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Abstract. Leishmaniasis is one type of infectious diseases that is generated by different parasites of the Leishma-
nia. The disease spreads in mammals (both human and animal hosts) through the bites of various infected sand fly.
species. Leishmania parasites have two important developmental stages in their life cycle such as Promastigote (the
proliferative form found in the lumen of the female sand fly) and another one is Amastigote (the proliferative form
found inside several types of mammalian host cells). Here we have considered a mathematical model consisting
susceptible (uninfected) macrophage cell, early stage infected macrophage cell (Promastigote), late stage infected
macrophage cell (Amastigote) and parasite population. We have applied drugs like Sodium Stibogluconate and
Meglumine Antimoniate for reducing parasite population in impulsive way under mathematical framework. Our
analytical and numerical results justify that controlling parasite population by applying drugs in impulsive way
gives realistic outcome. Also we have established the efficiency of the drug dose that contributes a greater effect

on the system moving towards the healthy situation.
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1. Introduction

Leishmaniasis is a special type of diverse and complex vector borne diseases, which is caused
by intercellular protozoan parasite of the Leishmania genus. The disease is transmitted by the
bite of infected female Phlebotomous papatasi sand flies [1, 2]. Presently the disease is endemic
in more or less eighty eight countries. Mostly affected countries are Afghanistan, Algeria, Iran,
Iraq, Pakistan, Brazil and Peru that include more than ninety percent cases of the world. There
are approximated 12 million cases worldwide with 1.5 to 2 million fresh cases in every year
[3, 4]. There are generally four clinical prototypes for leishmaniasis and these are characterized
as Cutaneous Leishmaniasis (CL), Mucocutaneous Leishmaniasis (known as Espundia), Vis-
ceral Leishmaniasis (known as Kala-azar) and Post Kala-azar Dermal Leishmaniasis (PKDL).
The disease has four eco-epidemiological units such as zoonotic and anthroponotic cutaneous
leishmaniasis (CL) and visceral leishmaniasis (VL) respectively. In anthroponotic form, human
are only responsible for infection. Otherwise in zoonotic cycles, animals are reservoirs, which
carry the leishmania parasites [5, 6].

The infected female sand fly pushes the parasite’s motile and flagellated stage into the human
skin (termed as Promastigote). After entering the leishmania parasite into the human body, it’s
intention is to attack and reside in the macrophage tissues. Once the parasite enters into the
human host, it is phagocytosed by macrophages and then becomes Amastigote in nature. The
Amastigote form is then able to infect additional macrophages locally and distribute by different
tissue sites. When uninfected sand fly feeds blood from an infected host, then it becomes
infected with Amastigote. Next it transforms back into the Promastigote stage in the sand fly
gut depending upon leishmania species and also individual host immune factors [7].

One of the pioneer scientists Marcos [8] applied differential equations for describing the TH1/TH2
model in order to adapt leishmanial disease with respect to immune response of cutaneous leish-
maniasis. Das et al. [9] studied the dynamics of American Cutaneous Leishmaniasis with delay
effect. Roy et al. [10] analyzed the transmission dynamics of cutaneous leishmaniasis to study
the effects of delay based on disease transmission through the vector sand fly. Biswas et al.
[11] introduced the concept of awareness programs driven by social media for controlling the

disease cutaneous leishmaniasis. For reducing the transmission of leishmaniasis (in Morocco)
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and controlling the vectors, Mejhed et al. [12] proposed the mathematical model with the effect
of global climatic change. Langer et al. [13] recognized the biological issues that should be
changed to minimize the parasite population in the host. First line of drugs as Sodium Stiboglu-
conate (Pentostam) and Meglumine Antimoniate (Glucantime) are applied for treatment for this
disease [14]. Oral and topical treatments are also available. But the drug induced control and
impulsive therapies in the macrophage cell are yet to be explored.

In this research work, we have slightly changed the mathematical model of Nelson [15]. Mod-
ified model includes the early stage infection of macrophage cell (Promastigote) and late stage
infection of macrophage cell (Amastigote) with two drug induced control therapies. The major
target is to prevent the disease by controlling the parasite population in the macrophage cell
over drugs. Initially, we have applied the drugs through impulsive strategy in fixed time interval
to observe perfect adherence behavior of drugs. The model has been analyzed to find out the
threshold time interval and minimum effectiveness of drugs. We have also observed that the ef-
fect of impulsive strategy in the non-fixed time interval on the system provides better expected

result.

