Available online at http://scik.org
Adv. Fixed Point Theory, 2020, 10:12
https://doi.org/10.28919/afpt/4671
ISSN: 1927-6303

SOME COMMON FIXED POINT THEOREMS IN F-METRIC SPACES

BEYZA BOZKUS*, CIHANGIR ALACA

Department of Mathematics, Manisa Celal Bayar University, Yunusemre 45140 Manisa, Turkey

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. In this paper, we prove a new common fixed point theorem for four mappings in F -metric spaces and
give its results. Our main results are [ -metric version of Fisher’s main theorems [5] and [6]. Furthermore, our

main result is a generalization of Theorem 4 in [12].
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theorems are tools in many fields in mathematics, physics, and computer science.
The notion of metric spaces has been generalized by several authors, such as Czerwik [4],
Khamsi and Hussain [9], Mlaiki et al. [13], Abdeljawad et al. [1], and so on. In 2018, Jleli
and Samet [7] introduced a new concept, named an f -metric space, as a generalization of the
notion of a metric space. Mitrovi’c et al. [12] proved certain common fixed point theorems in
[ -metric spaces. They obtained the well results of Banach, Jungck, Reich, and Berinde in these
spaces. Many authors studied the concept of / -metric spaces and its applications [2, 3, 10, 11,
14].
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Let F be the set of function f : (0,+e) —> R satisfying the following conditions:

(F1) fisnon-decreasing, i.e.,0 <s <t=> f(s) <s(z).

(F 2) For every sequence {z,} C (0,+e0), we have

lim t,=0<= lim f(,) = —co.
n—->+oo n—yr+oo

We generalize the concept of metric spaces as follows:

Definition 1.1. ([7]) Let X be a nonempty set, and let D : X x X — [0, 4-o0) be a given mapping.
Suppose that there exist (f,a) € F x [0,+e0) such that

(D1) (x,y) € X xX,D(x,y) =0<=x=1y.

(D2) D(x,y) = D(y,x), forall (x,y) € X x X.

(D3) For every (x,y) € X x X, for every N € N, N > 2, and for every

(”i)?]ﬂ C X with (u1,uy) = (x,y), we have

D(xy)>O:>f< ) (_i ul,u,+1)—l—06.

Then D is said to be an f -metric on X, and the pair (X, D) is said to be an F-metric space.

Observe that any metric on X is an f -metric on X. Indeed, if d is a metric on X, then it
satisfies (D1) and (D2). On the other hand, by the triangle inequality, for every (x,y) € X x X,

for every N € N, N > 2, and for every (ui)flzl C X with (uy,uy) = (x,y), we have

which yields,
1

d(xy)>0:>ln( ><ln(z u,,u,H)

Then d satisfies (D3) with f(¢) =Int,7 >0, and oc = 0.

In the following, some example of f -metric spaces which are not metric spaces are presented.
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Definition 1.2. ([7]) Let {x, } be sequence in an f -metric space (X, D). Then
(i) {xn} is F -convergent x € X if {x,} is convergent to x with respect to the f -metric D;
that is,
HETDOD(xn,x) =0.
(ii) {x,} is F-Cauchy if limy, s oo D (X, Xm) = 0.
(iii) (X,D) is F -complete if each f -Cauchy sequence in X is f -convergent to some element

in X.

Definition 1.3. ([8]) Let K be a mapping of a set X into itself. Then K has a fixed point if there

is a constant mapping L : X — X which commutes with K

< ie., L(K(x)) = K<L(x)) forall x € X).

