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Abstract. In this article we presents S.Gabler inequality [1] for function with nondecreasing increments of convex

type and established results for Jensen, Mercer’s and Neizgoda’s results along with their refinements.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this article we consider that V́ is an interval in a κ-dimensional vector space Rκ

and ρ1, · · · ,ρn are wights such that ρí = ∑
i
j=1 ρ j, í ∈ {1, · · · ,n} with ρn = ∑

n
j=1 ρ j and H ⊂ R.

We write function with nondecreasing increments as FWNDI and continuous function with

nondecreasing increments as CFWNDI.

H.D. Brunk [5] investigated an interesting class of multivariate real- valued function defined

as follow:
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Definition 1.1. A function f of real valued is said to have nondecreasing increment on a κ-

dimensional rectangle V́ ⊂ Rκ if

f (ε +h)− f (ε)≤ f (τ +h)− f (τ),

whenever 0≤ h ∈ Rκ ,ε ≤ τ,τ +h ∈ V́ . We defined partial order on Rκ by

(ξ1, · · · ,ξk)≤ (y1, · · · ,yk),

if and only if

ξí ≤ yí, í ∈ {1, · · · ,k}.

In [2] author established the weighted Jensen inequality for the FWNDI as follow:

Proposition 1.2. Let f : V́ → R be a CFWNDI defined on V́ and ξ (i) ∈ V́ , í ∈ {1, . . . ,n} with

condition ξ (1) ≤ ·· · ≤ ξ (n) or ξ (1) ≥ ·· · ≥ ξ (n) , ρn be a nonnegative n-tuple such that ρn > 0

then

f

(
1
ρn

n

∑
í=1

ρíξ
(í)

)
≤ 1

ρn

n

∑
í=1

ρí f
(

ξ
(í)
)
.(1.1)

Remark 1.3. Let ρ be a real n-tuple such that

ρ1 > 0,ρí ≤ 0, í ∈ {2, . . . ,n},ρn > 0.

And f be defined as proposition (1.2), and

1
ρn

n

∑
í=1

ρnξ
(í) ∈ V́ ,

then the reverse inequality (1.1) is valid.

In [2] a variant of Proposition (1.2) was established as follow:

Proposition 1.4. By assuming the assumption of Proposition (1.2) we have

f

(
m+n− 1

ρn

n

∑
í=1

ρíξ
(í)

)
≤ f (m)+ f (n)− 1

ρn

n

∑
í=1

ρí f
(

ξ
(í)
)
,(1.2)
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where m = (m1, . . . ,mk) and n = (n1, . . . ,nk) are two specially chosen k-tuple related to V́ and

m≤ ξ (í) ≤ n. If ρ is a real -tuple such that

ρ1 > 0,ρí ≤ 0, í ∈ {2, · · · ,n},ρn > 0,

and if
1
ρn

n

∑
í=1

ρnξ
(í) ∈ V́ .

Then the inequality (1.2) remains valid.

In [2] Gabler established the double index function to define sequentially convex function, a

special case of convex functions.

Definition 1.5. For ξ =
(

ξí1
, · · · ,ξír

)
∈ Hn, a real valued function f : H→ R then

Fκ,n = Fκ,n(ξ ) =

(
n
κ

)−1

∑
1≤í1<···<íκ≤n

f

(
ξí1

+ · · ·+ξíκ
κ

)
(1.3)

Gabler also established the inequality for the convex function f of the type (1.3) as follow:

fκ,n(ξ )≥ fκ+1,n(ξ ), k ∈ {1, . . . ,n−1}.(1.4)

S. Gabler then defined sequentially convex functions as follows:

Definition 1.6. Let fκ,n be defined as in(1.4) and f : H → R, then f is said to be sequentially

convex if { fκ,n} is a convex sequence in k for all n > 2 and all ξ1, . . . ,ξn ∈ H.

Through the proof of [1] it is interesting to notice that (1.4) is valid for mid-convex functions

can be seen in [4, 8].

