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1. INTRODUCTION 

Let ℋ(𝑈) denote the class of analytic functions in the open unit disk 𝑈 = {𝑧 ∈ ℂ ∶ |𝑧| < 1}. 

For a positive integer number 𝑛 and 𝑎 ∈ ℂ, we denote by 

ℋ[𝑎 , 𝑛] = {𝑓 ∈ ℋ(𝑈) ∶ 𝑓(𝑧) = 𝑎 + 𝑎𝑛𝑧𝑛 + 𝑎𝑛+1𝑧𝑛+1 + ⋯   ,   𝑧 ∈ 𝑈} 

and 

𝒜𝑛 = {𝑓 ∈ ℋ(𝑈) ∶ 𝑓(𝑧) = 𝑧 + 𝑎𝑛+1𝑧𝑛+1 + 𝑎𝑛+2𝑧𝑛+2 + ⋯   ,   𝑧 ∈ 𝑈}, 
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with 𝒜1 = 𝒜. 

Definition 1.1 (Zadeh, [15]) Let 𝑋 be a non-empty set.  An application 𝐹 ∶  𝑋 → [0,1] is 

called fuzzy subset. An alternate definition, more precise, would be the following:  

A pair  (𝐴, 𝐹𝐴), where 𝐹𝐴 ∶  𝑋 → [0,1] and 𝐴 = {𝑥 ∈ 𝑋: 0 < 𝐹𝐴(𝑥) ≤ 1} = 𝑠𝑢𝑝𝑝(𝐴, 𝐹𝐴) 

is called fuzzy subset. The function 𝐹𝐴 is called membership function of the fuzzy subset (𝐴, 𝐹𝐴). 

Definition 1.2 (Oros and Gh Oros, [10]) Let two fuzzy subsets of 𝑋, (𝑀, 𝐹𝑀) and (𝑁, 𝐹𝑁). We 

say that the fuzzy subsets 𝑀 and 𝑁 are equal if and only if 𝐹𝑀(𝑥) = 𝐹𝑁(𝑥), 𝑥 ∈ 𝑋 and we 

denote this by (𝑀, 𝐹𝑀) = (𝑁, 𝐹𝑁). The fuzzy subset (𝑀, 𝐹𝑀) is contained in the fuzzy subset 

(𝑁, 𝐹𝑁) if and only if 𝐹𝑀(𝑥) ≤ 𝐹𝑁(𝑥), 𝑥 ∈ 𝑋 and we denote the inclusion relation by ( 𝑀, 𝐹𝑀) ⊆

(𝑁, 𝐹𝑁). 

Let 𝐷 ⊆ ℂ and 𝑓, 𝑔 analytic functions. We denote by 

𝑓(𝐷) = 𝑠𝑢𝑝𝑝(𝑓(𝐷), 𝐹𝑓(𝐷)) = {𝑓(𝑧) ∶  0 < 𝐹𝑓(𝐷)(𝑓(𝑧)) ≤ 1, 𝑧 ∈ 𝐷} 

and 

𝑔(𝐷) = 𝑠𝑢𝑝𝑝(𝑔(𝐷), 𝐹𝑔(𝐷)) = {𝑔(𝑧) ∶  0 < 𝐹𝑔(𝐷)(𝑔(𝑧)) ≤ 1, 𝑧 ∈ 𝐷}. 

Definition 1.3 (Oros and Gh Oros, [10]) Let 𝐷 ⊆ ℂ, 𝑧0 ∈ 𝐷 be a fixed point, and let the 

functions 𝑓, 𝑔 ∈ ℋ(𝐷). The function 𝑓 is said to be fuzzy subordinate to 𝑔 and write 𝑓 ≺𝐹 𝑔 

or 𝑓(𝑧) ≺𝐹 𝑔(𝑧) if the following conditions are satisfied: 

1)  𝑓(𝑧0) = 𝑔(𝑧0), 

2) 𝐹𝑓(𝐷)(𝑓(𝑧)) ≤ 𝐹𝑔(𝐷)(𝑔(𝑧)), 𝑧 ∈ 𝐷. 

