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1. INTRODUCTION 

Denote by ℋ(𝑈 × 𝑈) the family of all analytic functions in 𝑈 × �̅�. Let 𝑈 = {𝑧 ∈ ℂ ∶ |𝑧| <

1} and �̅� = {𝑧 ∈ ℂ ∶ |𝑧| ≤ 1} indicate the open unit disk and the closed unit disk of the 

complex plane, respectively. For 𝑛 ∈ ℕ = {1,2, … }  and 𝑎 ∈ ℂ , let ℋ∗[𝑎, 𝑛, 𝜁] = {𝑓 ∈

ℋ(𝑈 × �̅�): 𝑓(𝑧, 𝜁) = 𝑎 + 𝑎𝑛(𝜁)𝑧𝑛 + 𝑎𝑛+1(𝜁)𝑧𝑛+1 + ⋯ , 𝑧 ∈ 𝑈, 𝜁 ∈ �̅�},  where 𝑎𝑘(𝜁)  are 

holomorphic functions in �̅� for 𝑘 ≥ 𝑛. 

Also, let 𝒜𝑛 𝜁
∗ = {𝑓 ∈ ℋ(𝑈 × �̅�): 𝑓(𝑧, 𝜁) = 𝑧 + 𝑎𝑛+1(𝜁)𝑧𝑛+1 + ⋯ , 𝑧 ∈ 𝑈, 𝜁 ∈ �̅�} ,  where 

𝑎𝑘(𝜁) are holomorphic functions in �̅� for 𝑘 ≥ 𝑛 + 1. 

A function 𝑓 ∈ ℋ∗[𝑎, 𝑛, 𝜁] is said to be starlike in 𝑈 × �̅� if 
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𝑅𝑒 {
𝑧𝑓𝑧

′(𝑧, 𝜁)

𝑓(𝑧, 𝜁)
} > 0 ,       ( 𝑧 ∈ 𝑈, 𝜁 ∈ �̅�). 

Denote the class of all starlike functions in 𝑈 × �̅� by 𝑆 𝜁
∗ . 

Similar, 𝑓 ∈ ℋ∗[𝑎, 𝑛, 𝜁] is said to be convex in 𝑈 × �̅� if 

𝑅𝑒 {
𝑧𝑓𝑧2

′′ (𝑧, 𝜁)

𝑓𝑧
′(𝑧, 𝜁)

+ 1} > 0  ,     ( 𝑧 ∈ 𝑈, 𝜁 ∈ �̅�). 

Denote the class of all convex functions in 𝑈 × �̅� by 𝐾 𝜁
∗ . 

Definition 1.1 (Oros and Gh Oros, [9]) Let 𝑓(𝑧, 𝜁), 𝑔(𝑧, 𝜁) analytic in 𝑈 × �̅�. The function 

𝑓(𝑧, 𝜁) is said to be strongly subordinate to 𝑔(𝑧, 𝜁), written 𝑓(𝑧, 𝜁) ≺≺  𝐹(𝑧, 𝜁), 𝑧 ∈ 𝑈, 𝜁 ∈ �̅�, 

if there exists an analytic function 𝑤 in 𝑈 with 𝑤(0) =  0 and |𝑤(𝑧)| < 1, 𝑧 ∈ 𝑈 such that 

𝑓(𝑧, 𝜁) = 𝑔(𝑤(𝑧), 𝜁) for all 𝜁 ∈ �̅�. 

Remark 1.1 (Oros and Gh Oros, [9]) 

1) Since 𝑓(𝑧, 𝜁) is analytic in 𝑈 × �̅� , for all 𝜁 ∈ �̅� and univalent in 𝑈 , for all 𝜁 ∈ �̅� , 

Definition1.1 is equivalent to 𝑓(0, 𝜁) = 𝑔(0, 𝜁) for all 𝜁 ∈ �̅� and 𝑓(𝑈 × �̅�) ⊂ 𝑔(𝑈 × �̅�). 

2) If  𝑓(𝑧, 𝜁) = 𝑓(𝑧) and 𝑔(𝑧, 𝜁) = 𝑔(𝑧), the strong subordination becomes the usual notion 

of subordination. 

Let 𝒜 𝜁
∗  denote the subclass of the functions 𝑓(𝑧, 𝜁) ∈ ℋ(𝑈 × �̅�) of the form: 

𝑓(𝑧, 𝜁) = 𝑧 + ∑ 𝑎𝑘(𝜁)𝑧𝑘

∞

𝑘=2

  ,   𝑧 ∈ 𝑈, 𝜁 ∈ �̅�                                 (1.1) 

which are analytic and univalent in 𝑈 × �̅�. 

