
_______________ 

*Corresponding author 

E-mail address: jeya.math@gmail.com 

Received April 1, 2020 

1 

 

     Available online at http://scik.org 

     Adv. Fixed Point Theory, 2020, 10:8 

https://doi.org/10.28919/afpt/4601 

ISSN: 1927-6303 

 

 

FIXED POINT THEOREMS IN TWO COMPLETE INTUITIONISTIC 

GENERALIZED FUZZY METRIC SPACES  

V. VINOBA1, V. PAZHANI1,2, M. JEYARAMAN3,* AND U. SUGANYA3 

1Assistant Professor, P.G. and Research Department of Mathematics, Kunthavai Naacchiyaar Government Arts 

College for Women (Autonomous), Thanjavur, Affiliated to Bharathidasan University, Tiruchirappalli, Tamilnadu, 

India 

2P.G. and Research Department of Mathematics, Raja Doraisingam Govt. Arts College, Sivagangai, Tamilnadu, 

India 

3P.G. and Research Department of Mathematics, Raja Doraisingam Govt. Arts College, Sivagangai, Affiliated to 

Alagappa University, Karaikudi, Tamilnadu, India 

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits 

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract:  Fisher [4] proved a related fixed point theorem in two metric spaces. We generalized new results 

concerning the related fixed point theorems on two complete intuitionistic generalized fuzzy metric spaces are 

proved and deduced some corollaries. 

Keywords: fixed point; G- metric space; G - fuzzy metric space; complete.  

2010 AMS Subject Classification: 47H10, 54A40. 

 

1. INTRODUCTION 

Atanassov [1] introduced and studied the concept of intuitionistic fuzzy sets. Park [11] using 

the idea of intuitionistic fuzzy sets defined the notion of intuitionistic fuzzy metric spaces with 

the help of continuous t- norms and continuous t-conorms. George and Veeramani [5] showed 
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that every metric induces fuzzy metric, every fuzzy metric induces an intuitionistic fuzzy metric. 

Fisher [4] proved a related fixed point theorem in two metric spaces. 

 Mustafa and Sims introduced [9] more appropriate notion of generalized metric space which 

called G- metric spaces, and obtained some topological properties.  Later Zead Mustafa, Hamed 

Obiedat and Fadi Awawdeh [14], Mustafa, Shatanawi and Bataineh [8], Mustafa and Sims [9], 

Obtained some fixed point theorems for a single map in G- metric spaces.  Then, Rao, Lakshmi, 

and Mustafa [12] obtained a unique common fixed point theorem for a six weakly compatible 

mappings in G-metric spaces and obtained some theorems of as corollaries also. Sun and Yang [5] 

introduced the concept of G-fuzzy metric spaces and proved two common fixed point theorems 

for four mappings.  In this paper, new results concerning the related fixed point theorems on 

two complete intuitionistic generalized fuzzy metric spaces are proved and deduced some 

corollaries. 

 

2. PRELIMINARIES 

Definition: 2.1. 

A 5-tuple (X, G, H, *, ) is said to be a Intuitionistic Generalized  Fuzzy  Metric Space 

(briefly IGFMS),   if X is  an arbitrary non-empty set, * is a continuous t-norm,  is a 

continuous t- conorm, G and H are fuzzy sets on X3 x (0, ∞) satisfying the following  conditions: 

for every x, y, z, a ∈ X and t, s > 0 

(i) G(x, y, z, t) + H(x, y, z, t) ≤ 1, 

(ii) G(x, x, y, t) > 0 for x ≠ y, 

(iii) G(x, x, y, t)  ≥ G(x, y, z, t) for y ≠ z, 

(iv) G(x, y, z, t) = 1 if and only if x = y = z, 

(v) G(x, y, z, t) = G(p(x, y, z), t) , where p is a permutation function, 

(vi) G(x, a, a, t) * G(a, y, z, s) ≤ G(x, y, z, t + s), 

(vii) G(x, y, z, .) : (0, ∞) → [0, 1] is continuous, 

(viii) G is a non-decreasing of R+ ,lim
t→∞

 G(x, y, z, t) = 1, 

lim
𝑡→0

 G(x, y, z, t) = 0 for all x, y, z ∈X and t > 0, 

(ix) H(x, x, y, t) < 1 for x ≠ y, 

(x) H(x, x, y, t)  ≤  H(x, y, z, t) for y ≠ z, 

(xi) H(x, y, z, t) = 0  if and only if x = y = z, 
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(xii) H(x, y, z, t) = H(p( x, y, z), t) , where p is a permutation function, 

(xiii) H(x, a, a, t)  H(a, y, z, s) ≥ H(x, y, z, t + s), 

(xiv) H(x, y, z, .) :  (0, ∞) → [0, 1] is continuous, 

(xv) G is a non-increasing of R+ , lim
𝑡→∞

 H(x, y, z, t) = 0, 

lim
𝑡→0

 H(x, y, z, t) = 1, for all x, y, z ∈ X and t > 0. 

In this case, the pair (G, H) is called an intuitionistic generalized fuzzy metric on X. 