Definition 1.4 (Oros and Gh Oros, [11]) Let 𝜓 ∶ ℂ3 × 𝑈 ⟶  ℂ and let ℎ be univalent in 𝑈. If 

𝑝 is analytic in 𝑈 and satisfies the (second-order) fuzzy differential subordination 

𝐹𝜓(ℂ3×𝑈)(𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧)) ≤ 𝐹ℎ(𝑈)(ℎ(𝑧)),                           (1.1) 

i.e. 

𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧) ≺𝐹 ℎ(𝑧) , 𝑧 ∈ 𝑈, 

then 𝑝 is called a fuzzy solution of the fuzzy differential subordination. The univalent function 𝑞 

is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more 
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simple a fuzzy dominant, if 𝑝(𝑧) ≺𝐹 𝑞(𝑧), 𝑧 ∈ 𝑈 for all 𝑝 satisfying (1.1). A fuzzy dominant �̃� 

that satisfies �̃�(𝑧) ≺𝐹 𝑞(𝑧), 𝑧 ∈ 𝑈 for all fuzzy dominant 𝑞 of (1.1) is said to be the fuzzy best 

dominant of (1.1). 

The Mittag-Leffler function 𝐸𝛼(𝑧), (𝑧 ∈ ℂ) (see [4,5]) is defined by 

𝐸𝛼(𝑧) = ∑
𝑧𝑛

Γ(𝛼𝑛 + 1)

∞

𝑛=0

 ,   (𝛼 ∈ ℂ, 𝑅𝑒(𝛼) > 0). 

Several researchers have investigated properties of Mittag-Leffer function and generalized 

Mittag-Leffler function, see for example [2,3,6,7]. Moreover, Srivastava and Tomovski [9] 

introduced the function 𝐸𝛼,𝛽
𝛾,𝑘(𝑧), (𝑧 ∈ ℂ) in the form: 

𝐸𝛼,𝛽
𝛾,𝑘(𝑧) = ∑

(𝛾)𝑛𝑘𝑧𝑛

Γ(𝛼𝑛 + 𝛽)𝑛!
 ,

∞

𝑛=0

 

where 𝛼, 𝛽, 𝛾 ∈ ℂ, 𝑅𝑒(𝛼) > max{0, 𝑅𝑒(𝑘) − 1} , 𝑅𝑒(𝑘) > 0  and (𝑥)𝑛  is the Pochhammer 

symbol defined by 

(𝑥)𝑛 =
Γ(𝑥 + 𝑛)

Γ(𝑥)
= {

  1                                                       ( 𝑛 = 0 ) ,
 𝑥(𝑥 + 1) … (𝑥 + 𝑛 − 1)                   ( 𝑛 ∈ ℕ ) .     

  

Let 𝑓𝑖 ∈ 𝒜 (𝑖 = 1,2) defined by 

𝑓𝑖(𝑧) = 𝑧 + ∑ 𝑎𝑛,𝑖𝑧
𝑛

∞

𝑛=2

 (𝑖 = 1,2), 

the Hadamard product of 𝑓1 and 𝑓2 is defined by 

(𝑓1 ∗ 𝑓2)(𝑧) = 𝑧 + ∑ 𝑎𝑛,1𝑎𝑛,2𝑧𝑛

∞

𝑛=2

= (𝑓2 ∗ 𝑓1)(𝑧) . 

Definition 1.5 (Attiya, [1]) For 𝑓 ∈ 𝒜 the operator ℋ𝛼,𝛽
𝛾,𝑘

∶  𝒜 ⟶ 𝒜 is defined by  

ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) = 𝑄𝛼,𝛽
𝛾,𝑘 (𝑧) ∗ 𝑓(𝑧)  (𝑧 ∈ 𝑈), 

where  

𝑄𝛼,𝛽
𝛾,𝑘 (𝑧) =

Γ(𝛼 + 𝛽)

(𝛾)𝑘
(𝐸𝛼,𝛽

𝛾,𝑘(𝑧) −
1

Γ(𝛽)
), 

𝛽, 𝛾 ∈ ℂ, 𝑅𝑒(𝛼) > max{0, 𝑅𝑒(𝑘) − 1} , 𝑅𝑒(𝑘) > 0. 

By some easy calculations, we have 
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ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) = 𝑧 + ∑
Γ(𝛾 + 𝑛𝑘)Γ(𝛼 + 𝛽)

Γ(𝛾 + 𝑘)Γ(𝛽 + 𝛼𝑛)𝑛!
𝑎𝑛𝑧𝑛

∞

𝑛=2

 . 