These results along with the following interpolating inequality for jensen inequality can be

seen as in [4, 6].

f

(
1
ρn

n

∑
í=1

ρíξí

)
= fn,n ≤ ·· · ≤ fκ+1,n ≤ fκ,n ≤ ·· · ≤ f1,n =

1
ρn

n

∑
í=1

ρí f
(
ξí

)
(1.5)

In [7] J. Pečarič deduced the weighted version of (1.5) as follow:
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Definition 1.7. For ξ =
(

ξí1
, · · · ,ξír

)
∈ Hn and f : H→ R ba a real valued function then

fκ,n =
1(n−1

κ−1

)
ρn

∑
1≤í1<···<íκ≤n

(
ρí1

+ · · ·+ρík

)
f

(
ρí1

ξí1
+ · · ·+ρík+1ξík

ρí1
+ · · ·+ρík

)

where ρí are nonnegative weights for í ∈ {1, . . . ,n} and ρn = ∑
n
í=1 ρí.

In [11], author established the double index function in term of Jensen-Mercer inequality

satisfying Gabler inequality as follow:

Proposition 1.8. Let ρ be a positive real numbers with ρn > 0 and ξí ∈ [e, f ], [e, f ]⊂ H. If f is

a convex function on [e, f ] and we define,

fκ,n = fκ,n =

(
n−1
κ−1

)−1

ρn ∑
1≤í1<···<íκ≤n

(
ρí1

+ · · ·+ρík

)
f

(
e+ f −

ρí1
ξí1

+ · · ·+ρík
ξíκ

ρí1
+ · · ·+ρík

)
,

(1.6)

then the inequality (1.4) is valid.

In [10] the author established the double index function in terms of Neizgoda’s inequality

satisfying Gabler inequality as follow:

Proposition 1.9. Let f : [e, f ]→R be a continuous convex function on [e, f ] and ξí j ∈ [e, f ] , j ∈

{1, . . . ,m}, í ∈ {1, . . . ,n} is a real n×m matrix. Suppose that a j be a n-tuple, a j ∈ [e, f ] and

w be a real n-tuple such that 0 ≤Wí ≤Wn, Wn > 0 where Wí =
n

∑
j=1

w j, í ∈ {1, . . . ,n} and

Wn =
n

∑
j=1

w j. If a majorizes each row of ξí j that is,

ξκ1 =
(

ξí11, . . . ,ξí1m

)
≺ (a1, . . . ,am) = a ∀í1 ∈ Hn,(1.7)

if we define

fκ,n = fκ,n(ξ ,a,w) =
1(n−1

κ−1

)
Wn

∑
1≤í1<···<ík≤n

(
wí1

+ · · ·+wík

)
×(1.8)

f

(
m

∑
j=1

a j−
m−1

∑
j=1

wí1
ξí1

+ · · ·+wík
ξík

wí1
+ · · ·+wík

)
,(1.9)
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then the inequality (1.4) valid.

In [9] J. Pecaric established the following results as follow:

Proposition 1.10. For ξí ∈ H, í = 1, · · · ,n, let f : H→ R be a mid-convex function then

f

(
1
n

n

∑
j=1

y j

)
≤ 1

n

n

∑
j=1

f
(

y1 + · · ·+ ŷ j + yn

n−1

)
,(1.10)

for all j = 1, · · · ,n, where ŷ j means that y j is omitted.

In present paper we establish S.Gabler inequality for Jensen inequality, Mercer and Niezdoga

inequality for continuous function with nondecreasing increments of convex type.

2. MAIN RESULTS

Theorem 2.1. Let f : V́ → R be a CFWNDI of convex type defined on V́ and ξ (í) ∈ V́ , í ∈

{1, . . . ,n} with the condition ξ (1) ≤ ·· · ≤ ξ (n) or ξ (1) ≥ ·· · ≥ ξ (n), let

fκ,n =

(
n
κ

)−1

∑
1≤í1<···<íκ≤n

f

(
ξ (í1)+ · · ·+ξ (íκ )

κ

)

then

(2.1) fκ,n ≥ fκ+1,n

holds, for k ∈ {1, · · · ,n−1}.