Definition: 2.2. 

Let (X, G, H, *, ) be  an intuitionistic generalized  fuzzy  metric  space,  then 

(i) A  sequence {xn}  in  X  is  said  to  be  convergent  to  x  if 

 lim
𝑛→∞

G(xn, xn, x, t )= 1 and lim
𝑛→∞

H(xn,  xn, x, t ) = 0. 

         (ii)  A sequence {xn} in X is said to be Cauchy sequence if 

            lim
𝑛,𝑚→∞

G(xn, xn, xm, t ) = 1 and lim
𝑛,𝑚→∞

H(xn, xn, xm, t ) = 0 that is, for any 𝜀 > 0    

             and for each  t > 0,  there exists n0  N  such  that G(xn, xn, xm, t ) > 1- 𝜀     

             and H(xn, xn, xm, t ) < 𝜀 for  n, m  n0. 

         (iii)  A  intuitionistic generalized fuzzy  metric  space  (X, G, H, *, ) is said to   

              be complete if  every  Cauchy  sequence  in X  is  convergent. 

 

3. MAIN RESULTS 

In this section we prove the fixed point theorems in two complete intuitionistic generalized 

fuzzy metric spaces 

Our main result follows: 

Let Ψ be the set of all continuous real functions  : ℝ+ x ℝ+ x ℝ+ → ℝ+  such that : 

(i) 𝜓(1, 1, 1) = 0. 

(ii) If   u2 ≥ 𝜓( uv, 1, 1) or u2 ≥ 𝜓(1, 1, uv) or u2 ≥ 𝜓(1, uv, 1),  for all u, v ∈ ℝ+ , 

then there exists 0 ≤ k < 1 such that u ≥ 
1

4
 kv . 

Let ∅ be the set of all continuous real functions  𝜑 : ℝ+ x ℝ+ x ℝ+ → ℝ+  such that : 

(iii) 𝜑(0, 0, 0 ) = 0. 
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(iv) If u2 ≤ 𝜑(uv, 0, 0) or  u2 ≤ 𝜑(0, 0, uv)  or u2 ≤ 𝜑(0,uv, 0),  for all u, v ∈ ℝ+ , then 

there exists 0 ≤ 𝜆 < 1 such that u ≤ 
1

 4
𝜆v . 

Theorem: 3.1. 

Let (X, 𝐺1,  𝐻1, ∗, ) and (Y, 𝐺2, 𝐻2, ∗, ) be two complete intuitionistic generalized fuzzy 

metric spaces and T be a mapping of  X into Y and let S be a mapping of  Y into X  satisfying 

the inequalities                 

      𝐺2
2(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≥ 𝜓(𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                           𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                                 𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡))        (3.1.1)                         

      𝐻2
2(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≤ 𝜑(𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                           𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                           𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡))       (3.1.2) 

      𝐺1
2(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≥ 𝜓(𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                          𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                          𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡))              (3.1.3)    

      𝐻1
2(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≤ 𝜑(𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                          𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡),              

                          𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡))              (3.1.4) 

for all x in X and 𝑦1, 𝑦2 in Y where 𝜓 ∈ Ψ and  𝜑 ∈ ∅.  Then ST has a unique fixed point z 

in X and TS has a unique fixed point w in Y. Further, Tz = w and Sw= z. 

Proof:  

We define the sequences (𝑥𝑛) in X and (𝑦𝑛) in Y by 𝑥𝑛 =  (𝑆𝑇)𝑛𝑥, 𝑦𝑛 =  𝑇(𝑆𝑇)𝑛−1𝑥,  

for n = 1, 2.... We will assume that 𝑥𝑛 ≠ 𝑥𝑛+1  and  𝑦𝑛 ≠ 𝑦𝑛+1  for all n. Applying the 

inequalities (3.1.1), (3.1.2), using the properties (ii) and (iv), we have 

𝐺2
2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) =  𝐺2

2(𝑇𝑥𝑛−1, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡) 

                       ≥ 𝜓(𝐺2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡), 

                          𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡), 

                                𝐺1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡))  

                       ≥ 𝜓(1, 1, 𝐺1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)  

                 ≥ 𝜓(1, 1, 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)),       

      𝐻2
2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) =  𝐻2

2(𝑇𝑥𝑛−1, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡) 
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                        ≤ 𝜑(𝐻2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡), 

                           𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡), 

                           𝐻1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡))                          

                  ≤ 𝜑(0, 0,  𝐻1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)) 

                  ≤ 𝜑(0,0, 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)), 

and it follows that  

      𝐺2
2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≥

1

4
 k { 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)}  

𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≥
1

4
 k 𝐺1 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)             (3.1.5)  

      𝐻2
2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≤

1

4
𝜆{ 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡), 𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)}  

      𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≤
1

4
𝜆( 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)).             (3.1.6) 

Similarly, applying the inequalities (3.1.3) and (3.1.4),                                

      𝐺1
2(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) =  𝐺1

2(𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑆𝑇𝑥𝑛, 𝑡) 

               ≥ 𝜓(𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡), 

                        𝐺1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡), 

                        𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡))    

               ≥ 𝜓(𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡), 

                        𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡), 

                        𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡))    

 𝐻1
2(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) =  𝐻1

2(𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑆𝑇𝑥𝑛, 𝑡) 

                 ≤ 𝜑(𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐻1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡), 

                          𝐻1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡), 

                          𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡)𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡))    

                 ≤ 𝜑((𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡), 

                          𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡), 

                          𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡)𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)).    

