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Abstract. In this article, inequalities involving circular, inverse circular, hyperbolic, inverse hyperbolic and expo-
nential functions are established. Obtained results provide new lower and upper bounds for the functions x/tanx,

x/arcsinx, arctanx/x, tanhx/x and arcsinhx/x.
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1. Introduction

In recent years, many researchers have tried to obtain different bounds for functions of the

type @ or ﬁ where f(x) is circular, inverse circular, hyperbolic or inverse hyperbolic func-

tion. The origin of this research is well-known Jordan’s inequality [4, 12] which is stated as
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follows
’ )
S 1 xe(o0,0). (1.1)
T X
The following inequalities
(sinh_]x>2 < tan~'x < ( sinh~1x )1/2; LeR. (1.2)
X x xV1+x?
1.8\ 2 .1 1 1/2
tanh™ u < sin~'x < tanh™ u (1.3)
u X u(1—u?)

where |x| < 1, u= \/%(1— v 1—x2) and
—1 2 | -1 1/2
(tan v) gsmh * o ( tan v)) ;XER,V:\/%(\/H—XZ_I) (1.4)

v x v(1+v?

are due to Edward Neuman [6].
M. Becker and E. L. Stark [11] proved the inequality
2 2 2 2
- —4 - —4 T
i T 0<x< (1.5)
/8 tanx 8 2

Many inequalities of these type and their refinements have been proved in [1-16] and the ref-
erences therein. Motivated by these studies we aim to give natural exponential bounds for the
functions mentioned above and to improve the bounds of (1.5). This paper is the continuation

of author’s earlier work [14].
2. Main Results

All the main results will be obtained by using 1’Hopital’s Rule of Monotonicity [8] which is
stated as follows
Lemma 1. ( The monotone form of I"Hopital’s rule [8] ) : Let f,g : [a,b] — R be two con-

tinuous functions which are differentiable on (a,b) and g’ # 0 in (a,b). If f'/¢’ is increasing

fg—ggig ((Z)) and % are also increasing ( or

decreasing ) on (a,b). If f'/g is strictly monotone, then the monotonicity in the conclusion is

( or decreasing ) on (a,b), then the functions

also strict.

Now we state the Main results and their proofs.
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Theorem 1. If x € (0,1) then

e < <e*/0 (2.1)

sin—lx

with the best possible constants a ~ 0.451583 and 1/6.

Proof. Let e—® < Sin’i < e_bxz,which implies that, b < log(s"’;# < a.
Then
sinlx  filx
fly =X A0,
x  falx)
where f1(x) = sin~'x and f>(x) = x, with £1(0) = f>(0) = 0. Differentiation gives
fix) 1

L&) V=22
which is strictly increasing in (0, 1). By lemma 1, f(x) is strictly increasing in (0, 1). Thus for

x1 < x2in (0, 1) we have
1 I

sin” ' xy sin” ' xp
X1 < X2

. _1 . o« e in—1 in—1 .
. Moreover, x < sin~ " x in (0,1), giving us 1 < Smxl < s’"xz =2 < Z, which
implies that
sin~ " xq

1 sin~1x,
0 <log . <log . <log(m/2) ~0.451583.
2

L1
Now, —log(”.",lxl/xl) <landx? < x%.
log(sin~lx /x7) 1

We claim that log(sin\x /x;) < log(sin™'x3 /x))
=1 1
For if | log(sin le/xl) > log(sin 2x2/x2) then
X )
2 log(sin'x /x;)
1 ™= Jog(sin=1xy /x7)
log(sin'x1 /x1) log(sin'x5 /x2)
x3 < x3
1 2
creasing in (0,1).

X3, which is absurd.

log(sin™'x/x)

Therefore , for x; < xp in (0,1). Hence —=—7— 18 strictly in-

Let, g(x) _ log(sinilx/x).

x2
Consequently , b= g(0+) = 1/6 by ’'Hopital’s rule and a = g(1—) = log(sin~'1) = log(n/2) ~
0.451583. U

Theorem 2. Ifx € (0,1) then
1

—x2/3 . tanx X . e—bx2 (2.2)

with the best possible constants 1/3 and b ~ 0.241564.

e

2 —1 2 . . . -1
Proof. Let e < "X < ¢~ which implies that , b < log(x/;+x) <a.
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\

1(x

falx
where f1(x) = x and f»(x) = tan'x, with f1(0) = f»(0) = 0. By differentiation we get

ﬁ 8 = 1 +x2, which is strictly increasing in (0, 1).
2

Then, f(x) = —X~ =

~ tanlx

N~

By Lemma 1, f(x) is also strictly increasing in (0, 1). Therefore, for x; < x; in (0, 1) we have

X X2
tan~lx tan~lx

- - Again tan~'x <xin (0,1),

givingus 1 < —1— « 2« __L__ ~ 1273240, which implies that

tan—lx; tan~x, tan—1(1)
0 < log(x1 /tan™'x1) < log(xa/tan™'x;) < 0.241565.

log(xy /tan™'x1)

Now, log(xy /tan—1xy)

<1 andx% <x%.

