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Abstract. Common coupled fixed point theorems for a pair of generalised T-contraction mappings are proved in
a rectangular b-metric space which generalize and improve some recent results due to Ramesh and Pitchamani
[13] and Gu [2] and some references there in. We have given an application of our main result in establishing the
existence and convergence of solution of a system of non linear integral equations under some weaker conditions,

which has been properly verified using suitable example.
Keywords: coupled fixed points; rectangular b-metric space; T-contraction; weakly compatible mappings.

2010 AMS Subject Classification: Primary 47H10, Secondary 54H25.

1. INTRODUCTION AND PRELIMINARIES

In 2015 George et al [14] introduced rectangular b-metric space (in short RbMS) as a general-
ization of usual metric space, b-metric space and rectangular metric space. In recent years many
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fixed point theorems and their applications have been proved in b-metric space, RbMS and other
similar generalised metric spaces (see [1], [4],,[5],[6], [7], [81.[91,[10],[11],[12],[15],,[16],[17],
[181,[19],[20], [21],,[22], [23]). Some very recent results on common coupled fixed points
can be seen in Gu [2] and Ramesh and Ptchamani [13]. In [2] the author has discussed cou-
pled fixed point theorems for mappings defined on a set with two rectangular b-metrics rp,
and rpy where rpy < rp1. Moreover in the proof of Theorem 2.1 in [2], the author shows that
b1 (8%n: 8%ntp) + b1 (8Vns 8Vntp) < %50 + s 22 ax{ &, 85 }, 1 — sk? # 0 and on
the basis of this the author claims that sequences < gx,, > and < gy, > are Cauchy sequences.
Note that here p = 2m or 2m + 1 and hence the author’s claim does not seems to be proper. In
the present note we have given coupled fixed point results for a pair of generalised Reich type T
contraction mappings in a RbMS. From our main theorem, we deduce a corrected and improved
version of Theorem 2.1 of Gu [2]. At the same time we have also obtained an improved and
generalised version of the results of Ramesh and Pitchamani [13]. In recent years fixed point
theory has been successfully applied in establishing the existence of solution of non linear in-
tegral equations (see [13], [3] ). We have applied our result in establishing convergence criteria
for a unique solution of a system of non linear integral equations. We have used some weaker

conditions as compared to those existing in literature.

Definition 1.1. [14] Let M be a non empty set. Suppose that the mapping d, : M x M — R

satisfies:
(RbM1) d,(x,y) > 0 and d,(x,y) =0 if and only if x =y

(RbM2) d\(x,y) = dr(y,x)
(RbM3) d,(x,y) < s[d,(x,u) +d,(u,v) +d,(v,y)] for some s > 1, all x,y,€ M and all distinct

points u,v € M — {x,y}

Then (M,d,) is a rectangular b-metric space with coefficient s (in short RbMS(s)).

Definition 1.2. [14] In the RbMS (M ,d,) the sequence < x, >

(a) converges to x € M if and only if dy(x,,x) — 0 as n — oo.

(b) is a Cauchy sequence if and only if d,(xp,Xn1p) — 0 as n — oo for all p > 0.
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Remark 1.3. From Example 2.5 in [14] the following facts are easily observed:
i) In a RbMS open balls may not be an open set.
ii)In a RbMS convergent sequences may not be a Cauchy sequence.
iii) RbDMS is not necessarily Hausdorff.

iv) Rectangular b-mtric d is not necessarily continuous.

2. MAIN RESULTS

Our main theorems are as follows :

Theorem 2.1. Let (X,d,) be a RbMS(s), T: X — X be a one to one mapping, S: X x X — X
and g: X — X be mappings such that S(X x X) C g(X), Tg(X) is complete. If there exist
real numbers A, 1L, v with 0 < A <1, 0 < u,v < 1, minimum {1, Av} < % such that for all

u,v,w,z€ X

d (TS(u,v), TS(w,z)) < Amax{d,(Tgu,Tgw),d.(Tgv,Tgz),ud,(Tgu,TS(u,v)),

@.1) ud,(Tgv, TS(v,u),vd,(Tgw,TS(w,z)),vd(Tgz, TS(z,w))}

then

(i) S and g has a coupled coincident point.
(ii) A unique common coupled fixed point for S and g will exist provided S and g are weakly
compatible.
(iii) If in addition T is sequentially continuous and convergent, then for some arbitrary
(up,vo) € X X X , the iterative sequences < gu, >, < gv, > defined by gu, = S(up—1,vn—1)

and gvy, = S(vy—1,un—1) converges to the unique common coupled fixed point of S and g.