Proof. We have

fκ+1,n =

(
n

κ +1

)−1

∑
1≤í1<···<íκ≤n

f

(
ξ (í1)+ · · ·+ξ (íκ+1)

κ +1

)

According to proposition (1.10)

≤
(

n
κ +1

)−1

∑
1≤í1<···<íκ≤n

1
κ +1

κ+1

∑
j=1

f

(
ξ (í1)+ · · ·+ξ (íκ+1)−ξ (í j)

κ +1

)

=

(
n
κ

)−1

∑
1≤í1<···<íκ≤n

f

(
ξ (í1)+ · · ·+ξ (íκ )

κ

)

�



6 SADIA CHANAN, ASIF R. KHAN, INAM ULLAH KHAN

Theorem 2.2. let f = V́ →R be a continuous function with nondecreasing increments of convex

type defined on u and ξ i ∈ V́ , í∈ {1, . . . ,n} satisfy the condition ξ 1 ≤ ·· · ≤ ξ n or ξ 1 ≥ ·· · ≥ ξ n,

with ρí is a nonnegative n tuple such that ρn > 0. Let

fκ,n =

(
n−1
κ−1

)−1

ρn ∑
1≤í1<···<íκ≤n

(
ρí1

+ · · ·+ρík

)
f

(
ρí1

ξ (í1)+ · · ·+ρík
ξ (íκ )

ρí1
+ · · ·+ρík

)
,

then

(2.2) fκ,n(ξ , p)≥ fκ+1,n(ξ , p),

holds for k = 1, · · · ,n−1.

Proof. We have(
ρí1

+ · · ·+ρík+1

)
f

(
ρí1

ξ (í1)+ · · ·+ρík
ξ (íκ+1)

ρí1
+ · · ·+ρík+1

)

=
(

ρí1
+ · · ·+ρík+1

)
f

∑
κ+1
j=1

(
ρí1

+ · · ·+ρík+1−ρí j

)
ρí1

ξ (í1)+···+ρík+1ξ
(íκ+1)−ξ (í j)

ρí1
+···+ρíκ+1

−ρi j(
∑

κ+1
j=1 ρí1

+ · · ·+ρíκ+1
−ρí j

)


≤
(

ρí1
+ · · ·+ρík+1

)∑
κ+1
j=1

(
ρí1

+ · · ·+ρík+1−ρí j

)
f

(
ρí1

ξ (í1)+···+ρík+1ξ
(íκ+1)−ξ (í j)

ρí1
+···+ρíκ+1

−ρí j

)
∑

κ+1
j=1

(
ρí1

+ · · ·+ρíκ+1
−ρí j

)
=

1
κ

κ+1

∑
j=1

(
ρí1

+ · · ·+ρík+1−ρí j

)
f

(
ρí1

ξ (í1)+ · · ·+ρík+1ξ (íκ+1)−ξ (í j)

ρí1
+ · · ·+ρíκ+1

−ρí j

)
therefore

fκ+1,n =

(
n−1

κ

)−1

ρn ∑
1≤í1<···<íκ≤n

(
ρí1 + · · ·+ρíκ+1

)
f

(
ρí1ξ (í1)+ · · ·+ρík ξ

(íκ+1)

ρí1 + · · ·+ρíκ+1

)

≤ 1
κ
(n−1

κ

)
ρn

∑
1≤í1<···<íκ≤n

κ+1

∑
j=1

(
ρí1 + · · ·+ρík+1−ρí j

)
f

(
ρí1ξ (í1)+ · · ·+ρík+1ξ (íκ+1)−ξ (í j)

ρí1 + · · ·+ρíκ+1
−ρí j

)

=
1

κ
(n−1

κ

)
ρn

∑
1≤í1<···<íκ≤n

(
ρí1 + · · ·+ρík

)
f

(
ρí1ξ (í1)+ · · ·+ρík+1ξ (ík)

ρí1 + · · ·+ρík

)

= fκ,n

�
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Theorem 2.3. Let f = V́ → R be a CFWNI of convex type and ξ (í) ∈ V́ , í ∈ {1, . . . ,n} with the

condition ξ (1) ≤ ·· · ≤ ξ (n) or ξ (1) ≥ ·· · ≥ ξ (n), with ρí is a positive n-tuple such that ρn > 0.