For 𝜂 ∈ ℕ0 = ℕ ∪ {0} 𝛼, 𝜏 ≥ 0, 𝜇, 𝜆, 𝛽 > 0 and 𝛼 ≠ 𝜆, we consider the differential operator 

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽) ∶  𝒜 𝜁

∗ ⟶ 𝒜 𝜁
∗ , introduced by Amourah and Darus [2], where 

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧) = 𝑧 + ∑ [1 +

(𝑛 − 1)[(𝜆 − 𝛼)𝛽 + 𝑛𝜏]

𝜇 + 𝜆
]

𝜂

𝑎𝑘(𝜁)𝑧𝑘

∞

𝑘=2

 .            (1.2) 

It is readily verified from (1.2) that 

𝑧 (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′
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=
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
𝐴𝜇,𝜆,𝜏

𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁) − (1 −
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
) 𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁).                   (1.3) 

Some of the special cases of the operator defined by (1.2) can be found in [1,4,10,11]. 

In recent years, many authors obtained various interesting results associated with strong 

differential subordination and superordination for example (see [3,5,6,12,13,14]). 

In order to derive our main results, we need the following Lemmas. 

Lemma 1.1 (Miller and Mocanu, [8]) Let ℎ(𝑧, 𝜁) be a convex function with ℎ(0, 𝜁) = 𝑎, for 

every 𝜁 ∈ �̅� and let 𝛾 ∈ ℂ∗ = ℂ ∖ {0} with 𝑅𝑒 (𝛾) ≥ 0. If 𝑝 ∈ ℋ∗[𝑎, 𝑛, 𝜁] and  

𝑝(𝑧, 𝜁) +
1

𝛾
𝑧𝑝𝑧

′ (𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁),      (𝑧 ∈ 𝑈, 𝜁 ∈ �̅�),                               (1.4) 

then 

𝑝(𝑧, 𝜁) ≺≺ 𝑞(𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁),   (𝑧 ∈ 𝑈, 𝜁 ∈ �̅�), 

where 𝑞(𝑧, 𝜁) =
𝛾

𝑛𝑧
𝛾
𝑛

∫  𝑡
𝛾

𝑛
−1ℎ(𝑡, 𝜁)𝑑𝑡

𝑧

0
 is convex and it is the best dominant of (1.4). 

Lemma 1.2 (Miller and Mocanu, [7]) Let 𝑞(𝑧, 𝜁) be a convex function in 𝑈 × �̅� for all 𝜁 ∈

�̅�  and let ℎ(𝑧, 𝜁) = 𝑞(𝑧, 𝜁) + 𝑛𝛿𝑧𝑞𝑧
′ (𝑧, 𝜁),  𝑧 ∈ 𝑈, 𝜁 ∈ �̅� , where 𝛿 > 0 and 𝑛  is a positive 

integer. If 

𝑝(𝑧, 𝜁) = 𝑞(0, 𝜁) + 𝑝𝑛(𝜁)𝑧𝑛 + 𝑝𝑛+1(𝜁)𝑧𝑛+1 + ⋯, 

is analytic in 𝑈 × �̅� and 

𝑝(𝑧, 𝜁) + 𝛿𝑧𝑝𝑧
′ (𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁),      (𝑧 ∈ 𝑈, 𝜁 ∈ �̅�), 

then 

𝑝(𝑧, 𝜁) ≺≺ 𝑞(𝑧, 𝜁),   (𝑧 ∈ 𝑈, 𝜁 ∈ �̅�), 

and this result is sharp. 

 

2. MAIN RESULT 

Theorem 2.1. Let ℎ(𝑧, 𝜁) be a convex function such that ℎ(0, 𝜁) = 1. If 𝑓 ∈ 𝒜 𝜁
∗  satisfies the 

strong differential subordination: 

 (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′

≺≺ ℎ(𝑧, 𝜁),                                               (2.1) 
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then 

 
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
≺≺ 𝑞(𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁), 

where 𝑞(𝑧, 𝜁) =
1

𝑧
∫ ℎ(𝑡, 𝜁)𝑑𝑡

𝑧

0
 is convex and it is the best dominant 

Proof. Suppose that 

𝑝(𝑧, 𝜁) =  
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
 ,   𝑧 ∈ 𝑈, 𝜁 ∈ �̅� .                                     (2.2) 

Then the function 𝑝(𝑧, 𝜁) is analytic in 𝑈 × �̅� and 𝑝(0, 𝜁) = 1. 

Simple computations from (2.2), we get 

𝑝(𝑧, 𝜁) + 𝑧𝑝𝑧
′ (𝑧, 𝜁) =  (𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))
𝑧

′

.                                    (2.3) 

Using (2.3), (2.1) becomes 

𝑝(𝑧, 𝜁) + 𝑧𝑝𝑧
′ (𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁). 