Using properties (ii), (iv) and the definition (2.2.), we have                    

       𝐺1
2(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) ≥

1

4
 k 𝜓(𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡), 𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡))          

       
1

2
𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥ 𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 
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                   ≥
1

4
 k 𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) ≥

1

2
 k 𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) 

       𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥  k 𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)                      (3.1.7) 

 𝐻1
2(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) ≤

1

4
𝜆 𝜑(𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡), 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)) 

 
1

2
𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤ 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 

                         ≤
1

4
𝜆 𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) 

                         ≤
1

2
𝜆 𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) 

       𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤ 𝜆 𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡).                     (3.1.8) 

Now, it follows from the inequalities (3.1.5), (3.1.6), (3.1.7) and (3.1.8) that          

       𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥
1

4
k2 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡) 

 𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤
1

4
𝜆2 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡). 

Hence, by induction we get  

       𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥ (
1

4
)nk2n 𝐺1(𝑥, 𝑥1, 𝑥1, 𝑡) for n = 1,2,…        (3.1.9) 

       𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤ (
1

4
)n𝜆2n 𝐻1(𝑥, 𝑥1, 𝑥1, 𝑡) for n = 1,2,…            (3.1.10) 

So (𝑥𝑛) and (𝑦𝑛) are Cauchy sequences with limits z in X and w in Y.  

Using the inequalities (3.1.1) and (3.1.2), we have  

       𝐺2
2(𝑇𝑧, 𝑦𝑛, 𝑦𝑛, 𝑡) =  𝐺2

2(𝑇𝑧, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡) 

                     ≥ 𝜓(𝐺2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

                        𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐺1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡), 

                        𝐺1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)) 

               ≥ 𝜓(𝐺2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

                        𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐺1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡), 

                        𝐺1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)). 

 𝐺2
2(𝑇𝑧, 𝑤, 𝑤, 𝑡) ≥ 𝜓 (1, 1, 1) = 1. 

       𝐻2
2(𝑇𝑧, 𝑦𝑛, 𝑦𝑛, 𝑡) =  𝐻2

2(𝑇𝑧, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡) 

                     ≤ 𝜑(𝐻2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

                        𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐻1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡), 

                        𝐻1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)) 
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               ≤ 𝜑(𝐻2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

                        𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐻1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡), 

                        𝐻1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)). 

 𝐻2
2(𝑇𝑧, 𝑤, 𝑤, 𝑡) ≤  𝜑 (0, 0, 0) = 0.  

It follows that 𝐺2(𝑇𝑧, 𝑤, 𝑤, 𝑡) = 1 and 𝐻2(𝑇𝑧, 𝑤, 𝑤, 𝑡) = 0, hence w = Tz.  

Using the inequalities (3.1.3) and (3.1.4), we have 

       𝐺1
2(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) =  𝐺1

2(𝑆𝑤, 𝑆𝑤, 𝑆𝑇𝑥𝑛−1, 𝑡)                     

                      ≥ 𝜓(𝐺1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡), 

                         𝐺1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)𝐺2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡), 

                         𝐺2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)). 

       𝐻1
2(𝑆𝑤, 𝑆𝑤, 𝑥𝑛 , 𝑡) =  𝐻1

2(𝑆𝑤, 𝑆𝑤, 𝑆𝑇𝑥𝑛−1, 𝑡)                     

                      ≤ 𝜑(𝐻1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡), 

                          𝐻1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)𝐻2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡), 

                          𝐻2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)). 

Letting n tends to infinity, using (i) and (iii), we have  

 𝐺1
2(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) ≥ 𝜓 (1, 1, 1) = 1 and 𝐻1

2(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) ≤  𝜑 (0, 0, 0) = 0 and it 

follows that z = S w. Thus STz = Sw = z, TSw = Tz = w and so ST has a fixed point z and TS has 

a fixed point w. To prove uniqueness, suppose that ST has a second fixed point 𝑧1 and TS has a 

second fixed point 𝑤1 . Then applying the inequalities (3.1.1), (3.1.2) and using properties (ii) 

and (iv), we have  

 𝐺2
2(𝑤, 𝑤1, 𝑤1, 𝑡) =  𝐺2

2(𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) =  𝐺2
2(𝑇𝑧, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 

                    ≥ 𝜓(𝐺2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡)𝐺2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡), 

                             𝐺2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡)𝐺1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡), 

                             𝐺1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡) G2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡)) 

                    ≥ 𝜓(1, 𝐺2(𝑤1, 𝑤1, 𝑤, 𝑡)𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡), 1)). 

