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STABILITY OF WAVELET FRAMES AND RIESZ BASIS, WITH
RESPECT TO TRANSLATIONS IN Lp(Rn), 1 ≤ p <∞
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Abstract. We consider the perturbation problem of wavelet frame (Riesz basis) {ϕj,k,a0,b0} = {anj/20 ϕ(aj0x−

kb0)} about translation parameter b0 in Lp(Rn)−norm. If ϕ ∈ S(Rn) ( Schwartz space ), we can estimate

the frame bounds about the perturbation of translation parameter b0. Our results generalize the Balan’s

[1] results. Our method and approach are different from Balan’s [1].
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1. Introduction

A set of vectors {fj}j∈N in a separable Hilbert space H is called a frame if there

are constants A and B such that for every f ∈ H

A‖f‖2 ≤
∑
j∈N

| < f, fj > |2 ≤ B‖f‖2.
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The constants A and B are called frame bounds. If only the right hand side inequality

is satisfied for all f ∈ H, then {fj} is called a Bessel sequence with bound B. Many peo-

ple considered the stability of frames. The concept of frames was introduced in 1952

in the paper [5]. Favier and Zalik [6] and Zhang [9] considered the wavelet frames

{anj/2ϕ(ajx − kb)}j∈z,k∈zn and Gabor frames {ei(jb.x)ϕ(x − ka)}j,k∈zn , which are useful

in many areas of mathematics, engineering, quantum mechanics, signal and image pro-

cessing etc. Balan [1] studied the perturbation of translation parameter b. This problem

was first considered by Daubechies and and Tehamichian for Meyer orthogonal wavelet

basis in 1990 [4].

Now we mention the Balan’s result as follows.

Theorem A [1]. Let {ϕj,k,a0,b0} be a wavelet Riesz basis on L2(R) with frame bounds

A and B. Furthermore suppose that ϕ̂, the Fourier transform of ϕ, satisfies the following

requirements :

ϕ̂ is in the class C1 on R and both ϕ̂ and ϕ̂′ are bounded by

|ϕ̂(ξ)|, |ϕ̂′(ξ)| ≤ C
|ξ|α

(1 + |ξ|)γ

for some C > 0, γ > 1 + α > 1. Then there exists on ε > 0 such that for any b with

|b− b0| < ε, the set {ϕj,k,a0,b0} is a Riesz basis, where ϕj,k,a,b(x) = aj/2ϕ(ajx− kb).

Various authors [2],[3],[8] studied the stability of frames in Hilbert space. Feichtinger

and Gröchenig studied the stability theory for atoms in Banach spaces [7]. In this pa-

per we study the stability problem, that is, the perturbation of translation parameter b

in Lp(Rn). Our methods and approach is different from those of authors mentioned above.

The text has been divided in three sections. Section 1, i.e., introduction incorporate

the introductory exposition of the topic. Section 2 deals with some preliminary results.

Finally in Section 3, we have proved our main theorem.
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2. Preliminary Results

In this paper we use an abbreviation for the scaler product in the following way.

For x, s ∈ Rn, x = (ξ1, · · · , ξn), s = (σ1, · · · , σn) we define

xs =< x, s >=
n∑
i=1

ξiσi, x
2 =< x, x >=

n∑
i=1

ξ2
i , |x| =

(
n∑
i=1

ξ2
i

)1/2

Let f ∈ L1(Ω),Ω ⊆ Rn be an open set and

(=f)(s) =
1

(2π)n/2

∫
Rn

f(x)e−ixsdx, s ∈ Rn.

The function =f : Rn → C is called the Fourier transform of f and the mapping

= : f → =f is called Fourier transformation. Obviously, the functional =f is well-defined,

measurable and linear.

We define

C∞(Rn) =
⋂
m∈N

Cm(Rn)

where Cm(Rn) is the set of all m−times continuously differentiable functions defined on

Rn.

Definition 2.1. Let f : Rn → C and xα = xα1
1 , · · · , xαn

n . The function f is said to be

quickly decreasing if and only if

lim
|x|→∞

xαf(x) = 0 for all α ∈ Nn
0 .

The space S(Rn) = {f ∈ C∞(Rn)|Dβf is quickly decreasing for all β ∈ Nn
0 } is called

Schwartz space. The elements of the Schwartz space are called Schwartz functions.

Example 2.1. The function γ : Rn → X defined by γ(x) = e−x
2
, x ∈ Rn, is a Schwartz

function because



596 DEVENDRA KUMAR∗

lim
|x|→∞

xαγ(x) = lim
|x|→∞

xα1
1 . · · · .xαn

n .e−(x21+···+x2n)

= lim
|x|→∞

xα1
1

ex
2
1

. · · · .x
αn
n

ex2n
= 0 for all α ∈ Nn

0 .

