i %Jd((xo,yo),(xwl))
j=1
= i " d((x0,y0, (x1,Y1))
n=0

1

< d((x0,0), (x1,01) T

— [dxo.1) +d(0.31)] ——

-«
< [D(xo,Fz(xo,yo))+D(y0’F2(y0’x0)>]ﬁ
d((x0,¥0),(w,2)) < [D(F1(x0,Y0), F2(x0,y0)) + D(Fi (yO’XO)’FZ(yO’xO))]ﬁ

Reversing the roles of F; and F>, and repeating the arguments above, leads to the conclusion
that for each (wy, z9) € C(F,), there exists (wy,z1) € Fi(wo,z0) such that (wg,z0) = (wy,z;1) and

(x,y) € C(F}) such that

1

d((wo,z20), (x,y)) < [D(Fz(WmZo),Fl(Wo»Zo))+D(F2(Z07Wo)7F1(Zoﬂvo))]m

Hence it follows that

DIC(R).C(R)) < sup [DUFi (x,7), Fa(x,) + D{F (3.3), Fa 3, 3)) -1
(x,y)eC

where a € (0,1). O

By using Lemma 3.5, we can now easily prove the theorem on the stability of fixed point
sets.
Theorem 3.6 Let (X,d, =) be a partially ordered complete metric space. Let F;: X x X —
CB(X),(i=0,1,2,...) be a sequence of multivalued mappings, each satisfying all of the con-
ditions of Theorem 3.1. Denote by C(Fy), C(F;), C(F3),... the fixed point sets of Fy,F; and
F, ..., respectively, and C = |JC(F;). If }}EEIOD(Fn(X),Fo(X)) =0 forall x € C, and

a. forall (xg,y0) € C(Fp), {(x0,¥0)} <g Fi(x0,y0) fori=1,2,...
b. for all (wg,z9) € C(F;), {(wo,20)} <c Fo(wo,20) fori=1,2,...
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then

lim D(C(E,),C(Fy)) =0

n—oo

Proof. Let € > 0. Since lim D(F;(x),Fy(x)) = 0 for all x € C, then we can choose N € N such
n—oo

xeC

that for n > N, sup D(F;(x),Fo(x)) < (1 —a)e. By Lemma 3.5, D(C(F,),C(Fp)) < € for all n,
and therefore lim D(C(F,),C(Fy)) =0.
n—oo

0
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