Proof: (i) We shall start the proof by showing that the sequences < Tgu,, > and < Tgv,, >

are Cauchy sequences, where < gu,, > and < gv, > are as mentioned in the hypothesis.
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By (2.1), we have

dr(Tgunu Tgun—H) = dr(TS(un—lavn—l)7 TS(umVn))

IN

Amax{d,(T gun—1,Tgun),dr(Tgvn—1,Tgvn), udr(Tgun—1,TS(ttn—1,vn1)),

ud (Tgvn—1,TS(vp—1,un—1)),vd (T guy, TS(up,vn)), V(T gvn, TS(Vy,un))}

IN

Amax{d, (T gu,—1,Tguy),d(Tgvy—1,Tgvy),dr(T gup—1,Tgu,),

(2.2) dr(TgVn—l ) Tgvn) ) dr(Tguna Tguyq ) ) dr(Tng Tgvni1 )}
Similarly we get

dr(Tng Tgvn—i—l) < )Lmax{dr(TgVn—l ) TgVn)adr(Tgun—l s Tgun) ) dr<TgVn—1 , Tgvn);

(2.3) dr(Tgun—1,Tguy),dr(Tgvn, TgVn1),dr(T gUn, T gUiny1)}

Let K, = max{d,(T gu,, T guy+1),d,(Tgvy,Tgvyi1)}. By (2.2) and (2.3), we get

2.4)
K, < )Lmax{dr(TgVn—l ) Tgvn)adr(Tg”n—l ) Tgun) ) dr(TgVna TgVn—l—l)adr(Tg”m Tg”n+1)}

If

max{dr(TgVn—l ) Tgvn)adr(Tgun—l ) Tgun) ) dr<Tng Tgvn+l);dr(Tguna Tgun—l—l)}

= dr(TgVna TgVn+1) or dr(Tguna Tgun+1)7

then (2.4) will yield a contradiction. Thus we have

max{dr(TgVn—l ) Tgvn)adr(Tg”n—l ) Tg”n) ) dr(TgVna TgVn+1);dr(Tg”n7 Tgun—i—l)}

= max{dy(Tgvn—1,T8vn),dr(TguUn—1,Tgun)},
and then (2.4) gives

(25 K, < )Lmax{dr<TgVn717Tgvn)adr<Tgun717Tg”n)} =AK,_1 = lanfZ <. =2 A"Kp
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For any m,n € N, we have

dr(Tng, Tgun) = dr(TS(umflavmfl)a TS(Mnflaanl)

< AMax{d,(Tgun—1,Tgup—1),dr(Tgvm—1,Tgvn—1), hdr(T gutyy—1, TS(ttyy—1,Vim—1)),
“dr(TngflaTS(mel,umfl))v Vdr(Tg”nflaTS(”nflavnfl))a Vdr(Tganla TS(anlaunfl))}
< 2"’nax{dr(Tgumfl ) Tgunfl)adr(Tngfl ) Tganl),dr(Tngfl ) Tgum)u

dr(Tgvm—1,T8vm), dr(TgUn—1,TglUy), dr(TgVn—1,T8gVn)}

Then by using 2.5 we get
2.6) dr(Tgum,Tguy) < Amax{d,(Tgum 1, TgUn—1),dr(TgVm—1,Tgvn—1),(A" "+ 2" Ko}
Similarly we have
2.7) d(Tgvm, Tgva) < Amar{dy(Tgum 1,Tgun 1),dr(Tgvm 1, Tgva 1), (A" + 271Ky}
Let Ky n = max{d,(T gum, T guy,),d(Tgvm,Tgvy)}. By (2.6) and (2.7), we get
(2.8) Kun < Amax{d.(Tgum—1,Tgun—1),dr(Tgvm-1,Tgvn—1), (lmfl + k”*I)KO}
If,

max{d(Tgum—1,Tgun_1),dr(Tgvim_1,Tgvp_1), A" 1+ A" DKy} = (A" 1+ A" DKy}
then (2.8) gives

max{d,(T gup, Tguy,),d,(Tgvy,Tgvy)} < (A" +A")Ko

and since 0 < A < 1, we conclude that < T gu, > and < Tgv,, > are Cauchy sequences. Now if

max{d,(Tgum—1,Tgup_1),dr(Tgvim—_1,Tgvp_1), A" 1+ A" DK} # (A" 1+ A" DKy}
then (2.8) gives

(2.9) Knn < )Lmax{dr(Tgum—l T guy—1 ) ) dr(Tng—l ) Tgvn—l)}

)

(210) < A‘Kmfl,nfl < AZKmfZ,an < - 'Aer—r,n—r
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for any positive integer r < min{m,n}. Since 0 < A < 1, we can find a positive integer g, such

that 0 < A%0 < lg Now from 2.9 we have

(2.11) Knmrqy < A"Kog
(2.12) Kitgon < A"Kgy0
(2- 13) Km+q0,n+q0 < quOKm,n

Using condition (RbM3) of a rectangular b-metric and the above inequalities 2.11, 2.12 and

2.13, we have

Km7n S S[Km7m+CI0 + Km+q07n+q0 + Kn+q0,n]
s(A 4+ AM)
e S T

Since 0 < A < 1, again we conclude that < T'gu, > and < T'gv, > are Cauchy sequences.