Let

fκ,n = fκ,n(ξ ,ρ) =
1(n−1

κ−1

)
ρn

∑
1≤í1<···<ík≤n

(
ρí1

+ · · ·+ρík

)
f

(
e+ f −

ρí1
ξ (í1)+ · · ·+ρík

ξ (ík)

ρí1
+ · · ·+ρík

)(2.3)

then

fκ,n(ξ ,ρ)≥ fκ+1,n(ξ ,ρ)(2.4)

for k ∈ {1, · · · ,n−1} holds.

Proof. By using the definition of convex functions and rearrangements we have

(
ρí1 + · · ·+ρíκ+1

)
f

(
e+ f −

ρí1ξ (í1)+ · · ·+ρíκ+1
ξ (íκ+1)

ρí1 + · · ·+ρíκ+1

)

=
(

ρí1 + · · ·+ρíκ+1

)
f

 1

∑
κ+1
j=1

(
ρí1 + · · ·+ρíκ+1

−ρí j

)×
κ+1

∑
j=1

(
ρí1 + · · ·+ρíκ+1

−ρí j

)e+ f −
ρí1ξ (í1)+ · · ·+ρ

íκ+1ξ
(íκ+1)−ρí j

ξ (í j)

ρí1 + · · ·+ρíκ+1
−ρí j


≤
(

ρí1 + · · ·+ρíκ+1

) 1

∑
κ+1
j=1

(
ρí1 + · · ·+ρíκ+1

−ρí j

)×
κ+1

∑
j=1

(
ρí1 + · · ·+ρíκ+1

−ρí j

)
f

e+ f −
ρí1ξ (í1)+ · · ·+ρ

íκ+1ξ
(íκ+1)−ρ

í jξ
(í j)

ρí1 + · · ·+ρíκ+1
−ρí j


=

1
κ

κ+1

∑
j=1

(
ρí1 + · · ·+ρíκ+1

−ρí j

)
f

(
e+ f −

ρí1ξ (í1)+ · · ·+ρíκ+1
ξ (íκ+1)

−
ρí j

ξ
(í j)ρí1 + · · ·+ρíκ+1

−ρí j

)
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in order to use above result we consider

fκ+1,n =
1(n−1

κ

)
ρn

∑
1≤i1<···<iκ+1≤n

(
ρí1

+ · · ·+ρíκ+1

)
f

(
e+ f −

ρí1
ξ (í1)+ · · ·+ρíκ+1

ξ (íκ+1)

ρí1
+ · · ·+ρíκ+1

)

≤ 1

κ
(n−1

κ

)
ρn

∑
1≤i1<···<iκ+1≤n

κ+1

∑
j=1

(
ρí1

+ · · ·+ρíκ+1
−ρí j

)
×

f

e+ f −
ρí1

ξ (í1)+ · · ·+ρíκ+1
ξ (íκ+1)−ρí j

ξ (í j)

ρí1
+ · · ·+ρíκ+1

−ρí j


=

1(n−1
κ−1

)
ρn

∑
1≤í1<···<ík≤n

(
ρí1

+ · · ·+ρík

)
f

e+ f −
ρí1

ξ (í1)+ · · ·+ρ
íkξ

(ík)

ρí1
+ · · ·+ρík

= fκ,n

which concludes our proof. �

Remark 2.4. Similar to (1.5), the following refinement for (2.3) can be defined.

f

(
e+ f − 1

ρn

n

∑
í=1

ρíξí

)
= fn,n ≤ ·· · ≤ fκ+1,n ≤

fκ,n ≤ ·· · ≤ f1,n ≤ f (e)+ f ( f )− 1
ρn

n

∑
í=1

ρí f (ξí).

Now, we establish Gabler inequality for Neizgoda’s inequality for functions with nondecreas-

ing increments for convex type.

