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Abstract. In this article we presents S.Gabler inequality [1] for function with nondecreasing increments of convex

type and established results for Jensen, Mercer’s and Neizgoda’s results along with their refinements.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this article we consider that V is an interval in a k-dimensional vector space R¥
and py,- -, p, are wights such that p; = ):3.:1 pj,i€{l,---,n} with p, = Y pjand H CR.
We write function with nondecreasing increments as FWNDI and continuous function with
nondecreasing increments as CFWNDIL.

H.D. Brunk [5] investigated an interesting class of multivariate real- valued function defined

as follow:
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Definition 1.1. A function f of real valued is said to have nondecreasing increment on a k-

dimensional rectangle V C RX if

f(e+h)—f(e) < f(z+h)— f(7),
whenever 0 < h € R, & < 7,7+ h € V. We defined partial order on R¥ by
(G180 < (o),
if and only if
& <ynie{l,-- k}.
In [2] author established the weighted Jensen inequality for the FWNDI as follow:

Proposition 1.2. Let f : V — R be a CFWNDI defined on V and EV) € Vi € {1,...,n} with
condition EV) < ... <EW op EM) > ... > EM) | p be a nonnegative n-tuple such that p, > 0

then

1
o i)

Remark 1.3. Let p be a real n-tuple such that

H M;

pif (69).

p1>0,p:<0,i€{2,....,n},p, > 0.

And f be defined as proposition (1.2), and

- 2  Pn& v,
P 5 '
then the reverse inequality (1.1) is valid.

In [2] a variant of Proposition (1.2) was established as follow:

Proposition 1.4. By assuming the assumption of Proposition (1.2) we have

18 g 1 ;
(1.2) f<m+n—p—Zp;§(‘)> <Sm)+ 1 ()=} pif (€9),
Ti=1 =1
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wherem = (my,...,mg) andn = (ny,...,ng) are two specially chosen k-tuple related to V and
m < 5({) <n. If p is a real -tuple such that

P1 >07p[§07l,€ {27 7”}7Pn >0,

and if

1 & N
_ané(l) ev.
P 5

Then the inequality (1.2) remains valid.

In [2] Gabler established the double index function to define sequentially convex function, a

special case of convex functions.

Definition 1.5. For & = <5i’1 Joe ,é;) € H", areal valued function f : H — R then

-1 . .
(1.3) Fen=Fen(€) = (Z) Z ¥ (511 + _ +51K>

1<{|<<i<n

Gabler also established the inequality for the convex function f of the type (1.3) as follow:

(1.4) Jen(8) = frer1n(S), ke{l,...,n—1}.

S. Gabler then defined sequentially convex functions as follows:

Definition 1.6. Let f , be defined as in(1.4) and f : H — R, then f is said to be sequentially

convex if { fx,} is a convex sequence in k foralln >2 and all §;,..., &, € H.

Through the proof of [1] it is interesting to notice that (1.4) is valid for mid-convex functions

can be seen in [4, 8].

These results along with the following interpolating inequality for jensen inequality can be

seen as in [4, 6].

1 & 1 &
(L.5) f(p— Zpi’éi) =fan < < firtn < fin << fin= p—ZP;f(ﬁ;)
"=l iy

In [7] J. Pecaric¢ deduced the weighted version of (1.5) as follow:
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Definition 1.7. For £ = <§i’1 e ,él:r) € H" and f : H — R ba a real valued function then

Y

k—1)Pn 1<i)<-<ix<n

pl'/léi’l ++pl’k+1§l/k

where p; are nonnegative weights for ic{l,...,n}and p, = :}:1 p;.

In [11], author established the double index function in term of Jensen-Mercer inequality

satisfying Gabler inequality as follow:

Proposition 1.8. Let p be a positive real numbers with p, >0 and &: € e, fl,[e, f] CH. If f is

a convex function on le, f] and we define,

(1.6)

fic,n:flgn:(z:ll)_lpn Z (p{l_|_..._|_p{k>f<e+f_

1<i|<-<ie<n

PG o+ Py,
pifl_i_..._i_pi,k )

then the inequality (1.4) is valid.