Since (Tg(X),d) is complete, we can find wy,,wy, € X such that

(2.14) ,}I_ISQ Tgu, = Tgwxoandr}i_r& Tgv, =Tgwy,.

Therefore

dr(TS(Wxy, Wy), T8Wx,)

IN

[ (TS(wxy, Wy, ), TS(ttn, Vi) +dr(TS (U, Vi), TS (U1, Vint1)) +dr(TS(Ung1,Vn1), T gWx, )

IN

s[Amax{d,(Tgwx,, T gun),d (T gwy,, TgVn), (T gwyy, TS(Wxy, Wy, )),

wd (T gwy,, TS(Wyos Wy ) VAr(T 8, TS (U, vi)), VA (T gV, TS (Va,un)) }
+Amax{d,(T gu,, T guni1),dr(Tgvy, Tgvpi1), 0dr(T gun, TS(tty,vs)),

udr (T gvn, TSV, ttn), V(T gtn 1, TS(ttny1,Vns1)), VA (T&Vn11, TS(Vay1,tni1)) }

err ( Tg”n+2 ) Tgwxo )
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< s[Amax{d,(Tgwy,, T gun),d (T gwy,, T&vn), Ldr(TgWxy, T S(Wyy, wy,)),
1d (Tgwy,, TS(Wy,, wx, ), Vdr (T gttn, T gUpt1), VA (TgVH, TgVH11)}
+Amax{d,(T gun, Tguy+1),d (Tgvy, Tgvpi1), ud (T guy, T guin 1),
ud (T gvn, Tgvny1), V(T guuny 1, TE(n12), VA (TgVny1,TgVn12)}

(2.15) +d (T gupy2,Tgwy,)-

Note that since as < Tgu, > and < Tgv, > are Cauchy sequences, by definition

d,(Tgu,,Tguny1) — 0,d,(Tgvy, Tgvyy1) — 0as n — oo. Thus from 2.15, as n — oo we get
dr(TS(Wxy, Wy, ), T8Wxy) < sAmax{pd (Tgwx,, TS(Wxy, Wy, )), k(T gWyy, TS(Wy,, wxy) }
Similarly, we get
dr(TS(Wyy, Wy, ), TgWy,) < sAmax{ud,(Tgwy,, TS(Wxy, Wy,)), Ldr(T gwy,, T S(Wyy, Wx,) }
Thus we have

max{dy(TS(Wxy;, W), T8Wxy ), dr(T'S(wyg, wxy), T8Wy,) }

(2.16) < sAuMax{d,(Tgwx,, TS(Wxy, Wy,)),dr(TgWyy, T S(Wyy, Wxy) }
Proceeding on the same lines as above we also have

max{dy(T gwxy, TS(Wxy, Wyy)),dr(Tgwyy, TS(Wyg, W) }

(2.17) < sAvMax{d,(Tgwx,, TS(Wxy, Wy,)),dr(TgWy,, TS(Wyy, Wx,) }

Using 2.16 and 2.17 along with the condition minimum {Ap,Av} < % we get

TS(wyy,wy,) = Tgwy, and TS(wy,,wyx,) = Tgwy,. As T is one to one, we have
S(Wxy,Wy,) = 8Wx, and S(wy,,wy,) = gwy,. Therefore, (wy,,wy,) is a coupled coincident

point of S and g.

(i1) Suppose S and g are weakly compatible. First we will show that if (W;O,w;o) s an-

other coupled coincident point of S and g then gwy, = gwy, and gwy = gwy,, or in other words
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the point of coupled coincidence of S and g is unique. By 2.2 we have

d (TgWxOngon) d (TS(W W ) TS(WX()7Wy()))

X0?
< )'max{d (TgwxongW)m) d (Tgwy07Tgwyo)hudr(Tgon?TS<Wx07Wy0))
ud (T gwyo, TS(Wy s wio ), V(T gwxy, TS(Wag, wyy ), Ve (T gwyy, TS(wyy, wxy)) }

Yo’ Yo’