Definition 1.6 (Srivastava and Owa, [8]) The fractional integral of order 𝜆, (𝜆 > 0 ) is defined 

for a function 𝑓 by 

𝐷𝑧
−𝜆𝑓(𝑧) =

1

𝛤(𝜆)
∫

𝑓(𝜖)

(𝑧 − 𝜖)1−𝜆

𝑧

0

𝑑𝜖, 

where 𝑓 is analytic function in a simply-connected region of the z-plane containing the origin 

and the multiplicity of  (𝑧 − 𝜖)𝜆−1  is removed by requiring log(𝑧 − 𝜖)  to be real, when 

(𝑧 − 𝜖) > 0. 

We now, by making use of Definition 1.5 and Definition 1.6, we have 

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧) =

1

𝛤(2 + 𝜆)
𝑧1+𝜆 + ∑

𝛤(𝛾 + 𝑛𝑘)𝛤(𝛼 + 𝛽)

𝛤(𝑛 + 1 + 𝜆)𝛤(𝛾 + 𝑘)𝛤(𝛽 + 𝛼𝑛)
𝑎𝑛𝑧𝑛+𝜆

∞

𝑛=2

.          (1.2) 

It is easily verified from (1.2) that 

𝑧 (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

= (
𝛾 + 𝑘

𝑘
) 𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧) − (
𝛾 − 𝜆𝑘

𝑘
) 𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧),      𝑅𝑒(𝛾 − 𝜆𝑘) ≠ 0.    (1.3) 

In our investigations we shall need the following lemmas. 

Lemma 1.1 (Oros and Gh Oros, [12]) Let ℎ be a convex function with ℎ(0) = 𝑎, and let 𝜇 ∈

ℂ∗ = ℂ ∖ {0}  be a complex number with Re(𝜇) ≥ 0 . If 𝑝 ∈ ℋ[𝑎, 𝑛]  with 𝑝(0) = 𝑎  and 

𝜓: ℂ2 × 𝑈 → ℂ ,   𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧)) = 𝑝(𝑧) +
1

𝜇
𝑧𝑝′(𝑧) is analytic in 𝑈, then 

𝐹𝜓(ℂ2×𝑈) [𝑝(𝑧) +
1

𝜇
𝑧𝑝′(𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧), 

implies 

𝐹𝑝(𝑈)𝑝(𝑧) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧),   𝑧 ∈ 𝑈, 

i.e. 

𝑝(𝑧) ≺𝐹 𝑞(𝑧) ≺𝐹 ℎ(𝑧), 

where 

𝑞(𝑧) =
𝜇

𝑛𝑧
𝜇
𝑛

∫ ℎ(𝑡)

𝑧

0

𝑡
𝜇
𝑛

−1𝑑𝑡. 
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The function 𝑞 is convex and is the fuzzy best dominant. 

Lemma 1.2 (Oros and Gh Oros, [12]) Let 𝑞 be a convex function in 𝑈 and let the function 

ℎ(𝑧) = 𝑞(𝑧) + 𝑛𝜈𝑧𝑞′(𝑧) , where 𝜈 > 0  and 𝑛 ∈ ℕ . If the function 𝑝 ∈ ℋ[𝑞(0), 𝑛]  and 

𝜓: ℂ2 × 𝑈 → ℂ ,   𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧)) = 𝑝(𝑧) + 𝜈𝑧𝑝′(𝑧) is analytic in 𝑈, then 

𝐹𝜓(ℂ2×𝑈)[𝑝(𝑧) + 𝜈𝑧𝑝′(𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧), 

implies 

𝐹𝑝(𝑈)𝑝(𝑧) ≤ 𝐹𝑞(𝑈)𝑞(𝑧),   𝑧 ∈ 𝑈, 

i.e. 

𝑝(𝑧) ≺𝐹 𝑞(𝑧) 

and 𝑞 is the fuzzy best dominant. 

Recently, Oros and Oros [11,12] and Wanas and Majeed [13,14] have obtained fuzzy 

differential subordination results for certain classes of analytic functions. 