In [10] the author established the double index function in terms of Neizgoda’s inequality

satisfying Gabler inequality as follow:

Proposition 1.9. Let f : [e, f] — R be a continuous convex function on [e, f] and éij €le, fl,j€
{1,...,m},i € {1,...,n} is a real n x m matrix. Suppose that a; be a n-tuple, a; € [e, f] and

n
w be a real n-tuple such that 0 < W; < W,, W, > 0 where W; = ij,i'e {1,...,n} and
j=1

n
W, = Z wj. If a majorizes each row of ﬁlfj that is,

j=1
(1.7) Ex = (51.,11,...,5;1,") (a1, am)=a Vi € Hy,
if we define
1
(1.8) fon=feaGaw) = oo Y (g ) x
(K—I)W" 1<ii<-<ix<n

m m—lw,,g./ +"'+Wf§f
(1.9) flYaq-)y = )
=

J
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then the inequality (1.4) valid.
In [9] J. Pecaric established the following results as follow:

Proposition 1.10. For &: ¢ H,i=1,---,n,let f: H— R be a mid-convex function then

1y 1y R IEnY
(1.10) f(r—lzl)’j)SZZf(yl n—fj y )
J=

j=1

forall j=1,--- ,n, where ¥; means that y; is omitted.

In present paper we establish S.Gabler inequality for Jensen inequality, Mercer and Niezdoga

inequality for continuous function with nondecreasing increments of convex type.

2. MAIN RESULTS

Theorem 2.1. Let f : V — R be a CFWNDI of convex type defined on V and é({) ev,ie

{1,...,n} with the condition EV) < ... <EW op EMN) > ... > EM) ey

() E f(é(ﬁ”';%(m)

1<{<-<ie<n

then

(2-1) fK,n ZfK—i—l,n

holds, fork € {1,--- ;n—1}.

Proof. We have

-1 (1) ... 4 E i)
_( n EW 4.+ &
fK+1,n—(K+1) Z f( K+1 >

1<{j<-<ie<n

According to proposition (1.10)

—1 K+1 ([1) e ({KH) _ (l/J)
n 1 V44§ ¢
S(KH) Z K+lj221f( K+1 >

1<i)<-<ix<n

B (n>—1 y f(g(f1)+...+§(f,<)>
- \x . . K
1<ii<<ix<n
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Theorem 2.2. let f =V — R be a continuous function with nondecreasing increments of convex
type defined onuand E' € Vi € {1,...,n} satisfy the condition E' < --- < E"or &' > ... > &N,
with p; is a nonnegative n tuple such that p, > 0. Let

fx,n=<K_1) Pn ) (p;1+-~+p;,{)f<1 - )

1<{|<-<ie<n pfl +- +pfk

then

(2.2) fien(8:p) = fier14(S,P),

holds fork=1,--- ,n—1.

Proof. We have

p{15(51)+...+p{k‘€’(fk+l)
(pfl+---+pfk+l>f< pi’1+'”+pl{k+1

p (1{1)+...+ . §<[K+l),§(l{j)
(s 4 ...4p. . —p: P S Pig+1
Zj:l <pl'1 + +pl‘k+1 pl]> pi,1+..‘+p pij

1
(S5 s+ +pr, — )

iK+1_

N1
CEG pap,  Eler) @)
K+1 P g+ +p; +1€ ¢
Zj:l (pil +”.+p{k+l _pfj> f( 1 pi'1+"'+l;)i'1<+1_pi'j
+1
L (ot i, —py)

1 K+l pl,lg(fl) _|_..._|_pl,k+1§(fx+1) _g(i’j)
_E,;<pf1+"'+pfk+1_pff>f( P+ P

< (oo

{K+1 _pi]
therefore
n—1 -1 P;‘é({l)+"'+P;§({K+')
Serin = < > Pn Z P+t pP; f( : ‘
K 1<) < <ie<n ( l 1> e
1 K+1 p: W) o qpo  Elive) gl
< n—1 Z Z(pi’l—{_'“_'_pi’ﬂrl_pl{j)f( 1 ,_|_..._|_k+,l —n.
(" )Pr 1<fy Somcicn =1 Pi, Pici — Pij

! p{é(fl)—i-'--—l—pi» é(fk)
= -\ Z (P{l—i-'--—i-plfk)f( 1 !

K( K )pﬂ 1<i)<-<ie<n pl»1 —|—+pl,k

:me



GABLER INEQUALITY FOR FUNCTIONS WITH NONDECREASING INCREMENTS OF CONVEX TYPE 7

Theorem 2.3. Let f =V — R be a CFWNI of convex type and 5({) cV,ie{l,...,n} with the
condition EV < ... <EM op EM) > 00> EM) yigp p; is a positive n-tuple such that p, > 0.

Let

(2.3)

p; 5({1)+-"+P;§({k)
fK,n:fK,n(é:ap): Z (P{]—f—"'—f—[){k)f(e—i—f— L k

_] e DR ’
<Zfl)pn 1< << <n P, + ‘|‘pik

then

(24) fK,’l(é?p) ZfK—i-Ln(gvp)

forke{l,--- ,n—1} holds.