< Amax{d,(T gwy,, Tgwx,),dr(Tgwy,, Tgwy,)}
Similarly we have
dr(Tgwy,,Tgwy,) < Amax{d,(Tgwy,,Tgwx,),dr(Tgwy,,Tgwy,)}
Thus from the above two inequalities, we get
max{d,(Tgwy,, Tgwx,),dr(Tgwy , Tgwy,) < Amax{d,(Tgwy ,Tgwx,),dr(Tgw}, ,Tgwy,)}

which implies that, Tgwy = Tgwy, and Tgwy = Tgwy,. Since T is one to one we get gwy =
8wy, and gwy = gwy,, that is the point of coupled coincidence of S and g is unique. Since S and

g are weakly compatible and since (wy,,wy,) is a coupled coincident point of S and g, we have

ggWX() = gS(WanWyo) = S(gWX()agWyo)

and
ggw}’o = gS(Wy()’on) = S(gwyoagWxO)

which shows that (gwy,,gwy,) is a coupled coincident point of S and g. By the uniqueness of
the point of coupled coincidence we get ggwy, = gwy, and ggw,, = gw,, and thus (gwy,,gwy,)
is a common coupled fixed point of S and g. Uniqueness of the coupled fixed point follows

easily from 2.2.

(ii1)) Now suppose T is sequentially convergent and continuous. Then since
lim;, ;oo Tgu, = Tgwy, and lim, ... Tgv, = Tgw,,, using sequential convergence of T,
we see that < gu, > and < gv, > are convergent and thus there exist ug and vy in X such
that lim,,_,. gu, = up and lim,_ gv, = vo. Now since T is sequentially continuous we get

lim, oo T gu, = Tug and lim,, o T gv,, = Tvy. Therefore T gwy, = Tug and T gwy, = Tvy. Since
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T is one to one, we get gwy, = ug and gwy, = vy, that is (< gu, >, < gv, >) converges to

(8Wxy,8Wy,) Which is the common coupled fixed point of S and g.
Theorem 2.2. Theorem 2.1 with condition 2.1 replaced with the following:

d-(TS(u,v), TS(w,z) +d,(TS(v,u),TS(z,w) < Amax{d,(Tgu,Tgw)+d,(Tgv,Tgz),

(2.18) u(d(Tgu,TS(u,v))+d.(Tgv,TS(v,u)),v(d.(Tgw,TS(w,z)) +d,(Tgz,TS(z,w)))}

Proof: Putting K, = d,(Tgup, Tguns1) + dr(Tgvy, Tgvps1) and K;nn = d(Tgum,Tguy,) +

d,(Tgvy,Tgvy,) , and then proceeding exactly as in the proof of Theorem 2.1, we can show that

! !

! !/
Km,n < s [Km,erqo + Km+qo7n+qo + mKn+qo7n]

S(lm +An) /

= l—sAq 040
and so d,(T guy, T guy,) < %K&qo and d,(Tgvy, Tgvy) < %K&%. Thus < Tgu,, >
and < T'gv, > are Cauchy sequences. Again proceeding as in the proof of Theorem 2.1 and tak-
ing into cosideration the fact that d,.(T'S(wx,, Wy, ), TS(un,vn)) < dr(TS(Wxy, Wyo), TS (un,vi)) +

dr(TS(Vn,ttn), TS(Vyt1,Unt1)) WE get

dr(TS(Wxy, Wy, )s T8Wx,) +dr(TS(Wyy, Wy, ), T8Wy,) < 8[dr(TS(Wxy, Wy, )s TS (ttn, Vi)
+d (TS(Wyy, Wxy ), TS(Vi, )

+d (TS (up,vn), TS(tns1,Vnt1)) +dr(TS Vi, un), TS(Vig1, tnt1))

+d (TS(Up+1,Vn+1), TgWxy) +dr(TS(Vag1,Un+1), TEWy,)

< s[Amax{d (T gwxy, T gun) + dr(T gWyy, T&Vn), L(dr(TgWx,, TS(Wxy, Wy, )) +
dr(Tgwyy, TS(Wyy, Wxy)), V(dr (T gttn, TS(ttn,vi)) +dr(T gV, TS(vi,un))) }
+Amax{d,(T guy, Tgup1) +dr(Tgvy, Tgvni1), L(dr(T gun, TS(tn,vy)) +
dr(Tgvn, TSV, un), V(dr(T gutny1, TS(n11,Vnt1)) +dr(TgVns1, TS(Vur1,uns1))}

+dr(Tgun+27 Tgwxo) + dl’<TgVn+27 Tgwyo)]
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< s[Amax{d,(T gwx,, T gun) + dr(Tgwy,, TgVn), h(d(T gWxy, TS Wy, Wy, )) +
dr (T gwyy, TS(Wyy, Wxy))s V(dr(T gttn, T gutns1) +dr(Tgvn, T8Vnt1))}
+Amax{d,(T gun, T guni1) +dr(Tgvn, Tgvui1), W(dr (T gun, Tguyi1) +
dr(T8vn, Tgvn+1),V(dr(T gutn+1, T gUn12) +dr(TgVni1,TgVn+2)}