 𝐻2
2(𝑤, 𝑤1, 𝑤1, 𝑡) =  𝐻2

2(𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) =  𝐻2
2(𝑇𝑧, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 

                     ≤ 𝜑(𝐻2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡)𝐻2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡), 

                               𝐻2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡)𝐻1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡), 

                               𝐻1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡) H2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡)) 

                     ≤ 𝜑(0, 𝐻2(𝑤1, 𝑤1, 𝑤, 𝑡)𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡), 0)). 

It follows that 
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       𝐺2
2(𝑤, 𝑤1, 𝑤1, 𝑡) ≥

1

4
 𝑘 𝜓( 𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) 𝐺2(𝑤1, 𝑤1, 𝑤, 𝑡)) 

       𝐻2
2(𝑤, 𝑤1, 𝑤1, 𝑡) ≤

1

4
𝜆 𝜑(𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) 𝐻2(𝑤1, 𝑤1, 𝑤, 𝑡)) 

       𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) ≥
1

4
 𝑘𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) and 

       𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡) ≤
1

4
𝜆 𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡).             (3.1.11) 

Further, applying the inequalities (3.1.3), (3.1.4), using properties (ii) and (iv), we have 

       𝐺1
2(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) =  𝐺1

2(𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤1, 𝑡) 

                       ≥ 𝜓(𝐺1(𝑆𝑤1, 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡)𝐺1(𝑆𝑤1 , 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡), 

                                𝐺1(𝑆𝑤1 , 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)𝐺2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡), 

                                𝐺2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡)𝐺1(𝑆𝑤1, 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡)) 

                  ≥ 𝜓(1, 𝐺1(𝑆𝑤1 , 𝑆𝑤, 𝑆𝑤, 𝑡)𝐺2(𝑤, 𝑤, 𝑤1, 𝑡), 1). 

       𝐻1
2(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) =  𝐻1

2(𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤1, 𝑡) 

                       ≤ 𝜑(𝐻1(𝑆𝑤1, 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡)𝐻1(𝑆𝑤1 , 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡), 

                                 𝐻1(𝑆𝑤1 , 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)𝐻2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡), 

                                 𝐻2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡)𝐻1(𝑆𝑤1, 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡))                                                                     

                       ≤ 𝜑(0, 𝐻1(𝑆𝑤1 , 𝑆𝑤, 𝑆𝑤, 𝑡)𝐻2(𝑤, 𝑤, 𝑤1, 𝑡), 0)). 

Which implies that 

      𝐺1
2(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)  ≥  

1

4
 k 𝜓(𝐺2(𝑤, 𝑤, 𝑤1, 𝑡) 𝐺1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)) 

      𝐺1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)  ≥  
1

4
 k  (𝐺2(𝑤, 𝑤, 𝑤1, 𝑡))            (3.1.12)                  

      𝐻1
2(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) ≤   

1

4
𝜆 𝜑(𝐻2(𝑤, 𝑤, 𝑤1, 𝑡) 𝐻1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)) 

      𝐻1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) ≤   
1

4
𝜆  (𝐻2(𝑤, 𝑤, 𝑤1, 𝑡)).                           (3.1.13) 

Again by using the definition (2.2.), we get, 

      
1

2
𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) ≥ 𝐺1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) 

≥  
1

4
 k  (𝐺2(𝑤, 𝑤, 𝑤1, 𝑡)) ≥  

1

2
 k  (𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) 

𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) ≥  k  (𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡))             (3.1.14)       

 
1

2
𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) ≤ 𝐻1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) 
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                         ≤  
1

4
𝜆  (𝐻2(𝑤, 𝑤, 𝑤1, 𝑡))  ≤  

1

2
𝜆  (𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡))                                                                                                                        

𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)  ≤ 𝜆  (𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡)).                (3.1.15) 

Now it follows from the inequalities (3.1.11), (3.1.14) and (3.1.15) that 

𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) ≥
1

4
k  (𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)) 

 >
1

4
k2(𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡)) > 𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) 

𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡) ≤
1

4
k  (𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)) 

                    <
1

4
𝜆2  (𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡)) < 𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡) 

and so w = 𝑤1. Since k, 𝜆 < 1. The fixed point w of TS must be a unique.  

Now TS𝑧1 = 𝑧1 implies TS𝑇𝑧1 = 𝑇𝑧1 and so T 𝑧1 = w.  

Thus z = STz = Sw = S𝑇𝑧1= 𝑧1,  proving that z is a unique fixed point of ST.  

Thus the proof of the theorem is completes. 

Corollary 3.2. 

Let (X, 𝐺1, 𝐻1,∗ , ) and (Y, 𝐺2, 𝐻2,∗, ) be two complete intuitionistic generalized  

fuzzy metric spaces, and T be a mapping of X into Y and let S be a mapping of Y into X  

satisfying the inequalities:          

       𝐺2
2(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≥

1

4
k  𝑚𝑖𝑛(𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                            𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                            𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)) 

 𝐻2
2(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≤

1

4
𝜆 max (𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                              𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                              𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡))           

 𝐺1
2(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≥

1

4
𝑘 𝑚𝑖𝑛(𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                            𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                            𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)) 

 𝐻1
2(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≤

1

4
𝜆 𝑚𝑎𝑥(𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                            𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                            𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)) 
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for all x in X and 𝑦1, 𝑦2 in Y, 0 ≤ k, 𝜆< 1. Then ST has a unique fixed point z in X and TS has 

a unique fixed point w in Y. Further Tz = w and Sw= z. 