Proof. By using the definition of convex functions and rearrangements we have

pilé([l) -+ .. _|_plfk+lg(fk+l)>

(P{1+"'+Pfk+1>f<e+f_ p; +- - +pP;

1
£ (P4, — )

pflé({l) +- 4 p: 15“’”” p{jé({l))

X

= <P{1+'”+P,~'K+l)f

K+1

+

I+

(p;1+"'+PfK+1_Pff> <e+f P+ P, TP

1
Z}(;rll (Pi’1 ot P _pf/>

j=1

X

< (P;]+"'+P{K+.)

Kt P{lé({')'*’""f‘P; (&l TPy g
P+ P, — P ) f et S — :
]:1 ( 1 K+1 ]) ( pl/] J’_ e +pl{K+| _pl,j
1 K+1 p; é(’l) + _|_pl g(lkﬂ) .
:E . 1<pl{1+.“+pi’,<+1pz>f €+ff 1 K+1 pfjé(”)pl{1+”.+pl{1<+l plj
=



8 SADIA CHANAN, ASIF R. KHAN, INAM ULLAH KHAN

in order to use above result we consider

1 p[’g(fl)‘f’""f'l); 5(f,<+1)
flﬁ_hn:(nT Z (p{1+"'+pfk+1>f<e+f_ 1 P

K Pn 1<) <-<igr1<n pll t+- +pr+1

1 K+1

K pn 1§i1<~-~<i,€+1§nj:1

pl,lé(i’l) W _|_pi,K+lé({K+l) _ pl,é(l])

fletf—
R W
CE() L. .
1 pilé + +pfk§<ik)
(K’—])pn 1§{1<"'<{k§n " t Pil + +pik
which concludes our proof. 0

Remark 2.4. Similar to (1.5), the following refinement for (2.3) can be defined.

1 n
f<€+f—p—ZP;§;> =fun << fierian <
mi=1

Fen < < fin < fle)+F(F) — pi Y pif (&)
"i=1

Now, we establish Gabler inequality for Neizgoda’s inequality for functions with nondecreas-

ing increments for convex type.

Theorem 2.5. Under the assumptions of Proposition (1.9), if we define

1
2.5) fen= fen(6.0.p) = 7 Y (et %

(K*l)pn 1§f1 <-~<i’k§n

m m—lpfg([l)+...+p{ @)
flra-X : =
J:

= L

then the inequality (1.4) holds.
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Proof. By using the definition of convex functions and rearrangements we have

Jj=1 pl{1+'”+pi’x+1

_ , : :
= (p”+ +P1K+1)f LKH <pfl+~--+P;,<+1 —P;,) )

K+1 m mflpié({l)_k..._'_p{ =P
|:Z (pi] ot Pi _pi'l) (Zaj Z 1 fi &t t) 115(”)]
j=1

I=1 j=1 P+ +pi,, — P

ZK+] (pi»l S S —P{,)

m mflpfé(fl)+...+p{ Gern)
(pi’l_'—.“_‘_pi’xﬂ)f(zlaj Z 1 i1\
j=

K+1 m m—1 pllg(lﬂ + .- +pl g(fwl) 7pi’<§([1)
pl,_|_..._|_pi,K _pi, f a;: — K+1 !
=1 ( l o l) (JZ’I ! /:Z’1 P{]+"'+P[K+1—P[]
X (s, + i =Py f Y R W T
= — i/ CEEY l./K' —_— l., a_
K & 1 +1 1 = J o pi] 4+ ... +pf,<+1 _p{]

in order to use the above result we consider

f,mn—(n+) Y (pytetp,) X

Pn 1<ip<-<igr1<n

(i m—1 pzlé i) 4. +sz+1§({KH)>

Jj=1 pi1+ +pi;c+1

1 K+1

< <o )3 ) (Pn TP, _pl1>

Pn 1<ij<-<igy1<n i=1

i "1211)5”+ P e — PG
= = p; +- +p~ —P;

le+1

1 m m—1 p; é(ll)_}_ _|_pl é(lk)
- (n—l) Z <pi1++pik) (Z : : :fK,n
e =1

1 pn 1§i’1<...<fk§n : pi1 + +pik
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Which concludes our proof.

Remark 2.6. Similar to (1.5), the following refinement for (2.5) can be defined.

m 1m—1n .
flYa- X XpE™ | = fin< < frna<
P =
1m—l
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