Lemma 2.1. Let f ∈ C∞(Rn). Then the function f is a Schwartz function if and only

if

(2.1) sup
x∈Rn

(1 + |x|m)|Dβf(x)| <∞ for all m ∈ N0, β ∈ Nn
0 .

Proof. Let f be a Schwartz function. Then by definition we have

lim
|x|→∞

|x|mDβf(x) = 0 for all m ∈ N0, β ∈ Nn
0 ,

i.e.,

lim
|x|→∞

|x|m|Dβf(x)| = 0 for all m ∈ N0, β ∈ Nn
0 .

Since all the functions are continuous it follows

sup
x∈Rn

|x|m|Dβf(x)| <∞ for all m ∈ N0, β ∈ Nn
0 .

For m = 0 we get

sup
x∈Rn

|x|m|Dβf(x)| <∞ for all β ∈ Nn
0 .

Together we get

sup
x∈Rn

(1 + |x|m)|Dβf(x)| ≤ sup
x∈Rn

|Dβf(x)|+ sup
x∈Rn

|x|m|Dβf(x)| <∞

for all m ∈ N0, for all β ∈ Nn
0 i.e., (2.1) holds.
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Now let (2.1) be true. Then there are constants C1 and C2 such that

(
|x|m + |x|m+1

) ∣∣Dβf(x)
∣∣ ≤

 2|x|m+1|Dβf(x)| ≤ 2(1 + |x|m+1)|Dβf(x)| ≤ C1, if |x| ≥ 1

2|x|m|Dβf(x)| ≤ 2(1 + |x|m)|Dβf(x)| ≤ C2, if |x| < 1.

Choosing c = max{C1, C2} we get

|x|m|Dβf(x)| = (|x|m + |x|m+1)|Dβf(x)|
1 + |x|

≤ C

1 + |x|
→ 0 as |x| → ∞.

Hence the proof is completed.

Lemma 2.2. S(Rn) is dense in Lp(Rn) for all p ≥ 1.

Proof. Let f be a Schwartz function, i.e., f ∈ S(Rn). Then by (2.1) (setting β = 0)

there is a bound C such that

(1 + |x|m)|f(x)| ≤ C for all x ∈ Rn,

or

|f(x)| ≤ C

1 + |x|m
for all x ∈ Rn.

Now first we will prove S(Rn) ⊆ Lp(Rn) for all p ≥ 1. We can choose m ∈ N sufficiently

great such that mp− (n− 1) > 1. Now we use polar coordinates
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x1 = r.cosφ1

x2 = r.sinφ1.cosφ2

x3 = r.sinφ1.sinφ2.cosφ3

...

xn−1 = r.sinφ1.sin.φ2.sinφ3. · · · .sinnφn−2.cosφn−1,

xn = r.sinφ1.sinφ2.sinφ3. · · · .sinφn−2.sinφn−1,

where 0 ≤ φ ≤ π for i = {1, · · · , n− 2} and 0 ≤ φn−1 ≤ 2π.

Then the corresponding Wronski-determinant is given by

DΦ(φ1, · · · , φn−1) = sinn−2φ.sinn−3φ2. · · · .sin2φn−3.sinφn−2.

Then

∫
Rn

|f(x)|pdx ≤
∫
Rn

(
C

1 + |x|m

)p
dx

= Cp

∫ 2π

0

∫ π

0

· · ·
∫ π

0

∫ ∞
0

(
1

1 + rm

)p
rn−1DΦdrdφ1 · · · dφn−1,

= Cp

∫ ∞
0

(
1

1 + rm

)p
rn−1dr

∫ 2π

0

∫ ∞
0

· · ·
∫ ∞

0

DΦdφ1 · · · dφn−1︸ ︷︷ ︸
= Cpwn

∫ ∞
0

(
1

1 + rm

)p
rn−1dr,

∫ 2π

0

∫ ∞
0

· · ·
∫ ∞

0

DΦdφ1 · · · dφn−1︸ ︷︷ ︸
 = wn

= Cpwn

∫ ∞
0

rn−1

(1 + rm)p
dr = Cpwn

∫ ∞
0

rn−1

rmp + P (r)
dr,

= Cp.wn
rn

n
.2F1

( n
m
, p, 1 +

n

m
,−rm

)
|∞0 <∞ for

n

m
< p,

where 2F1 is the hypergeometric function and wn = 2π1/2

Γn
2

is the surface area of unit sphere

in Rn. This follows that f ∈ Lp(Rn). Set
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D(Rn) = {ϕ ∈ C∞(Rn)| sup(ϕ) is compact } = C∞0 (Rn).

Obviously, S(Rn) is a vector space and D(Rn) ⊆ S(Rn). So we have

(2.2) D(Rn) ⊆ S(Rn) ⊆ Lp(Rn), 1 ≤ p <∞.