Proof: 

It is immediate to see that, if we take a function  𝜓, 𝜑 : ℝ+ x ℝ+ x ℝ+→ ℝ+ ,  

𝜓(u, v, w) = 
1

4
 𝑚𝑖𝑛{uw, vu, wv} and 𝜑(u, v, w) = 

1

4
 𝑚𝑎𝑥{uw, vu, wv}, for all u, v, w ∈  ℝ+, 

where 0 ≤ k, 𝜆< 1.  

Corollary 3.3. 

Let (X, 𝐺1, 𝐻1,∗, ) and (Y, 𝐺2, 𝐻2,∗, ) be two complete intuitionistic generalized  

fuzzy metric spaces and T be a mapping of X into Y and S be a mapping of  Y into X  

satisfying the inequalities:      

       𝐺2
2(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≥

1

4
( 𝑎1𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) + 

                         𝑏1𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) + 

                         𝑐1 𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)) 

 𝐻2
2(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≤

1

4
(𝑎1𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) + 

                         𝑏1 𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) + 

                         𝑐1 𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡))   

 𝐺1
2(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≥  

1

4
 (𝑎2𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) +                                               

                         𝑏2𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) + 

                         𝑐2𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)) 

       𝐻1
2(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≤

1

4
 (𝑎2𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) + 

                        𝑏2𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) + 

                         𝑐2𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)), 

for all x in X and 𝑦1, 𝑦2 in Y, 𝑎1, 𝑎2 , 𝑏1, 𝑏2, 𝑐1, 𝑐2 ∈ ℝ+ with  

(𝑎1 + 𝑏1 + 𝑐1)(𝑎2 + 𝑏2 + 𝑐2) < 1. Then ST has a unique fixed point z in X and TS has a unique 

fixed point w in Y. Further Tz = w and Sw= z. 

Theorem: 3.4. 

Let (X, 𝐺1, 𝐻1, ∗, ) and (Y, 𝐺2, 𝐻2, ∗, ) be two complete intuitionistic generalized  

fuzzy metric spaces, and T be a mapping of X into Y and S be a mapping of Y into X satisfying 

the inequalities: 



11 

TWO COMPLETE INTUITIONISTIC GENERALIZED FUZZY METRIC SPACES 

       𝐺2
3(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) 

             ≥
1

4
𝑘1 𝑚𝑖𝑛(𝐺1(𝑥1, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡), 

                        𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                        𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2 (𝑦1, 𝑦2, 𝑇𝑥, 𝑡) 𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡))    (3.4.1) 

𝐻2
3(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) 

              ≤
1

4
𝜆1 max(𝐻1(𝑥1, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡), 

                         𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡), 

                         𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) 𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡))    (3.4.2) 

𝐺1
3(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≥

1

4
𝑘2 𝑚𝑖𝑛(𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡) 𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡), 

                      𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                       𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡))  (3.4.3)  

𝐻1
3(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≤

1

4
𝜆2 𝑚𝑎𝑥(𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡) 𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡), 

                      𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡), 

                      𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡))   (3.4.4) 

for all x in X and 𝑦1, 𝑦2 in Y, 0 ≤ 𝑘1 , 𝑘2, 𝜆1, 𝜆2 < 1. Then ST has a unique fixed point z in X 

and TS has a unique fixed point w in Y. Further Tz = w and Sw= z. 

Proof:  

We define the sequences (𝑥𝑛) in X and (𝑦𝑛) in Y by 𝑥𝑛 =  (𝑆𝑇)𝑛𝑥,  𝑦𝑛 =  𝑇(𝑆𝑇)𝑛−1𝑥,  

for n = 1, 2, ….  We will assume that 𝑥𝑛 ≠ 𝑥𝑛+1 and 𝑦𝑛 ≠ 𝑦𝑛+1 for all n.  

Applying the inequalities (3.4.1) and (3.4.2), we have 

 𝐺2
3(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) =  𝐺2

3(𝑇𝑥𝑛−1, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡) 

            ≥ 
1

4
𝑘1 min(𝐺1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)  𝐺2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡), 

                       𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡) 𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡), 

                       𝐺2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)  𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡) 𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡)) 

           ≥
1

4
k1min( 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡), 1,1) , 

𝐻2
3(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) =  𝐻2

3(𝑇𝑥𝑛−1, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡) 

           ≤
1

4
 𝜆1 max(𝐻1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡) 𝐻2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡), 

                  𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡) 𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡), 
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                        𝐻2(𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑇𝑆𝑦𝑛, 𝑡)  𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡) 𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛−1, 𝑡)) 

      ≤
1

4
 𝜆1 max( 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡), 0, 0). 