Example 1.4. ([7]) Let X =N, and let D : X X X — [0+ oo) be the mapping defined by

(x_y>27 (x,y) S [073] X [073]
D(x,y) =
|x—y|, (x7y) ¢ [073] X [073]

for all (x,y) € X x X. It can be easily seen that D satisfies (D1) and (D2). However, D doesn’t

satisfy the triangle inequality, since
d(1,3)=4>1+1=4d(1,2)+d(2,3).
Hence, D is not a metric on X. But, D is an f -metric on X.
Definition 1.5. ([7]) Let X be a nonempty set, and let D : X x X — [0, 4-o0) be a given mapping

satisfying (D1) and (D2). We say that the pair (X,D) is F -metric bounded with respect to

(f,a) € F x [0,+00), if there exists a metric d on X such that
(v.3) €X XX, D(x,y) > 0= f(d(x,y)) < f(D(x.y)) < f(d(x.y)) +e

Proposition 1.6. ([7]) Let (X, D) be an [ -metric space. Let {x, } be a sequence in X, and x € X.
The following statements are equivalent:
(i) {xn} is F -convergent to x.

(ii) limy_s 1o D(x,,x) = 0.
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Definition 1.7. ([7]) Let (X, D) be an f -metric space. Let {x,} be a sequence in X.

(i) We say they {x,} is F -Cauchy, if

lim  D(x,,x,)=0.

m,n——+oo

(ii) We say that (X, D) is F -complete, if every F -Cauchy sequence in X is f -convergent to

a certain element in X.

2. [ -METRIC VERSION OF FISHER’S FIXED POINT THEOREMS

Theorem 2.1. Let K and L be commuting mappings an L and M be commuting mappings of a

F -complete (X, D) into self satisfying

D(Kx,Ny) < AD(Lx,My) (1)

forallx,ye X, where 0 <A < 1. IfKx € M(X) and Nx € L(X) for each x € X and if L and M

are continuous, then all K, L, N and M have unique common fixed point.

Proof. Let xo € X be arbitrary. Since Kxg € M(X) there is some x; € X such that Mx; = Kxg
and also as Nx € L(X), there is some x, € X such that Lx; = Nx;.

In general xy41 € X is chosen such that Mxy;, 1 = Kxo; and xo42 € X such that

Lxog 1 = Nxppq1, k=0,1,2,...

We denote a sequence such that

Yok = Mxopq 1 = Kxo

Y2i+1 = Lxogio = Nxogp1 k> 0.

Now, we show that {y,}is a Cauchy sequence. Let (f,a) € F x [0,+o0) be such that (D3) is

satisfied. Let € > 0 be fixed. By (F 2), there exists § > 0 such that

0<t<d=f(r) < f(e) —a. (2)



FIXED POINT THEOREM FOR [ -METRIC SPACES 5

From (1) we have

D(yok,Y2u+1) = D(Kxog, Nxggy 1) < AD(Lxog, Mxpp 1)
= AD(y2—1,y2%)
< A*D(yok—1,Y2k-2)-
Repeating this argument n-times we get
D(yox, y2k+1) < AD(y2k—1,Y2)
< A*D(y2k—2,y2%-1)

. <A"D(yo,y1)-

Which yields
m—1 )Ln
ZD()’h)’iH)S I—AD(yo’yl), m>n.
i=n
Since
n
li D =0.
Jim =D (yo,v1)
There exists some N € N such that
n
0< 1_}LD(yo,yl) <&, n>N.

Hence by (2) and (F 1) we have

— n

1L pbr) < 1(25000m) <@ - mon=n. @

Using (D3) and (3), we obtain

m—1

DO yn) >0, (m>n>N) = f(Dwym)) < 7L DLivie) +a < fe)

which implies by (F 1) that

D(yn,ym) <€, m>n>N.
This proves than {y, } is Cauchy sequence. From f -completeness of (X, D), there exists, u € X
such that

lim Kka = hm MX2k+1 = hm Nx2k+l = hm LX2k+2 = u.
k—r+oo —rtoo
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Since L continuous and K and N commute,

Lu= L( lim K)Czk) = lim LKsz = lim KLsz =K lim LXQk = Ku.
k—+-o0 k—4-o0 k—+oo k—>+o0

Since M continuous and N and M commute,

MMZM( lim Nka_H) = lim MNsz_H
k—s+oc0 k—r+oo

= lim NMx2k+ 1
k—>+o0

=N( lim Mx
(k_>+oo 2%+1)

= Nu.

D(Ku,Nu) < AD(Lu,Mu)
< AD(Ku,Nu)

= Ku = Nu.