-1 -1
We claim that, lesi/tanx) - logle/tan” x3)
1 *2
-1 -1
For if; log(x]/tzan x1) < log(xz/tém X2) then
1 *2

log(x1 /tan'xy) log(xy/tan™x)

2 > 2

*1 *2

) tan~! . .
1 losbujtan ) 1y hich is nonsense. Therefore,
x3 log(xy /tan™1x1) " x3

in (0, 1). Thus, log(x/;—grflx) is strictly decreasing in (0, 1).

for x; < xp

Let, g(x) _ log(x/t;milx).

X
Consequently, a = g(0+) = 1/3 by I'Hopital’s rule and b = g(1—) = log(1 /tan™'1) = log(4/ 1) ~
0.241564. [

Remark 1. Actually, we can see that f(x) = —“ is strictly decreasing in (—e0,0) and
strictly increasing in (0,o0). Hence g(x) = log(x/;—gm_lx) is strictly increasing in (—o0,0) and

strictly decreasing in (0,c0). Consequently, a = g(0—) = 1/3,b = g(—e+) = 0, by I'Hopital’s
rule in (—0,0) and a = g(0+) = 1/3,b = g(eo—) = 0 by I’Hdpital’s rule in (0,o0). Thus, for
x € (—o0,00)

e‘x2/3 < @ < 1.

We now improve the bounds of (1.5) using natural exponential function.

Theorem 3. If x € (0,1) then

2 X 2
e < <3 (2.3)
tanx

with the best possible constants a ~ 0.443023 and 1/3.

Proof. Let =% < £ < e_bxz, which implies that, b < —log(f’f /Y g,

tanx
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Then f(x) = “$04) — /ity

where f)(x) = log(tanx/x) and f>(x) = x?, with f;(0+) = logl = 0 = f»(0). Differentiation

gives

f(x) 2x2.tanx  falx

where f3(x) = x.sec’x — tanx and f4(x) = 2x%.tanx, with f3(0) = f4(0) = 0. Again by differen-

f1/ (x) x.sec’ x—tanx __ f3(x%

tiation we have

f3/(x) — secx.tanx — 1
ﬁ (x) 2tanx+x.sec2x 2cos?x+x/tanx’

2

Clearly, cosx is strictly decreasing in (0, 1). And x/fanx is also strictly decreasing in (0, 1).

tanx
tanx,

For if, - < 21 x; < x; € (0,1) then x; < "L x, which is absurd , as 0 < < 1.

> tanxy Y tanxy’ = tanxp”

fAx) 1

> fi(x) T 2cos’x+x/tanx

increasing in (0, 1). Consequently, a = f(1—) = log(tanl) ~ 0.443023 and b = f(0+) = 1/3

Therefore is strictly increasing in (0,1). By Lemma 1, f(x) is strictly
by I'Hopital’s rule. [

. . . 2 442 2
Note. There is no strict comparison between lower bounds * ﬂfx and e, where a ~

0.443023 of *-

tanx "

Remark 2. As a corollary , Theorem 2 and Theorem 3 give us

t
al <%;xe(o,1). (2.4)

tan—1x
which has already been proved in [9] and [13].

Theorem 4. If x € (0, 1) then

—x2/6 < Sinhil.x _bx2 (25)

e <e
X

with the best possible constants 1/6 and b ~ 0.126274.

log(x/sinh™1x)
2

2 o n—1 2 . . .
Proof. Let e % < s’"th < e P which implies that, b < < a.

Then f(x) = —r = A

sinh~x 7 fa(x)
where f1(x) = x and f>(x) = sinh~'x, with f1(0) = f>(0) = 0. By differentiation we get

filx) 1 . 5 . . . . ) .
A6 = Vi) = Vv 1+ x?, which is clearly strictly increasing in (0,1). By Lemma 1, f(x)

is also strictly increasing in (0, 1). Therefore for x; < x; in (0, 1) we have Sin;l‘llxl <

X2
sinh~lx, °
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Moreover, sinh~'x < xin (0,1), givingus 1 < —1— < 2 < L~ 1.134593, which

sinh—1x; sinh~1x, sinh—11

implies that

0 < log(x1 /sinh~'x)) < log(xa/sinh~1x;) < 0.126274.

R R .
Now, Logla/sinh” xp) s’."h_IXZ) > 1and & < L. We claim that, log(x1/ sinh ) -, logla/ sinh %)
log(x| /sinh—1xy) x5 X x] x5

log(xy/sinh™x7)
log(xy /sinh—1xy)

.o .o
For if, log(x]/stznh xl)glog(xz/szznh x2)

1<
. P then il

é which is nonsense. Therefore,
2
1
M is strictly decreasing in (0, 1).

_log(x/sinh™'x)
-2

Let g(x)

Consequently, a = g(0+) = 1/6 by I'Hopital’s rule and b = g(1—) = log(1 /sinh~'1) = 0.126274.
0

Theorem 5. If x € (0,1) then

/3 _ tanhx P

e
X

with the best possible constants 1/3 and b ~ 0.272342.