 

2. MAIN RESULT 

Theorem 2.1. Let ℎ  be a convex function such that ℎ(0) = 1 . Let 𝑓 ∈ 𝒜  and 

𝐺(𝛾, 𝑘, 𝛼, 𝛽, 𝜆; 𝑧) is analytic in 𝑈, where 

𝐺(𝛾, 𝑘, 𝛼, 𝛽, 𝜆; 𝑧) =
(1 − 𝜆)𝜆!

𝑘𝑧1+𝜆
((𝛾 + 𝑘)𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧) − (𝛾 − 𝜆𝑘)𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)) 

+
𝜆!

𝑧−1+𝜆
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′′

 .                                                                        (2.1) 

If 

𝐹𝜓(ℂ2×𝑈)[𝐺(𝛾, 𝑘, 𝛼, 𝛽, 𝜆; 𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧),                                   (2.2) 

then 

𝐹
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓)
′
(𝑈)

(
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧), 

i.e. 



6 

ABBAS KAREEM WANAS AND ABDULRAHMAN H. MAJEED 

𝜆! (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑧𝜆
≺𝐹 𝑞(𝑧) ≺𝐹 ℎ(𝑧), 

where 𝑞(𝑧) =
1

𝑧
∫ ℎ(𝑡)

𝑧

0
𝑑𝑡 is convex and is the fuzzy best dominant. 

Proof. Suppose that 

𝑝(𝑧) =
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
 .                                                      (2.3) 

Then 𝑝 ∈ ℋ[1,1] and 𝑝(0) = 1. Therefore, by making use of (1.3) and (2.3), we have 

𝑝(𝑧) + 𝑧𝑝′(𝑧) = 1 + ∑
𝑛(𝑛 + 𝜆)𝛤(𝛾 + 𝑛𝑘)𝛤(𝛼 + 𝛽)𝜆!

𝛤(𝑛 + 1 + 𝜆)𝛤(𝛾 + 𝑘)𝛤(𝛽 + 𝛼𝑛)
𝑎𝑛𝑧𝑛−1

∞

𝑛=2

 

=
(1 − 𝜆)(𝛾 + 𝑘)𝜆!

𝑘𝑧1+𝜆
[

1

𝛤(2 + 𝜆)
𝑧1+𝜆 + ∑

𝛤(𝛾 + 1 + 𝑛𝑘)𝛤(𝛼 + 𝛽)

𝛤(𝑛 + 1 + 𝜆)𝛤(𝛾 + 1 + 𝑘)𝛤(𝛽 + 𝛼𝑛)
𝑎𝑛𝑧𝑛+𝜆

∞

𝑛=2

] 

+
𝛾(𝜆 − 1) + 2𝜆𝑘

𝑘(1 + 𝜆)
− ∑

𝛤(𝛾 + 𝑛𝑘)𝛤(𝛼 + 𝛽)(1 − 𝜆)(𝛾 − 𝜆𝑘)𝜆!

𝛤(𝑛 + 1 + 𝜆)𝛤(𝛾 + 𝑘)𝛤(𝛽 + 𝛼𝑛)𝑘
𝑎𝑛𝑧𝑛−1

∞

𝑛=2

 

+ ∑
𝛤(𝛾 + 𝑛𝑘)𝛤(𝛼 + 𝛽)(𝑛 + 𝜆)(𝑛 + 𝜆 − 1)𝜆!

𝛤(𝑛 + 1 + 𝜆)𝛤(𝛾 + 𝑘)𝛤(𝛽 + 𝛼𝑛)𝑘
𝑎𝑛𝑧𝑛−1

∞

𝑛=2

= 𝐺(𝛾, 𝑘, 𝛼, 𝛽, 𝜆; 𝑧),                         (2.4) 

where 𝐺(𝛾, 𝑘, 𝛼, 𝛽, 𝜆; 𝑧) is given by (2.1). 

From (2.2) and (2.4), we get 

𝐹𝜓(ℂ2×𝑈)[𝑝(𝑧) + 𝑧𝑝′(𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧). 

Thus, by applying Lemma 1.1 with 𝜇 = 1 , we obtain 

𝐹𝑝(𝑈)𝑝(𝑧) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧). 

By (2.3), we have 

𝐹
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓)
′
(𝑈)

(
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧), 

i.e. 