+dr(Tgun+27 Tgwxo) + dr(TgVn+27 Tgwyo)]
as n — oo, we get

dr(TS(Wxys Wyg ), T8Wxy) +dr(TS(Wyg, W), TgWy,)

< sAu{(d,(Tgwx,, TS(meWyo)) +dr(TgWyo= TS(WyO,wa))}

Similarly we can show that

dr(Tgwxo, T'S(Wxy, Wyy)) + dr(TgWyy, TS(Wyy, W)

< SAVLd (T gwny, TS(Wxg, Wy, ) +dr(Tgwyy, TS(wyy, wxy) }

Rest of the proof follows on the same lines as in Theorem 2.1.

Our next result is a corrected and improved version of Theorem 2.1 of Gu [2].

Theorem 2.3. Theorem 2.1 with condition 2.1 replaced with the following :
There exist Pi, B2, B3 in the interval [0,1), such that By + B + B3 < 1, minimum{B,, B3} < 1
and for all u,v,w,z € X

dr(TS(u,v),TS(w,2) +dr(TS(v,u),TS(z,w) < Bi(d,(Tgu, Tgw) +d,(Tgv,Tgz)) +

(2.19) Ba(d-(Tgu,TS(u,v)) +d(Tgv,TS(v,u)) + B3(d-(Tgw,TS(w,z)) +d,(Tgz, TS(z,w)))

Proof: Proceeding on the same line and with the same notations as in the proof of Theorems

2.1 and 2.2, we can show that

m._ 1

/ I 12
(2.20) K,<AK, <2k ,<---<A"K,
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where A = %;“2 < 1. Now

d (T gup, Tgu,) +d (Tgvy, Tgvy)

=d (TS(tm—1,Vm—1), TS(pn—1,Vn—1) + dr(TS(Vi—1,um—1), TS(Vy—1,Un_1)

< Bi(@(Tgum—1,Tguun—1) +dr(TgVm—1,T8vn-1)) + P2 (dr(T gUtm—1,TS(ty—1,Vm—1))

+d (Tgvim—1,TSVm—1,um—1)) + B3(dr (T gup—1, TS(ttn—1,vn-1)) + dr(Tgvn—1,TS(V—1,tn-1))
< Bi(dr(Tgttm—1,Tgttn—1) +dr(TgVm—1,TgVn-1)) + BoKy_y + P3K,_

m—1_ m—1_

< Bi(dr(Tgum—1,TgUr—1) +dr(TgVvm—1,Tgvn—1))+ A Ky+BA K,
Thus we have
Km,n < BKI,?1—1,n—1 +ﬁm_1K(/) +Bn_1K(/)

< B Ky (B B Ky

where f=Max{f, B2, B3, 7Ll}. Note that lim, ... — 0 and so we can find natural number g

satisfying 0 < 90 < % Then we have

/

2.21) Kpmig < B"Kogy+m(B"+B" %K,
(2.22) Kyigon < B'Kyo+n(B"9+B"K,
(223) Km+q0,n+qo S ﬁqOKmm + qo(ﬁerqo + ﬁn+qo)](o

Now using 2.21,2.22 and 2.23 we get

Knn < s [Km,mﬂo + Kint gontgo T K,qu,n]
< S(Bm+Bn)KO,q0
- 1 —sB%

[B™(m+ (m+ qo)BD) + B (n + (n+qo) B)]K,
1 —sB

N

As m,n — oo, K,Inﬂ — 0 and so < Tgu, > and < Tgv, > are Cauchy sequences. Rest of the
proof follows on the same line as in proof of Theorem 2.2, by taking into consideration the fact

that minimum{ B2, ,33} < %
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The next result can be proved in a similar way as in Theorem 2.1 and 2.3 and so we

omit the proof.