2. Mathematical Model with Basic Assumptions

Cytological behavior of macrophage has a great importance to study the disease cutaneous
leishmaniasis. Macrophage cells are classified as susceptible macrophage cell and infected
macrophage cell, where as the infected macrophage cell has two groups i.e., primary stage in-
fected macrophage cell and late stage infected macrophage cell. We have formulated here a
mathematical model with four components. They are susceptible macrophage cell (My), early
stage infected macrophage cell, noted as Promastigote (Mp), late stage infected macrophage
cell, named as Amastigote (M,) and parasite population (P). We have considered A as a con-
stant source rate of macrophage and & as the rate constant of change in macrophage status for
individual immunity factor. The rate constant of infectivity is denoted by ¢. State change factor
from Promastigote to Amastigote stage is referred as K, and burst size of Amastigote is noted

as N,,. Finally « is the rate of loss of parasite population.
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Here our motivation is to reduce the rate of infectivity that involves the interaction between
susceptible macrophage and parasite. To do this task, we have introduced impulsive drug dose
strategy to control the parasite population. However, continuous application of drug dose is
neither possible nor desirable, so we shall assume drug dose occurs at distinct (not necessar-
ily fixed) times #;. At these times, the number of parasite in the macrophage are reduced by
some proportion r. Thus incorporating the above assumption into our previous work [16], the
mathematical model becomes:

dMg
dt

% = OMgP— O6Mp—drMp — K,,Mp, l‘%l‘k

= A+06Mp—oMsP—d\Mg, Z‘%l‘k

% = KnMp—d3My, t# 1t (2.1)
a4t = NudsMy —dsP — aPMy, t# 1
AP = —I"P7 =1,

with the initial conditions Ms(0) > 0, Mp(0) > 0 M4(0) > 0 and P(0) > 0. Moreover d;, d>,
dz and d, are the death rates of susceptible macrophage, macrophage in Promastigote form,
macrophage in Amastigote form and parasite population respectively. We have established the

system is bounded for the condition given below:

K,,0AN,, > d1d4(6 +d2) + K, d1dy.

3. The System without Impulse

In this case, the model takes the following form:

% = A+ 6Mp—oMgP—d|Ms,
ale = oMgP— 8Mp— dyMp — KpuMp, (3.1)
% = deSMA—d4P—aPMA7

with the initial conditions Ms(0) > 0, Mp(0) > 0, M4(0) > 0 and P(0) > 0.
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3.1. Existence Condition of Equilibria

The system (3.1) has two equilibrium points, given below as:
(i) Disease-free equilibrium Ej (1\757]\2;,1\714713/) and another is
(ii) Endemic equilibrium E* (Mg, M3, M}, P*),
where Mg = j—l, M§=—)L*M; Kntda) g daP My = S ) and

d > P Ky (Npmdz—aP*)? (Npdz—aP*

pP* = OAK, Nyuds—d d3dsdr—d d3dy 6 —d dzdy K,y
- oAoK,+0d3dsKy,+ cdidydy

with the condition N,,,d3 > aP*.
The endemic equilibrium E* is feasible if and only if % > 1.
Remark 1: If the transmission factor of the disease (Kj,) lies under its threshold value, then
the system remains in disease-free situation. If we are able to control the parameter ¢ that is
directly related to the explosion of the disease, then system can achieve the disease-free state.
Similarly as N, is directly related to the growth of parasite population, thus its lower value
would enable to make the system free from disease.

3.1.1. Stability Analysis of the System

For finding basic reproduction ratio, three compartments Mp’,M," and P’ have been considered

here. we have

Mp' —dr — 6 — K, 0 oMg| |Mp
My | = K —dj 0 My
P 0 de3 —aP —d4 P

According to [17] the square matrix above can be re-written as the subtraction of two matrices.
Thus, above matrix can be expressed as Z' = (F —V)Z. Here F is a non-negative matrix that
contains the elements related to the generation of new infections and V is a diagonal non-
negative matrix, which consists the elements related to the loss of infections. Considering that '
corresponds to the infectivity function of an infected macrophage and V! is a diagonal matrix
indicate loss of infected macrophage. Now at the trivial equilibrium point, (1\7[/5 = 3_17]‘,/[; =

1\712 =P= 0), the matrix Next Generation Operator is, NGO= FV !,

where
0 K, 0
F= 0 0 Nyds
Z )

d
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and
d2 + 6 + Km 0 0
V= 0 d; 0
0 0 dy
This leads to
Kin
0 - 0
FV*IZ 0 0 Npnds
dy
ok 0
(d2+6+1(m)dl
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FIGURE 1. Population densities of the model variables for Ry > 1 and other

parameters are as in Table.