𝜆! (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑧𝜆
≺𝐹 𝑞(𝑧) ≺𝐹 ℎ(𝑧), 
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where 𝑞(𝑧) =
1

𝑧
∫ ℎ(𝑡)

𝑧

0
𝑑𝑡 is convex and is the fuzzy best dominant. 

If we take 𝛾 = 𝑘 = 1, 𝛼 = 0 and ℎ(𝑧) =
1+(2𝜌−1)𝑧

1+𝑧
 (0 ≤ 𝜌 < 1) in Theorem 2.1, we obtain 

the following corollary: 

Corollary 2.1. Let 𝑓 ∈ 𝒜 and 

(1 − 𝜆)𝜆!

𝑧1+𝜆
(𝜆𝐷𝑧

−𝜆𝑓(𝑧) + 𝐷𝑧
−𝜆𝑧𝑓′(𝑧)) +

𝜆!

𝑧−1+𝜆
(𝐷𝑧

−𝜆𝑓(𝑧))
′′

 

is analytic in 𝑈. If 

(1 − 𝜆)𝜆!

𝑧1+𝜆
(𝜆𝐷𝑧

−𝜆𝑓(𝑧) + 𝐷𝑧
−𝜆𝑧𝑓′(𝑧)) +

𝜆!

𝑧−1+𝜆
(𝐷𝑧

−𝜆𝑓(𝑧))
′′

≺𝐹

1 + (2𝜌 − 1)𝑧

1 + 𝑧
, 

then 

𝜆! (𝐷𝑧
−𝜆𝑓(𝑧))

′

𝑧𝜆
≺𝐹 𝑞(𝑧) ≺𝐹

1 + (2𝜌 − 1)𝑧

1 + 𝑧
, 

where 𝑞(𝑧) = 2𝜌 − 1 +
2(1−𝜌)

𝑧
ln(1 + 𝑧) is convex and is the fuzzy best dominant. 

Theorem 2.2. Let ℎ be a convex function such that ℎ(0) = 1. Let 𝑓 ∈ 𝒜 and 
𝜆!(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆  

is analytic in 𝑈. If 

𝐹𝜓(ℂ2×𝑈) [
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
] ≤ 𝐹ℎ(𝑈)ℎ(𝑧),                                  (2.5) 

then 

𝐹
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓)(𝑈)
(

(1 + 𝜆)! 𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

𝑧1+𝜆
) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧), 

i.e. 

(1 + 𝜆)! 𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

𝑧1+𝜆
≺𝐹 𝑞(𝑧) ≺𝐹 ℎ(𝑧), 

where 𝑞(𝑧) =
1

𝑧
∫ ℎ(𝑡)

𝑧

0
𝑑𝑡 is convex and is the fuzzy best dominant. 

Proof. Suppose that 



8 

ABBAS KAREEM WANAS AND ABDULRAHMAN H. MAJEED 

𝑝(𝑧) =
(1 + 𝜆)! 𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧1+𝜆
 .                                                 (2.6) 

Then 𝑝 ∈ ℋ[1,1] and 𝑝(0) = 1. 

We have 

𝑝(𝑧) +
1

𝜆 + 1
𝑧𝑝′(𝑧) =

𝜆! (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑧𝜆
.                                 (2.7) 

From (2.7), the fuzzy differential subordination (2.5) becomes 

𝐹𝜓(ℂ2×𝑈) [𝑝(𝑧) +
1

𝜆 + 1
𝑧𝑝′(𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧). 

Thus, by applying Lemma 1.1 with 𝜇 = 𝜆 + 1 , we obtain 

𝐹𝑝(𝑈)𝑝(𝑧) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧). 

By (2.6), we get 

𝐹
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓)(𝑈)
(

(1 + 𝜆)! 𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

𝑧1+𝜆
) ≤ 𝐹𝑞(𝑈)𝑞(𝑧) ≤ 𝐹ℎ(𝑈)ℎ(𝑧), 

i.e. 

(1 + 𝜆)! 𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

𝑧1+𝜆
≺𝐹 𝑞(𝑧) ≺𝐹 ℎ(𝑧), 

where 𝑞(𝑧) =
1

𝑧
∫ ℎ(𝑡)

𝑧

0
𝑑𝑡 is convex and is the fuzzy best dominant. 