Theorem 2.4. Theorem 2.1 with condition 2.1 replaced with the following : There ex-

ist Bi,B2,Bs3, P4, Bs,Be in the interval [0,1), such that By + Bo+ B3+ Pa+ Bs + Bs < 1,
minimum{ B3 + Pa,betas + P } < % and for all u,v,w,z € X

dr(TS(l/t,V), TS(W’ Z)) S ﬁldr(Tgl/l, TgW) + B2dF(Tgva ng) +

(2.24) B3d, (T gu, TS(u,v)) + Bad, (T gv, TS(v,u) + Bsd,(Tgw, TS, z)) + Bed(T gz, TS(z,w))

Taking T to be the identity mapping in Theorems 2.1,2.2,2.3 and 2.4 we have the following

respective corollaries:

Corollary 2.5. Let (X,d) be a RbMS(s) , S: X x X — X and g: X — X be mappings such
that S(X x X) C g(X) and g(X) is complete. Suppose there exist real numbers AL,V with
0<A<1,0<u,v <1, mnimum {Au,Av} < % such that for all u,v,w,z € X the following
holds :

dr(S(u,v),S(w,z) < Amax{d,(gu,gw),d,(8v,8z), ndr(gu,S(u,v)), udr(gv,S(v,u),
(2.25) vd,(gw,S(w,2)), vdr(gz,8(z,w))}
Then S and g has a coupled coincident point. Further if S and g are weakly compatible then
there exist a unique common coupled fixed point for S and g. Moreover for some arbitrary

(ug,vo) € X x X , the iterative sequences (< gu, >,< gv, >) defined by gu, = S(uy—1,vy—1)

and gv, = S(vy—1,u,—1) converges to the unique common coupled fixed point.
Corollary 2.6. Corollary 2.5 with condition 2.25 replaced with the following :

dr(TS(u,v), TS(w,2) +d(TS(v,u), TS(z,w) < Amax{d,(gu,gw) +d,(gv, gz),

(2.26) w(dr(gu, S(u,v)) +dr(gv, S(vu)), v(d,(gw, TS(w;2)) +dr(g2,5(z,w))) }

Corollary 2.7. Corollary 2.5 with condition 2.25 replaced with the following : There exist
B1, B2, B3 in the interval [0,1), such that B + B2+ B3 < 1, minimum{B,,B3} < % and for all
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u,vw,z€ X

dr(S(u,v),S(w,2) +dr(S(v,u),S(z,w) < P (dr(gu, gw) + dr(gv,82)) +

(2.27)  Ba(dr(gu,S(u,v)) +d,(gv,S(v,u)) + B3(d,(gw,S(w,2)) + dr(82,5(z,w)))

Corollary 2.8. Corollary 2.5 with condition 2.25 replaced with the following : There ex-
ist B1,B2,B3,Pa, Bs, B in the interval [0,1), such that By + B2+ B3+ Pa+ Bs + P < 1,

minimum{ B3 + Pa, betas + P} < * and for all u,v,w,z € X

dr(S(u,v),S(w,z)) < Bid,(gu,gw) + Badr(gv,82) +

(2.28)  B3d,(gu,S(u,v)) + Bad,(gv,S(v,u) + Bsd,(gw,S(w,z)) + Bedr(82,5(z,w))

Remark 2.9. Since every b-metric space is a rectangular b-metric space, we note that Theorem
2.1 is a substantial generalisation of Theorem 2.2 of Ramesh and Pitchamani [13]. Infact we

donot require continuity and sub sequential convergence of the function T.

Remark 2.10. Note that condition 2.1 of Gu [2] implies 2.27 and hence Corollary 2.7 gives an
improved version of Theorem 2.1 of Gu [2].

Example 2.11. Ler X = [0, 1], d(x,y) = [x —y|.

ro_ ) X ifxe(0]
< ifxe (31
2 0.1
2 lf.XE[,z]
88X =

Then T, S and g satisfies conditions of Theorem 2.1 and (0,0) is the unique common coupled

fixed point of S and g. Note that T is not continuous.
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3. AN APPLICATION TO INTEGRAL EQUATION

In this section, we apply Theorem 2.1 to study the existence and uniqueness of solutions of a
system of nonlinear integral equations.
Let X = C[0,A] be the space of all continuous real valued functions defined on [0,A],A > 0. We

consider the following system of nonlinear integral equations, for ¢ € [0, A]

A
x(1) = /0 G(t,r) f(t,x(r),y(r))dr+K(1)
G.1) )= [ G170 x4 K ()

where f:[0,A] x RxR — R and G : [0,A] x [0,A] — R and K € C(]|0,A]. Now suppose F :
X x X — X be given by

A
F(x(t),y(t)) = /0 G(t,r)f(2,x(r),y(r))dr+K(t).

A
F(y(t),x(t)) = /0 G(t,r)f(2,y(r), x(r))dr +K(t).

Then the system of nonlinear integral equations 3.1 is equivalent to the coupled fixed point

problem F(x,y) = x, F(y,x) = y.

Theorem 3.1. Suppose that the following hold:

(i) G : [0,A] x [0,A] — R and f : [0,A] X R X R — R are continuous functions.

(ii) K € C(]0,A].