From above matrix, we can calculate the basic reproduction ratio from det (NGO — EI) = 0. The
basic reproduction ratio is the dominant eigenvalue of the matrix. It follows the corresponding
. . _ Gl K m Nm . . e . .
basic reproduction number (R) =t Ky If Ry < 1, then the infection-free equilibrium is
stable, while if Ry > 1, then the infection-free equilibrium is unstable and infected equilibrium

state exists.

Now the characteristic equation for the infected equilibrium state E* is given below:

K4+C1K3+C2K2+C3K'+C4 =0,
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where

cp, = oP'+oaM;+di+6+dr+Ky+ds+dy>0,
o = dy(oP +di+6+dr+Ky+d3)+ds3(6+dy+ Ky +aMy +oP*+dy)
+dy(dy + oMy + o P*) + (aM} + Ky, ) (d) + oP*) + 6 (d; + aM)) + aMK,, > 0,
c3 = dydy(oP*+d+8+dr+Ky)+dsd (dr+ oM) + K,y + 0)
+d3aM(oP*+ 0 +dr + Kp) 4+ (0P Ky + 0P*dy) (dy + oM + d3)
+(d1dy + d1 Ky (ds + aMy) + 8dy (aM} + dy) — oMK,y (Nmd3 — aP*) >0,
cs = dids(drds+droMj) + Kypds + KoM} + 8dy + S M)

+(d3d4GP* +d3OCMXGP*) (dz —I—Km) — leM§Km(de3 — OCP*) > 0.

From Routh-Hurwitz criterion, the necessary and sufficient condition for local asymptotical

stability of the state are cjc; —c3 > 0 and ¢y (cac3 — c1c4) — c% > 0 are satisfied.
4. System with Impulsive Drug Dose

In this section, we have tried to see the effect of impulse with fixed drug dose to control the
parasite in the macrophage cell. We have assumed the distinct time interval for applying the
drug. As we are unable to distinguish the susceptible and infected parasite population in the
macrophage cell, so when we apply the drug in the host cell, it affects both susceptible and
infected macrophage cell population conjugately. During the drug management, the number
of parasites (both susceptible and infected) in the macrophage cell are made less by some pro-
portion r. The drug has not any fatal impact on human host population. Now the impulsive

differential equation takes the form :

dpP NinKimA Knai
7 > _<dzg3 +d4>P(t)’ L7 b,

AP = —rP, I =1.

Here for single impulsive cycle #;, <t < ;1 1, the general solution is given by,



8 P. K. ROY, X. LI, D. BISWAS, A. DATTA

Kmal
+d4> (tr—t) ( +d4> (tr—1)
P(l) _ NuKnAds + €< dyds P(l+) __ NuKnAds e dzdg
KnaA+drdzdy k KnaA+drdsdy ’ (4 2)
Ko K '
P~ — __NuKnrdy (- ( iy +d4> (tk+1*fk)} L Pte ( d”;}; +d4> (tes1—11)
k+1 K, Otl+d2d3d4 k ’

where P(t;") = P, P(1; ) = P, . Now,

N KnAds
K, oA +d>rdsds ’

N KnAds
P = P =(1-
1 KoM + dzdg,d47 1 ( r)

NuKuAds - ( Ao +d4> (th—11) NuKnAds - (’f};j‘; +d4> (tr—11)

P = (1-—
2 ( r) K,oA —l—d2d3d4e + K, oA +d>rdsdy

{1-

NyKnAd _(Kmaud> .
P2+ = (1—r)P{:(1—r)2 mBmA43 T\ ddy T (—11)