If we take 𝛾 = 𝑘 = 1, 𝛼 = 0  and ℎ(𝑧) = 𝑒𝑏𝑧 , |𝑏| ≤ 1  in Theorem 2.2, we obtain the 

following corollary: 

Corollary 2.2. Let 𝑓 ∈ 𝒜 and 
𝜆!(𝐷𝑧

−𝜆𝑓(𝑧))
′

𝑧𝜆
 is analytic in 𝑈. If 

𝜆! (𝐷𝑧
−𝜆𝑓(𝑧))

′

𝑧𝜆
≺𝐹 𝑒𝑏𝑧 ,       

then 

(1 + 𝜆)! 𝐷𝑧
−𝜆𝑓(𝑧)

𝑧1+𝜆
≺𝐹 𝑞(𝑧) ≺𝐹 𝑒𝑏𝑧 , 

where 𝑞(𝑧) =
𝑒𝑏𝑧−1

𝑏𝑧
 is convex and is the fuzzy best dominant. 

Theorem 2.3. Let 𝑞 be a convex function in 𝑈 such that 𝑞(0) = 1 and let ℎ be the function 
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ℎ(𝑧) = 𝑞(𝑧) +
𝑘

𝛾+𝑘
𝑧𝑞′(𝑧). Let 𝑓 ∈ 𝒜 and 

𝜆!(𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓(𝑧))

′

𝑧𝜆  is analytic in 𝑈. If 

𝐹𝜓(ℂ2×𝑈) [
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑧𝜆
] ≤ 𝐹ℎ(𝑈)ℎ(𝑧),                                (2.8) 

then 

𝐹
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓)
′
(𝑈)

(
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
) ≤ 𝐹𝑞(𝑈)𝑞(𝑧), 

i.e. 

𝜆! (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑧𝜆
≺𝐹 𝑞(𝑧) 

and 𝑞 is fuzzy best dominant. 

Proof. Suppose that 

𝑝(𝑧) =
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
 .                                                 (2.9) 

Then 𝑝 ∈ ℋ[1,1]. 

Differentiating both sides of (2.9) with respect to 𝑧, we have 

𝑝(𝑧) +
𝑘

𝛾 + 𝑘
𝑧𝑝′(𝑧) =

𝜆! 𝑘 (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′′

(𝛾 + 𝑘)𝑧−1+𝜆
+

𝜆! (𝛾 + 𝑘(1 − 𝜆)) (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

(𝛾 + 𝑘)𝑧𝜆
.      (2.10) 

By using (1.3) and differentiating with respect to 𝑧, we obtain 

(𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓(𝑧))

′

=
𝑘𝑧 (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′′

𝛾 + 𝑘
+

(𝛾 + 𝑘(1 − 𝜆)) (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝛾 + 𝑘
. 

So 

𝜆! (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓(𝑧))

′

𝑧𝜆
=

𝜆! 𝑘 (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′′

(𝛾 + 𝑘)𝑧−1+𝜆
+

𝜆! (𝛾 + 𝑘(1 − 𝜆)) (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

(𝛾 + 𝑘)𝑧𝜆
.    (2.11) 

From (2.10) and (2.11), the fuzzy differential subordination (2.8) becomes 

𝐹𝜓(ℂ2×𝑈) [𝑝(𝑧) +
𝑘

𝛾 + 𝑘
𝑧𝑝′(𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧). 
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Thus, by applying Lemma 1.2 with 𝜈 =
𝑘

𝛾+𝑘
 , we obtain 

𝐹
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓)
′
(𝑈)

(
𝜆! (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝜆
) ≤ 𝐹𝑞(𝑈)𝑞(𝑧), 

i.e. 

𝜆! (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑧𝜆
≺𝐹 𝑞(𝑧) 

and 𝑞 is fuzzy best dominant. 