(iii) For all x,y,u,v € X andt € [0,A], we can find a function g : X — X and real numbers s > 1,
A, vwithO0 <A <1,0<u,v <1, mnimum {Apu,Av} < 3%1 satisfying

(iiia):
‘ f(tax(r)vy(r))) _f(t7u(r)vv(r))) ‘S
< Amax{| g(x(r)) —g(u(r)) ', [ g(v(r)) —g(v(r)) ',
1| g(x(r)) = F(x(r),y(r)) "1t | 8(y(r)) = F (y(r), x(r)) ',
V1 g(u(r)) = F(u(r),v(r)) I,v [ g(v(r)) = F (v(r),u(r)) I'}.
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and

Giib): F(g(x(0),8(0(1))) = &(F(x(t),y()) whenever F(x(t),y(t)) = g(x(t)) and
FOy(1),x() = 06(1)).

(iv) supicioa) Jo | G(t,r) |° dr < 7

Then 3.1 has a unique solution in C[0,A]. Moreover, for some arbitrary xy(t),yo(t) in X, the

sequence {< gx,(t) >, < gyn(t) >) defined by
A
gx(t) = /0 Gt 1) (t 1 (F)y o () dr + K (1)
A
(32) enlt) = [ Gler (0 (r) v ())dr+ K0
converges to the unique solution .
Proof : Define d,: X X X — R such that for all x,y € X,

(3.3) dr(x,y) = sup,cpo ) | x(t) —y(t) |’

Clearly d, is a RbMS(3*~1).

For some r € [0,A], we have

dr(F(x,y),F (u,v)) =| F(x,y)(1) = F (u,v)(2) [’
A

A
= (1] 6.ALx(r) (N dr+g0] = [ Glr) fe,u(r), o) dr +8(0)]

IN

/OA | G(t,r) [P f(t,2(r), y(r)) = f(2,u(r), v(r)) [* dr

IN

(/OAIG(H) | dr)A*[max{| g(x(r)) —g(u(r)) I',| g(¥(r)) —g(v(r)) I,

| gx(r)) = F(x(r),y(r)) ', | g(y(r)) = F (y(r),x(r)) I,

v | g(u(r)) = F(u(r),v(r)) I',v | g(v(r)) = F (v(r),u(r)) I’}

(/OAIG(t,r) | dr) A" [max{d,(x,u),d,(y,v), pd(8(x), F (x,)), pdr(g(y), F (¥,x)),
vdy(g(u), F(u,v)),vd,(g(v), F(v,u))}

Almax{d,(x,u),d,(y,v), udr(8(x), F (x,y)), ndr(8(y), F (y,x)),

vd,(8(u), F(u,v)), vd,(g(v), F(v,u))}

IN

IN
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Thus we have

dr(F(x,y),F(u,v)) = SUPrcl0,4] | F(x7y>(t) —F(M7V)(l) |S
< Almax{d(x,u),d(y,v), udr(8(x),F (x,y)), ndr(g(y), F (¥, x)),
vd,(g(u),F (u,v)),vd,(g(v),F(v,u))}
This shows that contractive condition of Theorem 2.1 holds. Therefore, by Theorem 2.1 F has
a unique coupled fixed point (x',y") € C([0,A] x C([0,A] which is the unique solution of 3.1 and

the sequence {< gx,(r) >, < gy,(t) >) defined by 3.2 converges to the unique solution of the

system of integral equations 3.1.

Remark 3.2. Condition (iv) of Theorem 3.1 above is weaker than the corresponding conditions

used in similar theorems of [13] and [3].

Example 3.3. Let X = C|0, 1] be the space of all continuous real valued functions defined on

[0, 1] and define dz: X x X — R such that for all x,y € X,

(3.4) d3(x,y) = sup,cpo.1) | x(t) = y(t) |2

Clearly d3 is a rectangular b-metric with coefficient 3. Now consider the functions f : [0, 1] x

R X R — R given by f(t,x,y) :t2+2%x+ 2%)/, G:[0,1] x[0,1] — R given by G(t,r) = \/IS]%H),

K € C(]0,1] given by K(t) =t. Then the system of non linear integral equations 3.1 becomes

vy =re [P 2 0y S

207" " 207
G5 N A R
Then
[ Flee) = feam) P = | o)+ 55 (=) P
< | Max{ =), 15—} P

81 2 2
< — _
— 100Ma'x{’x u ‘ 7| y V) | }
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Also

1 45

m(t—l—r)zdr: 1.125
0

1
S”Pte[o,l}/o | G(t,7) ‘2 dr =

We see that all conditions of Theorem 3.1 are satisfied, with A = %,u =0,v=0,5s =2 and
g = Ix(Ildentity mapping). Hence Theorem 3.1 ensures a unique solution of the system of non
linear integral equations 3.5. Now for xo(t) = 1 and yo(t) = 0, we construct the sequence