KA + drdsdy
+(1=7) NpKnAds l—e (5{"213; +d4) (fz—tl)}
K, oA +dordsdy ’
- NpuKnAds 2 ('2%‘3“%4) (t3—11) - (’f{”?l +d4> (3—12)
P = 1 — 243 1— 2d3
3 Kmal +d2d3d4[( r) e +( r)e
+1—(1—r)e <d2d3 s ) (13 t')_e dydy Tda ) (13 12)],
_ Nmeld3 3~ <[2n3d +d4> (t4—t1) ) <[2n‘(111 +d4> ( t2)
P = 1 — 243 1— hd3
4 K, oA +d>rdsdy [( r) ¢ * ( r) ¢

—( Hpo +d4> (ta—11)

4 ) (ta—13) L1-(1— r)ze dyds

+(1— r)e_( @0

Kmal +d4> (4—1)  — (12,;331 +d4> (t4—13)
—e

—(1— r)e_< @0

].

Therefore the general solution becomes,

Knod o [ Kmai B
By = mmial(- R D UG D
Knpod - | Ko B
_|_ _|_ (1 _ r)€< dyds +d4> (tn l,,,]) + 1 o (1 - r)(n—2)e ( drd3 +d4) (ln [l)
moA moA
_(1 o r) (i’l—3)ei (Ifizd?’ +d4> (tn*tz) _ ef <If12d3 +d4> (lnfln_l )] .
(4.3)

This is the general solution for the maximal number of parasite present in the macrophage cell

before drug dosing application. For fixed time interval the solution does not depend on time.
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FIGURE 2. The system behavior for r = 20% (denoted by - - -) and for r = 80%
(denoted by —).

4.1. Drug Dose for Fixed Time Interval

For fixed time period, i.e., T = t,+1 — 1, is constant, then we have,

Kmoald Kok
- _ NpuKmAds _ 7( drd3 +d4> ’ 2 72( drd3 +d4> ’
P” K aA+drdsdy [1 + (1 7")6 + (1 I") e

o (1= r)(”‘”e@g;”“)("”f - e(ﬁ'ﬁdo‘f*d“)T{l +(1- r)e<’§";5§+d4>f

Kol +d4> (n-2)t

+...+(1—r)<"—2>e< 1

| Kmoi d >
4 | ntT
NmeAd3 |: 1_(1_r)ne < @

KnaA+dydsdy Kmal
“\bq +dy |t
1—(1-r)e

- —K’”""lﬂz) ~1)z
_e—<1iln212¢3’1+d4)11_(1_r)(,,,1)e (d2d3 4) 0

KmoA
—| 2m&2 4 T
1—(1-r)e (d2d3 4)
(4.1.1)
Therefore,
. - N K Ads 1
r}l_{rolopn = Kma/l+d2d3d4[ (1{ al d)
_ maA | T
1—(1-r)e R
Kmald
B
1 B (12,,2,331 +d“) ! 12
—(1-r)e

—| Kmar ., >r
4
Nme;Ld3 l—e <d2d3
Knad+drdsdy Kmad '
“\bq +dy |7
1—(1-r)e
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This gives the maximum value of the infected macrophage cell. To keep this under the threshold

value P we have,

_ Kmal +d )
Nme)Ld:% [ l—e ( s v :| ~

<P
K, aA +drdszdy (Kmocl +d ) )
dydy T4 )T
I—(l—r)e \ 9
_ leKmld3 5(1-1)
which implies T < 1 In{ -~ ;ﬁ‘:jﬁ% — } = Tynax () (say).
K’" ok +d4) Kmod+dydydy

Remark 2: If the tlme 1nterva1 T be always less than some predetermined quantity i.e., Ty,
then we are able to control the parasite population in the macrophage cell under the threshold
value P.

4.2. Drug Dose for Non-Fixed Time Interval

Limited resources and inadequate infrastructure is the major challenge in the process of the
regular disease control. Thus applying drug at fixed intervals may be a difficult task. Thus for
non fixed drug dose, we try to find out the most possible “next best” drug applying time interval
to keep under control the parasite population below P. We assume that two most recent drug

dose event is known.

K oA
d’;f}; +d4> (ta—t;)

Then, e ~ 0, for k > 2.