If we take 𝛾 = 𝑘 = 1, 𝛼 = 0 and 𝑞(𝑧) =
1+𝑧

1−𝑧
 in Theorem 2.3, we obtain the following 

corollary: 

Corollary 2.3. Let 𝑓 ∈ 𝒜 and 
𝜆!(𝐷𝑧

−𝜆𝑓(𝑧)+𝐷𝑧
−𝜆𝑧𝑓′(𝑧))

′

2𝑧𝜆  is analytic in 𝑈. If 

𝜆! (𝐷𝑧
−𝜆𝑓(𝑧) + 𝐷𝑧

−𝜆𝑧𝑓′(𝑧))
′

2𝑧𝜆
≺𝐹

1 + 𝑧 − 𝑧2

(1 − 𝑧)2
,       

then 

𝜆! (𝐷𝑧
−𝜆𝑓(𝑧))

′

𝑧𝜆
≺𝐹

1 + 𝑧

1 − 𝑧
 

and 𝑞(𝑧) =
1+𝑧

1−𝑧
 is fuzzy best dominant. 

Theorem 2.4. Let 𝑞 be a convex function in 𝑈 such that 𝑞(0) = 1 and let ℎ be the function 

ℎ(𝑧) = 𝑞(𝑧) + 𝑧𝑞′(𝑧). Let 𝑓 ∈ 𝒜 and (
𝑧 𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐷𝑧
−𝜆ℋ

𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
)

′

 is analytic in 𝑈. If 

𝐹𝜓(ℂ2×𝑈) [ (
𝑧 𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

)

′

 ] ≤ 𝐹ℎ(𝑈)ℎ(𝑧),                            (2.12) 

then 

𝐹
(

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓

𝐷𝑧
−𝜆ℋ

𝛼,𝛽
𝛾,𝑘

𝑓
)(𝑈)

(
𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

) ≤ 𝐹𝑞(𝑈)𝑞(𝑧), 

i.e. 
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𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

≺𝐹 𝑞(𝑧) 

and 𝑞 is fuzzy best dominant. 

Proof. Suppose that 

𝑝(𝑧) =
𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

 .                                                 (2.13) 

Then 𝑝 ∈ ℋ[1,1]. 

Differentiating both sides of (2.13) with respect to 𝑧, we have 

𝑝′(𝑧) =
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

− 𝑝(𝑧)
(𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

. 

Then 

𝑝(𝑧) + 𝑧𝑝′(𝑧) 

=

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧) (𝑧 (𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

+ 𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓(𝑧)) − 𝑧𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧) (𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

(𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

2 . 

= (
𝑧 𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

)

′

.                                                                                                                  (2.14) 

By using (2.14) in (2.12), we have 

𝐹𝜓(ℂ2×𝑈)[𝑝(𝑧) + 𝑧𝑝′(𝑧)] ≤ 𝐹ℎ(𝑈)ℎ(𝑧). 

Thus, by applying Lemma 1.2 with 𝜈 = 1 , we obtain 

𝐹
(

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓

)(𝑈)

(
𝐷𝑧

−𝜆ℋ𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

) ≤ 𝐹𝑞(𝑈)𝑞(𝑧), 

i.e. 

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾+1,𝑘
𝑓(𝑧)

𝐷𝑧
−𝜆ℋ𝛼,𝛽

𝛾,𝑘
𝑓(𝑧)

≺𝐹 𝑞(𝑧) 

and 𝑞 is fuzzy best dominant. 
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If we take 𝛾 = 𝑘 = 1, 𝛼 = 0  and 𝑞(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
 (−1 ≤ 𝐵 < 𝐴 ≤ 1)  in Theorem 2.4, we 

obtain the following corollary: 

Corollary 2.4. Let 𝑓 ∈ 𝒜 and (
𝑧(𝐷𝑧

−𝜆𝑓(𝑧)+𝐷𝑧
−𝜆𝑧𝑓′(𝑧))

2𝐷𝑧
−𝜆𝑓(𝑧)

)

′

 is analytic in 𝑈. If 

(
𝑧 (𝐷𝑧

−𝜆𝑓(𝑧) + 𝐷𝑧
−𝜆𝑧𝑓′(𝑧))

2𝐷𝑧
−𝜆𝑓(𝑧)

)

′

≺𝐹

1 + 2𝑧 − 𝑧2

(1 + 𝐵𝑧)2
,       

then 

1

2
(1 +

𝐷𝑧
−𝜆𝑧𝑓′(𝑧)

𝐷𝑧
−𝜆𝑓(𝑧)

) ≺𝐹

1 + 𝐴𝑧

1 + 𝐵𝑧
 

and 𝑞(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
 is fuzzy best dominant. 
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