{< x,(t) >, < yu(t) >}, given by

xXu(t) :t+/0 %(ﬂr%%q(i’)+%yn—1(”))dr
(3.6) Vu(t) :t—l—/ol %(tzﬁ‘%ynl(f’) +%an(r))dl"

Using MATLAB we see that above sequence converges to
{0.670813 4 0.335412 4-2.2339¢ +0.7677,0.6708¢> + 0.33541> +2.2339¢ +0.7677} and this is

the unique solution of the system of non linear integral equations 3.5. The convergence table is

as given below.
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n | a(0) =1+ o PR 4 S () + a1 (0)dr | () =1+ Jo L 4 a1 () + S (7)dr

1 x1(t) =t 4.0167(2¢ 4 1)(20¢2 +-9)) yi(t) =14.0671(2t +1)(5> +2))

2 x2(t) = 0.6708¢* +0.3354¢> + 1.3t +0.5007 y2(t) = 0.6708¢3 +0.33541> +1.29¢ +0.5115

3 x3(t) = 0.6708¢3 4 0.33541% + 1.8210r 4+ 0.5174 y3(t) = 0.6708¢3 +0.3354> + 1.82081 +0.5171
4 x4(1) = 0.67081 4 0.33541% + 1.97341 4+ 0.6179 y4(t) = 0.6708¢3 +0.33541% + 1.9734t +0.6178
5 x5(t) = 0.6708¢3 4-0.33541% +2.07431 4 0.6755 ys(t) = 0.6708¢3 4 0.33541% +2.0743¢ 4 0.6755
6 xe(t) = 0.6708¢3 +0.33541% +2.1359¢ +0.7111 ye(t) = 0.6708¢3 +0.33541% +2.1359¢ +0.7111
7 | x(r) = 0.6708¢% +0.33541% +2.1737¢ 4+-0.73298 y7(t) = 0.670813 +0.3354¢> +2.17371 +0.73298
8 | xg(t) = 0.6708> +0.33541> +2.19699¢ + 0.7464 yg (1) = 0.670813 +0.33541> +2.19699¢ + 0.7464
9 xo(t) = 0.6708¢3 4 0.33541% +2.2113¢ +0.7547 yo(t) = 0.6708¢3 +0.33541% +2.2113¢ +0.7547
10 | x10(t) = 0.6708> +0.335412 +2.2200¢ +0.7597 y10(t) = 0.6708¢3 4-0.33541% +2.2200¢ 4-0.7597
11| x11(t) = 0.6708¢3 +0.3354¢> 4 2.2254¢ +0.7628 yi1(t) = 0.6708¢3 4-0.33541% +2.2254¢ 4 0.7628
12| x12(t) = 0.67081% +0.3354¢2 +2.2287t +0.7647 yi12(t) = 0.6708¢3 +0.33541% +2.22871 +0.7647
13| x13(t) = 0.67087% +0.33541% +2.23081 +0.7658 yi3(7) = 0.6708¢> +0.33541% 4 2.2308¢ + 0.7658

14 | x14(t) = 0.6708¢° +0.3354¢2 +2.23199¢ 4 0.7666 y14(t) = 0.6708¢> +0.33541% +2.23199¢ + 0.7666

15| x5(t) = 0.67087% +0.3354¢2 +2.2328¢ +0.7671 yi5(t) = 0.6708¢3 4 0.33541% +2.2328¢ 4 0.7671
16 | x16(t) = 0.6708° +0.3354¢> +2.2333¢ +0.7674 y16(t) = 0.6708¢> 4 0.33541% +2.2333¢ +0.7674
17 | x17(¢) = 0.6708° +0.3354¢2 +2.2336t +0.7675 y17(t) = 0.6708¢3 +0.3354¢> +2.2336¢ +0.7675
18 | x5(t) = 0.67087° +0.3354¢2 +2.2338¢ +0.7676 yig(t) = 0.6708¢> 4 0.33541% +2.2338: +0.7676
19| xi9(¢) = 0.6708> +0.3354¢> +2.2339¢ +0.7677 yi9(t) = 0.6708¢3 4 0.33541> +2.2339¢ 4 0.7677
20 | x20(t) = 0.6708¢3 +0.33541% +2.2339¢ +0.7677 y20(t) = 0.6708¢ 4-0.3354¢% +2.2339¢ 4-0.7677

Remark 3.4. In example 3.3 above we see that sup;ci || fol | G(t,r) [*dr=[] 14050( +r)%dr =

1.125 > 1 and thus condition (v) of Theorem 3.1 of [13] and condition (30) of Theorem 3.1 of
[3] is not satisfied.
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