2 2 L .
Proof. Let ¢~ < 48 < ¢=bx" which implies that, b < log(x/tanhx) (xi tankx)

<a.

Then f(x) = i = 28

where f)(x) = x and f>(x) = tanhx, with f1(0) = f>(0) = 0. Differentiation gives

;ggi = seclhzx = cosh*x, which is strictly increasing in (0,1). By Lemma 1, f(x) is strictly
2

increasing in (0, 1).

_ log(x/tanhx) _ g1(x)
x2 g(x)

Now, g(x) , where g1 (x) = log(x/tanhx) and g, (x) = x?, with g1 (0+) =

£2(0) = 0. By differentiation we get

tanhx—x.sech*x — g3l
2x2 .tanhx ga(x

g (x)
g5 (x)

=
Na¥ Nan

where, g3(x) = tanhx — x.sech’x and g4(x) = 2x%.tanhx, with g3(0) = g4(0) = 0. Again differ-

entiating
/
83(x) _ sech’x.tanhx 1 : : : 2
S0 — xsechx2ianix — ¥Jtanhr+dcosi’’ which is decreasing as x/tanhx and cosh“x are both

increasing. By Lemma 1, g(x) is decreasing in (0,1). Consequently, a = g(0+) = 1/3 and
b=g(1-) = log(1/tanhl) ~ 0.272342. O
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Remark 3. Actually, f(x) = —2- is strictly decreasing in (—o0,0) and strictly increasing in
(0,00). Hence, g(x) = l”g(x)/c#hx) is strictly increasing in (—o0,0) and strictly decreasing in
(0,00). Consequently

—x2 h
e x/3<—m’;x<1;x€(—00,oo).

Corollary 1. If x € (0,1) then

X < tanhx. 2.7)

tanx X

Proof. The corollary is an immediate consequence of Theorem 3 and Theorem 5. [

Conflict of Interests

The author declares that there is no conflict of interests.

REFERENCES

[1] Bhayo B. A. and Sandor, On certain old and new trigonometric and hyperbolic inequalities , J. Anal. Math.
41(2015), Article ID 3.

[2] Catalin Barbu and Laurian-Ioan Piscoran, Jordan type Inequalities using Monotony of Functions , J. Math.
Inequal. 8 (1) (2014), 83-89.

[3] Chao-Ping Chen and J6zsef Sdndor, Sharp Inequalities for Trigonometric and Hyperbolic Functions , J. Math.
Inequal. 9 (1) (2015), 203-217.

[4] D.S. Mitrinovic, Analytic Inequalities , Springer-Verlag, New York, Berlin 1970.

[5] Edward Neuman and J6zsef Sandor, Optimal Inequalities For Hyperbolic And Trigonometric Functions, Bull.
Math. Anal. Appl. 3 (3) (2011), 177-181.

[6] Edward Neuman, Inequalities Involving Inverse Circular and Inverse Hyperbolic Functions , Univ. Beograd.
Publ. Elektrotehn. Fak. Ser.Mat. 18 (2007), 32-37.

[7] Feng Qi, Da-Wei Niu, and Bai-Ni Guo, Refinements, Generalizations, and Applications of Jordan’s inequality
and related problems , J. Inequal. Appl. 2009 (2009), Article ID 271923, 52 pages.

[8] G.D. Anderson, M. K. Vamanamurthy, M. Vuorinen, Conformal Invarients, Inequalities and Quasiconformal
maps , John Wiley and Sons, New York, 1997.

[9] Jozsef Sandor, On Certain Inequalities For Hyperbolic And Trigonometric Functions , J. Math. Inequal. 7 (3)
(2013), 421-425.

[10] L. Zhu, J.Sun, Six new Redheffer-type inequalities for circular and hyperbolic functions, Comput. Math.

Appl. 56 (2) (2008), 522-529.



8 YOGESH J. BAGUL

[11] M. Becker and E. L. Stark, On a hierarchy of quolynomial Inequalities For tanx , Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat. Fiz. No. 602-633, 1978, 133-138.

[12] P.S. Bullen, A Directory of Inequalities , Pitman Monographs and Surveys in Pure and Applied Mathematics,
Vol.97 , Addison Wesley Longman Limited, Longman, Harlow 1998.

[13] R.Klén, M. Visuri and M. Vuorinen, On Jordan Type Inequalities for Hyperbolic Functions , J. Inequal. Appl.
2010 (2010), Art. ID 362548.

[14] Yogesh J. Bagul, Inequalities Involving Circular, Hyperbolic and Exponential Functions , J. Math. Inequal.
11 (3) (2017), 695-699.

[15] Yupei LV, Gendi Wang, Yuming Chu, A note on Jordan type inequalities for hyperbolic functions , Appl.
Math. Lett. 25 (2012), 505-508.

[16] Zhen-Hang Yang, Yu-Ming Chu, Jordan Type Inequalities for Hyperbolic Functions and Their Applications ,
J. Funct. Spaces 2015 (2015), Article ID 370979.