Theorem 2.5. Under the assumptions of Proposition (1.9), if we define

(2.5) fκ,n = fκ,n(ξ ,a,ρ) =
1(n−1

κ−1

)
ρn

∑
1≤í1<···<ík≤n

(
ρí1

+ · · ·+ρík

)
×

f

 m

∑
j=1

a j−
m−1

∑
j=1

ρí1
ξ (í1)+ · · ·+ρ

íkξ
(ík)

ρí1
+ · · ·+ρík


then the inequality (1.4) holds.
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Proof. By using the definition of convex functions and rearrangements we have

(
ρí1 + · · ·+ρíκ+1

)
f

 m

∑
j=1

a j−
m−1

∑
j=1

ρí1ξ (í1)+ · · ·+ρ
íκ+1ξ

(íκ+1)

ρí1 + · · ·+ρíκ+1


=
(

ρí1 + · · ·+ρíκ+1

)
f

 1

∑
κ+1
l=1

(
ρí1 + · · ·+ρíκ+1

−ρíl

)×
κ+1

∑
l=1

(
ρí1 + · · ·+ρíκ+1

−ρíl

) m

∑
j=1

a j−
m−1

∑
j=1

ρí1ξ (í1)+ · · ·+ρ
íκ+1ξ

(íκ+1)−ρílξ (íl )

ρí1 + · · ·+ρíκ+1
−ρíl


≤
(

ρí1 + · · ·+ρíκ+1

) 1

∑
κ+1
l=1

(
ρí1 + · · ·+ρíκ+1

−ρíl

)×
κ+1

∑
l=1

(
ρí1 + · · ·+ρíκ+1

−ρíl

)
f

 m

∑
j=1

a j−
m−1

∑
j=1

ρí1ξ (í1)+ · · ·+ρ
íκ+1ξ

(íκ+1)−ρílξ (íl )

ρí1 + · · ·+ρíκ+1
−ρíl


=

1
κ

κ+1

∑
l=1

(
ρí1 + · · ·+ρíκ+1

−ρíl

)
f

 m

∑
j=1

a j−
m−1

∑
j=1

ρí1ξ (í1)+ · · ·+ρ
íκ+1ξ

(íκ+1)−ρílξ (íl )

ρí1 + · · ·+ρíκ+1
−ρíl



in order to use the above result we consider

fκ+1,n =
1(n−1

κ

)
ρn

∑
1≤i1<···<iκ+1≤n

(
ρí1

+ · · ·+ρíκ+1

)
×

f

(
m

∑
j=1

a j−
m−1

∑
j=1

ρí1
ξ (í1)+ · · ·+ρíκ+1

ξ (íκ+1)

ρí1
+ · · ·+ρíκ+1

)

≤ 1

κ
(n−1

κ

)
ρn

∑
1≤i1<···<iκ+1≤n

κ+1

∑
l=1

(
ρí1

+ · · ·+ρíκ+1
−ρíl

)
×

f

 m

∑
j=1

a j−
m−1

∑
j=1

ρí1
ξ (í1)+ · · ·+ρ

íκ+1ξ
(íκ+1)
−ρíl

ξíl

ρí1
+ · · ·+ρíκ+1

−ρíl


=

1(n−1
κ−1

)
ρn

∑
1≤í1<···<ík≤n

(
ρí1

+ · · ·+ρík

)
f

(
m

∑
j=1

a j−
m−1

∑
j=1

ρí1
ξ (í1)+ · · ·+ρík

ξ (ík)

ρí1
+ · · ·+ρík

)
= fκ,n
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Which concludes our proof.

�

Remark 2.6. Similar to (1.5), the following refinement for (2.5) can be defined.

f

(
m

∑
j=1

a j−
1
ρn

m−1

∑
j=1

n

∑
í=1

ρíξ
(í j)

)
= fn,n ≤ ·· · ≤ fκ+1,n ≤

fκ,n ≤ ·· · ≤ f1,n ≤
m

∑
j=1

f (a j)−
1
ρn

m−1

∑
j=1

n

∑
í=1

ρí f (ξ (í j)).
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