It follows that 

 𝐺2
3(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≥

1

4
k1( 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)) 

       𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≥
1

4
 k 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)                   (3.4.5)       

𝐻2
3(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≤

1

4
 𝜆1( 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)) 

 𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≤
1

4
 λ 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡).                  (3.4.6) 

Applying the inequalities (3.4.3), (3.4.4) and using the definition (2.1.), we get  

 𝐺1
3(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) =  𝐺1

3(𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑆𝑇𝑥𝑛, 𝑡) 

          ≥
1

4
𝑘2 min(𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)  𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡), 

                     𝐺1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐺2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡)𝐺1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡), 

                     𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐺1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)), 

          ≥
1

4
𝑘2 min(𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 𝐺1(𝑥𝑛 , 𝑥𝑛, 𝑥𝑛+1, 𝑡), 

                     𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡) 𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡), 

                     𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡) 𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡)) 

 𝐺1
3(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) ≥

1

4
k2(𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) 𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡))   

       
1

2
𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥ 𝐺1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 

                   ≥
1

4
k2 𝐺2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) ≥

1

2
k2 𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡)    (3.4.7) 

𝐻1
3(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) =  𝐻1

3(𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑆𝑇𝑥𝑛, 𝑡) 

            ≤  
1

4
 𝜆2 max(𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡)𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡), 

                       𝐻1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡) 𝐻2(𝑦𝑛, 𝑦𝑛, 𝑇𝑥𝑛, 𝑡)𝐻1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡), 

                       𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 𝐻1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)𝐻1(𝑥𝑛, 𝑆𝑦𝑛, 𝑆𝑦𝑛, 𝑡)) 

                  ≤
1

4
 𝜆2 max(𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡)𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡), 

                       𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡) 𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡), 

                       𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡)𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡) 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡) 
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 𝐻1
3(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) ≤

1

4
 𝜆2(𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛, 𝑡))   

 
1

2
𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤ 𝐻1(𝑥𝑛, 𝑥𝑛, 𝑥𝑛+1, 𝑡) ≤

1

4
 𝜆2 𝐻2(𝑦𝑛, 𝑦𝑛, 𝑦𝑛+1, 𝑡) 

                                     ≤
1

2
 𝜆2 𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡).      (3.4.8) 

Now, it follows from the inequalities (3.4.5), (3.4.6), (3.4.7) and (3.4.8) that  

 𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥ k2 𝐺2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≥
1

4
k1k2 𝐺1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡) 

 𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤  𝜆2 𝐻2(𝑦𝑛, 𝑦𝑛+1, 𝑦𝑛+1, 𝑡) ≤
1

4
 𝜆1𝜆2 𝐻1(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛, 𝑡).                          

Hence, by induction, we get  

 𝐺1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≥ (
1

4
)n( k2k1)n 𝐺1(𝑥, 𝑥1, 𝑥1, 𝑡) for n = 1,2,…    

 𝐻1(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1, 𝑡) ≤ (
1

4
)n( 𝜆2𝜆1)n 𝐻1(𝑥, 𝑥1, 𝑥1, 𝑡) for n = 1,2,…  

Since k2k1 < 1 and  𝜆2𝜆1 < 1, it follows that ( 𝑥𝑛) and (𝑦𝑛) are Cauchy sequences with limits 

z in X and w in Y.  Using the inequalities (3.4.1) and (3.4.2), we have    

𝐺2
3(𝑇𝑧, 𝑦𝑛, 𝑦𝑛, 𝑡) =  𝐺2

3(𝑇𝑧, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)                  

  ≥
1

4
k1min(𝐺1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡) 𝐺2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡),        

            𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐺1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

      𝐺2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡) 𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)) 

 ≥
1

4
k1min(𝐺1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡), 

      𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐺1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

      𝐺2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐺2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡))               

𝐻2
3(𝑇𝑧, 𝑦𝑛, 𝑦𝑛, 𝑡) =  𝐻2

3(𝑇𝑧, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡) 

 ≤
1

4
𝜆1 max{(𝐻1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡),   

𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐻1(𝑧, 𝑆𝑦𝑛−1, 𝑆𝑦𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

      𝐻2(𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑇𝑆𝑦𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)          

≤
1

4
𝜆1max(𝐻1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡) 𝐻2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡), 

      𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐻1(𝑧, 𝑥𝑛−1, 𝑥𝑛−1, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡), 

      𝐻2(𝑦𝑛−1, 𝑦𝑛, 𝑦𝑛, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)𝐻2(𝑦𝑛−1, 𝑦𝑛−1, 𝑇𝑧, 𝑡)). 

Letting n→ ∞, we have 𝐺2
3(𝑇𝑧, 𝑤, 𝑤, 𝑡) ≥ 1 and  𝐻2

3(𝑇𝑧, 𝑤, 𝑤, 𝑡) ≤ 0, it follows that  
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𝐺2(𝑇𝑧, 𝑤, 𝑤, 𝑡) = 1 and 𝐻2(𝑇𝑧, 𝑤, 𝑤, 𝑡) = 0, hence w = T z.  