An application of Lemma 1.1 with 𝑛 = 1, 𝛾 = 1 yields 

 
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
≺≺ 𝑞(𝑧, 𝜁) =

1

𝑧
∫ ℎ(𝑡, 𝜁)𝑑𝑡

𝑧

0

≺≺ ℎ(𝑧, 𝜁). 

By taking ℎ(𝑧, 𝜁) =
𝜁+(2𝜌−𝜁)𝑧

1+𝑧
, 0 ≤ 𝜌 < 1 in Theorem 2.1, we obtain the following corollary:  

Corollary 2.1. If 𝑓 ∈ 𝒜 𝜁
∗  satisfies the strong differential subordination: 

 (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′

≺≺
𝜁 + (2𝜌 − 𝜁)𝑧

1 + 𝑧
,  

then 

 
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
≺≺

1

𝑧
∫

𝜁 + (2𝜌 − 𝜁)𝑡

1 + 𝑡
𝑑𝑡

𝑧

0

= 2𝜌 − 𝜁 +
2(𝜁 − 𝜌)

𝑧
ln(1 + 𝑧). 

Theorem 2.2. Let 𝑞(𝑧, 𝜁)  be a convex function such that 𝑞(0, 𝜁) = 1  and let ℎ  be the 

function ℎ(𝑧, 𝜁) = 𝑞(𝑧, 𝜁) + 𝑧𝑞𝑧
′ (𝑧, 𝜁). If 𝑓 ∈ 𝒜 𝜁

∗  satisfies the strong differential subordination: 

(
𝑧 𝐴𝜇,𝜆,𝜏

𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

)

𝑧

′

≺≺ ℎ(𝑧, 𝜁),                                          (2.4) 

then 



5 

SOME RESULTS FOR STRONG DIFFERENTIAL SUBORDINATION … 

𝐴𝜇,𝜆,𝜏
𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

≺≺ 𝑞(𝑧, 𝜁). 

Proof. Suppose that 

𝑝(𝑧, 𝜁) =
𝐴𝜇,𝜆,𝜏

𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

 ,   𝑧 ∈ 𝑈, 𝜁 ∈ �̅� .                              (2.5) 

Then the function 𝑝(𝑧, 𝜁) is analytic in 𝑈 × �̅� and 𝑝(0, 𝜁) = 1. 

Differentiating both sides of (2.5) with respect to 𝑧 and using (2.4), we have 

𝑝(𝑧, 𝜁) + 𝑧𝑝𝑧
′ (𝑧, 𝜁)

=
𝐴𝜇,𝜆,𝜏

𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

+
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁) (𝐴𝜇,𝜆,𝜏
𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′

− 𝐴𝜇,𝜆,𝜏
𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁) (𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))
𝑧

′

[𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)]

2

=
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁) (𝑧 𝐴𝜇,𝜆,𝜏
𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′

− 𝑧𝐴𝜇,𝜆,𝜏
𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁) (𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))
𝑧

′

[𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)]

2

= (
𝑧 𝐴𝜇,𝜆,𝜏

𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

)

𝑧

′

≺≺ ℎ(𝑧, 𝜁). 

An application of Lemma 1.2, we obtain 

𝐴𝜇,𝜆,𝜏
𝜂+1 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝐴
𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

≺≺ 𝑞(𝑧, 𝜁). 

Theorem 2.3. Let ℎ(𝑧, 𝜁) be a convex function such that ℎ(0, 𝜁) = 1. If 0 ≤ 𝜎 < 𝑝, 𝜃 ∈ ℂ 

and   𝑓 ∈ 𝒜 𝜁
∗  satisfies the strong differential subordination: 

1 − 𝜃

1 − 𝜎
 (

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
− 𝜎) +

𝜃

1 − 𝜎
 ((𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))
𝑧

′

− 𝜎) ≺≺ ℎ(𝑧, 𝜁),    (2.6) 

then  

1

1 − 𝜎
 (

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
− 𝜎) ≺≺ 𝑞(𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁), 
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where 𝑞(𝑧, 𝜁) =
1

𝜃
𝑧− 

1

𝜃 ∫  𝑡
1

𝜃
−1ℎ(𝑡, 𝜁)𝑑𝑡

𝑧

0
 is convex and it is the best dominant. 

Proof. Suppose that 

𝑝(𝑧, 𝜁) =
1

1 − 𝜎
 (

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
− 𝜎) , 𝑧 ∈ 𝑈, 𝜁 ∈ �̅� .                          (2.7) 

Then the function 𝑝(𝑧, 𝜁) is analytic in 𝑈 × �̅� and 𝑝(0, 𝜁) = 1. 