D(KLxop, Nxog11) < AD(LAx, Mxai 1)
= D(Lu,u) < AD(Lu,u)
=Lu=u
= Ku=Lu=Nu=Mu=u.

Now, we show that the uniqueness of common fixed point. We assume that v is another common
fixed point of L, K, N and M such that u = v. Thatis Ku = Lu = Nu=Mu =u and Kv =Ly =
Nv=Mv =v. If thwn D(u,v) > 0. From (1) we get

D(u,v) = D(Ku,Nv)
< AD(Lu,Mv)
= AD(u,v).
Which is a contradiction and so the fixed point is unique. 0

Corollary 2.2. Theorem 2.1 is F-metric version of the main theorem of [6]. Then we get a

generalization of the main result of [6).
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Corollary 2.3. Our main result is a generalization of Theorem 4 in [12]. Note that condition
(1) implies that K is a continuous map. To obtain Theorem 4 in [12], it suffices to take K = N

and L =M = I (I = Identity map) in Theorem 2.1.

Theorem 2.4. (X,D) be an F -metric space, and let K : X — X be an given mapping suppose
that the following conditions are satisfying
(i) (X,D) is F -complete,

(ii) There exists a < b,c,b+ c < 1 such that
D(Kx,Ky) < bD(x,y) + cmax{D(x,Kx),D(y,Ky)}  (4)
forall x, y in X, then K has a unique fixed point.

Proof. Let (f,at) € F x [0,+o0) be such that (D3) is satisfied. Let € > 0 be fixed. By (F ),

there exists 6 > 0 such that
0<t<do=f(t)<fle)—a (5)
From (4) have
D(K"x, K" x) < bD(K"'x,K"x) + cmax{D(K" 'x,K"x),D(K"x,K""'x)}

and so either
D(K"x, K" x) < (b+¢)D(K" 'x,K"x)
or

b
D(K"x,K"x) < 1—D(K’Hx, K"x).
—C

Putting

A :max{(b—i-c),&} <1.

Repeating this argument n-times we get
D(K"x, K" x) < AD(K" 'x,K"x) 4+ A*>D(K"x, K" 'x) + ... + A"D(x, Kx)

which yields
n

A
Z D(K'x, K’Jrl WD(x,Kx), m>n.
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Since lim;,—; 4o 1’1_—’;D(x, Kx) = 0, then exists some N € N such that

n

-2

0< D(x,Kx) <8, n>N. (6)

From (5) and (F ;) we have

n

(ZD K'x,K'"lx >§f<1/1—/1

Using (D3) and (7), we obtain

D(x,Kx)) <fe)—a, m>n>N. (1)

D(K"x,K"x) <&, m>n>N.

This proves that {K"x} is F -Cauchy. Since (X,D) is F -complete, there exists z € X such that

{K"x} is F -convergent to z, i.e.

lim D(K"x,z)

n——+-oo

0. (8)
We shall prove that z is a fixed point of K. We argue by contradiction by supposing that
D(Kz,z) > 0.
By (D3), we have
f(D(Kz,z)) < f(D(Kz, Kx) +D(K”x,z)) +a, neN.
Using (ii) and (F 1), we obtain
f(D(Kz,z)) < f(?tD(z,K”x) +D(K”+1x,z)) +o, neN.
On the other hand, using (F 7) and (8), we have
lim_ f(w(z K'x )+D(K"+1x,z)) o= o,
which is a contradiction. Therefore, we have
D(Kz,z) =0

i.e.



FIXED POINT THEOREM FOR / -METRIC SPACES 9
As a consequence, z € X is the unique fixed point z. That at most one fixed point. Indeed, if
(u,v) € X x X are
D(u,v) >0, Ku=u, Tv=w.

Then from (ii), we have
D(u,v) = D(Ku,Kv) < bD(u,v)+ cmax{D(u,Ku),D(v,Tv)}
< (b+c)D(u,v)
< D(u,v)

which is a contradiction. 0

Corollary 2.5. Theorem 2.4 is F-metric version of the main theorem of [5]. Then we get a

generalization of the main result of |5).
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