Using the inequalities (3.4.3) and (3.4.4), we obtain       

  𝐺1
3(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) =  𝐺1

3(𝑆𝑤, 𝑆𝑤, 𝑆𝑇𝑥𝑛−1, 𝑡) 

   ≥
1

4
𝑘2 min(𝐺2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡), 

                    𝐺1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)𝐺2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡), 

              𝐺1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)𝐺1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)𝐺1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)      

𝐻1
3(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) =  𝐻1

3(𝑆𝑤, 𝑆𝑤, 𝑆𝑇𝑥𝑛−1, 𝑡) 

≤
1

4
𝜆2 max(𝐻2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡) 𝐻1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡), 

          𝐻1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)𝐻2(𝑤, 𝑤, 𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡), 

          𝐻1(𝑥𝑛−1, 𝑥𝑛−1, 𝑆𝑇𝑥𝑛−1, 𝑡)𝐻1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)𝐻1(𝑥𝑛−1, 𝑆𝑤, 𝑆𝑤, 𝑡)). 

Letting n tends to infinity, we have  𝐺1
3(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) ≥ 1 and  𝐻1

3(𝑆𝑤, 𝑆𝑤, 𝑥𝑛, 𝑡) ≤ 0, 

and it follows that z = Sw. Thus STz = Sw = z, TSw = Tz = w and so ST has a fixed point z and 

TS has a fixed point w. Now, suppose that ST has a second fixed point 𝑧1 and TS has a second 

fixed point 𝑤1. Then using the inequalities (3.4.1), (3.4.2) and using the properties (iii) and (iv), 

we have  

 𝐺2
3(𝑤, 𝑤1, 𝑤1, 𝑡) =  𝐺2

3(𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) =  𝐺2
3(𝑇𝑧, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 

      ≥
1

4
𝑘1 min(𝐺1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡)𝐺2(𝑤1 , 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 𝐺2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡), 

                 G2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡) G2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡) 𝐺1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡), 

                 𝐺2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 𝐺2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡) G2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡)) 

      ≥
1

4
𝑘1 min( 1, 𝐺2(𝑤1, 𝑤1, 𝑤, 𝑡)𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)𝐺2(𝑤1, 𝑤1, 𝑤, 𝑡),1) 

 𝐻2
3(𝑤, 𝑤1, 𝑤1, 𝑡) =  𝐻2

3(𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) =  𝐻2
3(𝑇𝑧, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡)  

 ≤
1

4
𝜆1 max(𝐻1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡)𝐻2(𝑤1 , 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 𝐻2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡), 

                  H2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡) H2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡) 𝐻1(𝑧, 𝑆𝑤1, 𝑆𝑤1, 𝑡), 

                  𝐻2(𝑤1, 𝑇𝑆𝑤1, 𝑇𝑆𝑤1, 𝑡) 𝐻2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡) H2(𝑤1, 𝑤1, 𝑇𝑧, 𝑡))      

       ≤
1

4
𝜆1 max( 0, 𝐻2(𝑤1, 𝑤1, 𝑤, 𝑡)𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)𝐻2(𝑤1, 𝑤1, 𝑤, 𝑡),0) and so 

𝐺2
3(𝑤, 𝑤1, 𝑤1, 𝑡) ≥

1

4
𝑘1 min( 𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) 𝐺2(𝑤1𝑤1, 𝑤, 𝑡) 𝐺2(𝑤1𝑤1, 𝑤, 𝑡)) 

𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) ≥
1

4
𝑘1𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)                              (3.4.9 ) 
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𝐻2
3(𝑤, 𝑤1, 𝑤1, 𝑡) ≤

1

4
𝜆1𝑚𝑎𝑥(𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) 𝐻2(𝑤1𝑤1, 𝑤, 𝑡) 𝐻2(𝑤1𝑤1, 𝑤, 𝑡)   

𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡)  ≤
1

4
𝜆1𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡).                               (3.4.10) 

Applying the inequalities (3.4.3), (3.4.4) and using definition (2.2.), we have     

  𝐺1
3(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) =  𝐺1

3(𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤1, 𝑡) 

       ≥
1

4
𝑘2 min(𝐺2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡)𝐺1(𝑆𝑤1 , 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡) 𝐺1(𝑆𝑤 , 𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡), 

                  𝐺1(𝑆𝑤1 , 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)𝐺2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡)𝐺1(𝑆𝑤1, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡), 

                 𝐺1(𝑆𝑤1, 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡)𝐺1(𝑆𝑤1, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)𝐺1(𝑆𝑤1, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)), 

       ≥   
1

4
𝑘2 min(1, 𝐺1(𝑆𝑤1 , 𝑆𝑤, 𝑆𝑤, 𝑡)𝐺1(𝑆𝑤1 , 𝑆𝑤, 𝑆𝑤, 𝑡), 𝐺2(𝑤, 𝑤, 𝑤1, 𝑡), 1) 

  𝐺1
3(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)  ≥

1

4
k2(𝐺2(𝑤, 𝑤, 𝑤1, 𝑡)𝐺1( 𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) 𝐺1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) 

   
1

2
𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) ≥ 𝐺1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) ≥  