Differentiating both sides of (2.7) with respect to 𝑧, we have 

𝑝(𝑧, 𝜁) + 𝜃𝑧𝑝𝑧
′ (𝑧, 𝜁) 

=
1 − 𝜃

1 − 𝜎
 (

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
− 𝜎) +

𝜃

1 − 𝜎
 ((𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))
𝑧

′

− 𝜎).                              (2.8) 

From (2.6) and (2.8), we get 

𝑝(𝑧, 𝜁) + 𝜃𝑧𝑝𝑧
′ (𝑧, 𝜁) ≺≺ ℎ(𝑧, 𝜁). 

An application of Lemma 1.1 with 𝑛 = 1, 𝛾 =
1

𝜃
 yields 

1

1 − 𝜎
 (

𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

𝑧
− 𝜎) ≺≺ 𝑞(𝑧, 𝜁) =

1

𝜃
𝑧

− 
1
𝜃 ∫  𝑡

1
𝜃

−1
ℎ(𝑡, 𝜁)𝑑𝑡

𝑧

0

≺≺ ℎ(𝑧, 𝜁). 

Theorem 2.4. Let 𝑞(𝑧, 𝜁)  be a convex function such that 𝑞(0, 𝜁) = 1  and let ℎ  be the 

function ℎ(𝑧, 𝜁) = 𝑞(𝑧, 𝜁) +
1

1+
𝜇+𝜆

(𝜆−𝛼)𝛽+𝑛𝜏

𝑧𝑞𝑧
′ (𝑧, 𝜁), where 

𝜇+𝜆

(𝜆−𝛼)𝛽+𝑛𝜏
> 0. Suppose that 

𝐹(𝑧, 𝜁) =
1 +

𝜇 + 𝜆
(𝜆 − 𝛼)𝛽 + 𝑛𝜏

𝑧
𝜇+𝜆

(𝜆−𝛼)𝛽+𝑛𝜏

∫  𝑡
𝜇+𝜆

(𝜆−𝛼)𝛽+𝑛𝜏
−1

𝑓(𝑡, 𝜁)𝑑𝑡
𝑧

0

,   𝑧 ∈ 𝑈, 𝜁 ∈ �̅�.           (2.9) 

If 𝑓 ∈ 𝒜 𝜁
∗ (𝑝) satisfies the strong differential subordination 

 (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′

≺≺ ℎ(𝑧, 𝜁),                                                  (2.10) 

then 

 (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁))

𝑧

′

≺≺ 𝑞(𝑧, 𝜁). 

Proof. Suppose that 

𝑝(𝑧, 𝜁) = (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁))

𝑧

′

 ,   𝑧 ∈ 𝑈, 𝜁 ∈ �̅� .                              (2.11) 
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Then the function 𝑝(𝑧, 𝜁) is analytic in 𝑈 × �̅� and 𝑝(0, 𝜁) = 1. 

From (2.9), we have 

𝑧
𝜇+𝜆

(𝜆−𝛼)𝛽+𝑛𝜏 𝐹(𝑧, 𝜁) = (1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
) ∫  𝑡

𝜇+𝜆
(𝜆−𝛼)𝛽+𝑛𝜏

−1
𝑓(𝑡, 𝜁)𝑑𝑡

𝑧

0

 .              (2.12) 

Differentiating both sides of (2.12) with respect to 𝑧, we get 

(1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
) 𝑓(𝑧, 𝜁) =

𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
𝐹(𝑧, 𝜁) + 𝑧𝐹𝑧

′(𝑧, 𝜁) 

and 

(1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
) 𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁)

=
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏
𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁) + 𝑧 (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁))

𝑧

′

. 

So 

(𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))

𝑧

′

= (𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁))

𝑧

′

+
𝑧 (𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁))
𝑧2

′′

1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏

 .       (2.13) 

From (2.11) and (2.13), we obtain 

𝑝(𝑧, 𝜁) +
1

1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏

𝑧𝑝𝑧
′ (𝑧, 𝜁) = (𝐴𝜇,𝜆,𝜏

𝜂 (𝛼, 𝛽)𝑓(𝑧, 𝜁))
𝑧

′

.                  (2.14) 

Using (2.14), (2.10) becomes 

𝑝(𝑧, 𝜁) +
1

1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏

𝑧𝑝𝑧
′ (𝑧, 𝜁) ≺≺ 𝑞(𝑧, 𝜁) +

1

1 +
𝜇 + 𝜆

(𝜆 − 𝛼)𝛽 + 𝑛𝜏

𝑧𝑞𝑧
′ (𝑧, 𝜁). 

An application of Lemma 1.2 yields 𝑝(𝑧, 𝜁) ≺≺ 𝑞(𝑧, 𝜁). By using (2.10), we obtain 

(𝐴𝜇,𝜆,𝜏
𝜂 (𝛼, 𝛽)𝐹(𝑧, 𝜁))

𝑧

′

≺≺ 𝑞(𝑧, 𝜁). 
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