Thus we have,

59410 ) (i)

P_ Nmeﬂ«d:; [(1 . r)zef <1§[r;s? +d4> ([nftn72)

~ 1— 7<
" KA + drdsdy +( r)e

+1—(1 —r)e<

Kmald KmoaA
d";g; +d4> (tn*tn72) . €7< d’;g; +d4> (tntnl)i| < p
)

Kmo +d4> (tnftnfz)

KmalA
=1- I"(l — I")e( B3 7( dr;d3 +d4> (1"7["71) < KnaA+dydsdy

P
Nme;LdS ’

Hence, the “next best” drug dosing time satisfies,

Kpad ) (Kma/l 4
drd +dg Jtn—2 drd +dy ) th—1
r(1=r)e ( 293 +re \ 293 ]

1
th < In [ e
ma/l+d2d3d4
(’2;3‘3’1 +d4> 1=~ Nt T
For r =1, we have t, —t,_1 = T, (say)
P~ 1 Nmede ~
= T< K In [Nmeld3—(KmOCl+d2d3d4)i| ~ Tmax(l)'

+dy
dyd3
Thus to compare for fixed and non-fixed drug dose when r = 1, the two options are equivalent.
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If r = O for non-fixed drug dosing interval,

_~[ Kmoir =~ | Kmoi =~ _~[ Kmoir = _ [ Kmoi =
Ny KinAds . 2<d2d3 +d4>r+e <d2d3 +d4>r+1_e 2((12(13 +d4>r_e (dzds +d4>r

P =
" K, oA +d>rdsdy
_ N KnuAds
KO +dadzdy’
For P < P, and if T4 = 0, then
| KA + drdsdy ~
r = 1—
N KnuAds ’
KnoA +drdsds ~
r=1 P.
N KnAds

It follows that first root is greater than zero and second root is larger than one. Hence the
minimum degree of effectiveness is required for non-fixed drug dose only when r| < r <1,

where

K, oA + dordsdy P
N KuAds .

I’]El

Remark 3: Thus, by assuming two previous drug dosing times are known for non-fixed time
interval, we can conclude the “next best” drug applying time. For non-fixed case, there is an

additional requirement of minimum efficacy, but both can control the disease.
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FIGURE 3. The system behavior for non-fixed interval for » = 20% (denoted by

- - -) and for r = 80% (denoted by —).
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5. Sensitivity Analysis

Definition: The normalized forward sensitivity index [20] of a variable say x, that depends
continuously on a parameter say y, is denoted by,

ox y

T =—x
Yo dy x

FIGURE 4. Tornado plot of sensitivity analysis of all eight parameters that in-

fluence Ry.

The sensitivity analysis is introduced to study the strength of the basic reproductive ratio Ry
for the model parameters. This analysis assists us to classify the parameters, which preserves
the high influence on the diseases transmission, i.e., to the reproductive number. We have here
developed a sensitivity index by applying the partial derivatives, whenever the variable is a
differentiable function of the model parameter.

5 _8R0>< c AK,Nyy, XG
Sen — Jdo Ry N (5+d2—|—Km)d1d4 R().

In the same way we can find sensitivity indices with respect to the other model parameters.
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6. Numerical Simulation

Table. List of parameters used in the model (2.1)

Parameter Range Default Value Reference

A 10 — 20mm?>day ! 10 [15]

S 0.25 - 0.36day ! 0.35 [15]

c 0.18 - 0.29 day ! 0.21 Assumed
K 0.25 - 0.43 day ! 0.28 [15]
N 0.18 — O.36mm3day’l 0.28 Assumed

o 0.15-0.23 day ! 0.15 [15]
d 0.04 - 0.08 day ! 0.05 [15]
da 0.03 - 0.052 day~! 0.04 [15,21]
ds 0.02 - 0.24 day ! 0.14 [15,21]
dy 0.12 - 0.25 day ™! 0.2 [15]

In this section, we have studied the mathematical model with impulsive behaviour in (4.1)
through numerical simulation. The values of parameters for numerical simulations are given in
the Table. From the existence and stability analysis for the system, K,,, o and N,, seem to be
important parameters. System dynamics of the model without drug is shown in Figure 1. Here,
it is observed that when state change factor K,,, > 0.28 with 6 =0.21 and N,,, = 0.24, the system
goes to infected state condition. But if K;,, < 0.28, the system moves to infection-free state and
the disease does not persist.