1

4
𝑘2𝐺2(𝑤, 𝑤, 𝑤1, 𝑡) ≥

1

2
k2  𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) 

𝐻1
3(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) =  𝐻1

3(𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤1, 𝑡) 

       ≤
1

4
𝜆2 max(𝐻2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡)𝐻1(𝑆𝑤1 , 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡) 𝐻1(𝑆𝑤 , 𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡), 

                 𝐻1(𝑆𝑤 , 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)  𝐻2(𝑇𝑆𝑤, 𝑇𝑆𝑤, 𝑇𝑆𝑤1, 𝑡)𝐻1(𝑆𝑤1, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡), 

                 𝐻1(𝑆𝑤1, 𝑆𝑤1, 𝑆𝑇𝑆𝑤1, 𝑡)𝐻1(𝑆𝑤1, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡)𝐻1(𝑆𝑤1, 𝑆𝑇𝑆𝑤, 𝑆𝑇𝑆𝑤, 𝑡))                              

        ≤  
1

4
𝜆2 max(0, 𝐻1(𝑆𝑤1 , 𝑆𝑤, 𝑆𝑤, 𝑡)𝐻1(𝑆𝑤1 , 𝑆𝑤, 𝑆𝑤, 𝑡)𝐻2(𝑤, 𝑤, 𝑤1, 𝑡), 0) 

  𝐻1
3(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)  ≤  

1

4
k2(𝐻2(𝑤, 𝑤, 𝑤1, 𝑡)𝐻1( 𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) 𝐻1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡)) 

  
1

2
𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) ≤ 𝐻1(𝑆𝑤, 𝑆𝑤, 𝑆𝑤1, 𝑡) ≤  

1

4
𝜆2 𝐻2(𝑤, 𝑤, 𝑤1, 𝑡) ≤  

1

2
𝜆2 𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡) 

       𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡) ≥  k2  𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡)          (3.4.11)          

      𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)  ≤ 𝜆2  𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡).                              (3.4.12) 

Now it follows from the inequalities (3.4.9), (3.4.10), (3.4.11) and (3.4.12) that 

𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) ≥
1

4
k1  𝐺1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)  >

1

4
k1k2 𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡)  > 𝐺2(𝑤, 𝑤1, 𝑤1, 𝑡) 

𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡) ≤
1

4
𝜆1  𝐻1(𝑆𝑤, 𝑆𝑤1, 𝑆𝑤1, 𝑡)  <

1

4
𝜆1𝜆2 𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡) < 𝐻2(𝑤, 𝑤1, 𝑤1, 𝑡), 

and so w = 𝑤1. Since 𝑘1𝑘2 < 1 and 𝜆1𝜆2 < 1. The fixed point w of TS must be a unique.  

Now TS𝑧1 = 𝑧1 implies TS𝑇𝑧1 = 𝑇𝑧1 and so T 𝑧1 = w.  

Thus z = STz = Sw = S𝑇𝑧1 = 𝑧1, proving that z is the unique fixed point of ST.  
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This completes the proof of the theorem. 

Corollary 3.5. 

Let (X, 𝐺1, 𝐻1, ∗, ) and (Y, 𝐺2, 𝐻2, ∗, ) be two complete intuitionistic generalized fuzzy 

metric spaces and T be a mapping of  X into Y and S be a mapping of  Y into X  satisfying 

the inequalities: 

𝐺2
3(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≥

1

4
(𝑎1𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) 

                  + 𝑏1𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) 

                  + 𝑐1 𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐺2 (𝑦1, 𝑦2, 𝑇𝑥, 𝑡) 𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)) 

𝐻2
3(𝑇𝑥, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) ≤

1

4
(𝑎1𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡) 

                        +𝑏1𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡) 

                  + 𝑐1 𝐺2(𝑦1, 𝑇𝑆𝑦1, 𝑇𝑆𝑦2, 𝑡)𝐻2 (𝑦1, 𝑦2, 𝑇𝑥, 𝑡) 𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)) 

𝐺1
3(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≥

1

4
(𝑎2𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡) 

                       + 𝑏2𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐺2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 

                       + 𝑐2𝐺1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 𝐺1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)) 

 𝐻1
3(𝑆𝑦1, 𝑆𝑦2, 𝑆𝑇𝑥, 𝑡) ≤

1

4
(𝑎2𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡) 

                        + 𝑏2𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡)𝐻2(𝑦1, 𝑦2, 𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 

                        +  𝑐2𝐻1(𝑥, 𝑥, 𝑆𝑇𝑥, 𝑡)𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 𝐻1(𝑥, 𝑆𝑦1, 𝑆𝑦2, 𝑡) 

for all x in X and 𝑦1, 𝑦2 in Y, 𝑎1, 𝑎2, 𝑏1, 𝑏2, 𝑐1,  𝑐2 ∈ ℝ+with (𝑎1 + 𝑏1 + 𝑐1)(𝑎2 + 𝑏2 + 𝑐2) < 1. 

Then ST has a unique fixed point z in X and TS has a unique fixed point w in Y.  

Further, Tz = w and Sw= z. 
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