The impacts of drug dose are exhibited in Figure 2. Here we have considered r = 0.2 and
r = 0.8 with time interval T = 4. It is clearly observed that in presence of drug dose with
perfect adherence (keeping four days interval), the infected system moves to infection-free state.
Also if we increase the power of drug dose, the system moves towards better outcome. If the
effectiveness of drug dose is 20%, the system achieves better result after 30 days or more than
that. But if we increase the effectiveness to 80%, the system gives more better output (i.e.,
uninfected cell population increases more quickly). Thus effectiveness of the drug dose gives a

superior impact on the model to move the system towards its disease-free situation. Evidently
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form Figure 2, it is clear that infected macrophage cell goes to zero level by proper choosing
frequency and strength.

The effects of non-fixed drug dose are represented in Figure 3. Here we have considered r = 0.2
and r = 0.8. It is clearly observed that in presence of drug dose with perfect adherence, the in-
fected system moves to infection-free state. Moreover, if the power of drug dose is increased,
the system moves towards more healthy situation. If the effectiveness of drug dose is 20%,
the system achieves better position after 4 days or more than that. But if we increase the ef-
fectiveness to 80%, much more enhanced situation is attained. In other words, uninfected cell
population is increased more rapidly. Thus effectiveness of the drug dose provides a superior
effect on our proposed system moving towards the healthy situation.

Figure 3 illustrates for non fixed drug dose, where we try to find out the most possible “next
best” drug dosing time interval to control the parasite population below P. Keeping the drug
dose interval effectiveness from 20% to 80%, it is observed that suitable “next best” drug dosing
interval can support us giving much better outcomes compared to the fixed spraying.

Tornado plot of the normalized sensitivity index for different parameters is represented in Figure
4. If the sensitivity index is positive, then R increases along with increasing value of parameter.
But if sensitivity index is negative, then with decreasing value of parameter, R is decreased.
State change factor K, (from Promastigote to Amastigote stage), o and N,, are the crucial
parameters that have significant effects on the system. So from the Figure 4, it is concluded that
the basic reproduction ratio depends on the state change factor of macrophage cell (K,;) more
scientifically. Simultaneously, the parameters ¢ and N, are more sensitive rather the other
parameters. The parameter A i.e., the constant rate of source of macrophage cell (uninfected) is
positively sensitive but we do not take into account the parameter because our study is mainly
based on infected macrophage cells. Moreover death rates of susceptible macrophage cell (d)
and parasite population (d4) are negatively sensitive. The change of the behavioral pattern
of the system dynamics depends on rate constant of infectivity, state change factor and burst
size of infected macrophage cell more effectively. So if we can reduce the infectivity rate of

macrophage cell, the disease can automatically be kept under control.
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7. Discussion

Control of the parasite population is one of the efficient approaches to exterminate the disease
cutaneous leishmaniasis. In this connection, dosing of drug performs a responsible function for
controlling the disease. For Ry > 1, the infection-free state drops its stability and the system
tends towards the infected condition. Susceptible macrophage cell is sharply decreased up to 17
days (approx.) and early stage infected macrophage cell population is gradually increased up to
more or less 35 days (approx.), when the disease exists. The threshold values of time interval
with minimum degree of effectiveness is obligatory for drug dose for fixed time interval. For
non-fixed case, there is an additional requirement of minimum efficacy, but both can control the
disease. So the disease can be restricted by suitable drug dose with moderate frequency and
strength. Also, infectivity rate, burst size and the state change factor from Promastigote stage

to Amastigote stage of infected macrophage cell is considered to be more sensitive.

8. Conclusion

The disease transmission can be terminated with regulated drug dosing of judicious strength
and moderate frequency. For drug dose applying in a four days interval, the infected cells move
to uninfected state. The system reaches towards healthy state, if the drug dose concentration
is enhanced. Hence the effectiveness of the drug dose motivates the system moving towards
the infection-free healthy state. Drug administration through impulsive mode is much better as
the dose is not one time application. It can be used repeatedly for better outcome to control
the disease. Although complete eradication of cutaneous leishmaniasis is too much tough and
difficult in realistic scenario but if our research findings can be applied to infected topographical
region, then we can enlighten a new horizon to combat against cutaneous leishmaniasis in global

perceptive.
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