Now we shall prove that D(Rn) is dense in Lp(Rn). For this set ϕε(x) = 1
εn
ϕ(x/ε). Let

Ω ⊆ Rn be an arbitrary open set and f ∈ Lp(Ω). We consider the set

Km = {x ∈ Ω|‖x‖ ≤ m, d(x, ∂Ω) ≥ 2/m} ,m ∈ N.

The sets Km are compact and
⋃
m∈N Km = Ω. Hence

∫
Km

|f(x)|pdx→
∫

Ω

|f(x)|pdx as m→∞.

Now we set

fm(x) =

∫
Km

f(y)ϕ1/m(x− y)dy

then fm ∈ D(Ω) and it is ‖f − fm‖Lp → 0 as m → ∞. Obviously this construction is a

simultaneous approximation in all spaces Lp, i.e., if f ∈ Lp(Ω)
⋂
Lq(Ω), 1

p
+ 1

q
= 1, then it

follows simultaneously both ‖f − fm‖Lp → 0 as m→∞ and ‖f − fm‖Lq → 0 as m→∞.

Now from (2.2), we get S(Rn) is dense in Lp(Rn). Hence the proof is completed.

Definition 2.2. A bounded functionW : [0,∞)→ R+ is a radial decreasing L1−majorant

of g if |g(x)| ≤ W (|x|) and W satisfying the following conditions :

(i) W ∈ L1([0,∞)),

(ii) W is decreasing

(iii) W (0) <∞.
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Remark 2.1. If W ∈ S(Rn). Then W is also a radial decreasing L1−majorant of g.

Proof. Since S(Rn) is dense in Lp(Rn), 1 ≤ p < ∞ and W satisfying (i),(ii) and (iii)

easily. The proof follows.

Now we observe that

If f ∈ L∞(Rn), gj,k,a,b ∈ L1(Rn) then

∑
j∈z

∑
k∈zn
|< f, gj,k,a,b >| =

∑
j∈z

∑
k∈zn

∣∣∣∣∫
Rn

anj/2g(ajk − kb)f(y)dy

∣∣∣∣
≤

∣∣∣∣∣
∫
Rn

∑
j∈z

∑
k∈zn

anj/2W
(
|ajk − kb|

)
f(y)dy

∣∣∣∣∣
≤ C‖f‖∞‖W‖L1[0,∞),

and if f ∈ L1(Rn), gj,k,a,b ∈ L1(Rn) then

∫
Rn

∑
j∈z

∑
k∈zn
| < f, gi,k,a,b > |dx ≤ C

∫
Rn

[∑
j∈z

∑
k∈zn

anj/2W (|ajx− kb|)|f(y)|dy

]
dx

≤ C‖f‖L1(Rn)‖W‖L1[0,∞).

Hence by the application of Riesz Theorin Theorem, we get

∥∥∥∥∥∑
j∈z

∑
k∈zn
| < f, gj,k,a,b > |

∥∥∥∥∥
Lp(Rn)

≤ C‖f‖Lp(Rn)‖W‖L1[0,∞) for f ∈ Lp(Rn), g ∈ L1(Rn).

Lemma 2.3. Let {fj} be a frame (Riesz basis) in Banach space M with frame bounds A

and B. Assume {gj} ⊂M and {fj−gj} is a Bessel sequence with bound η < A. Then {gj}

is a frame (Riesz basis) with frame bounds A
[
1− (η/A)1/p

]p
and B

[
1 + (η/B)1/p

]p
, 1 ≤

p <∞.

Proof. The proof follows after a simple manipulation in ([3],[6]).
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3. Main Results

Theorem 3.1. If {ϕj,k,a0,b0} is a frame (Riesz basis) on Lp(Rn) with frame bound-

s A,B and ϕj,k,a0,b0 ∈ S(Rn). Then there exists a δ > 0 such that for any b with

|b− b0| < δ, {ϕj,k,a0,b0} is a frame (Riesz basis) on Lp(Rn).

Proof. Using Balan’s idea to define a unitary operator we obtain

Ub : S(Rn)→ S(Rn), (Ubϕ)(x) = (b/b0)n/2ϕ

(
b

b0

x

)
= φ(x).

We observe that

Ubϕj,k,a0,b = φj,k,a0,b0 .

Therefore, {ϕj,k,a0,b} is a frame if and only if {φj,k,a0,b0} is a frame. If W is the

L1−majorant of ϕ and φ then ϕ and φ ∈ Lp(Rn). For all f ∈ Lp(Rn), φ and ϕ ∈ L1(Rn),

we have

∑
j∈z

∑
k∈zn
|| < f, (ϕ− φ)j,k,a0,b0|p

=
∑
j∈z

∑
k∈zn

∣∣∣∣∫
Rn

[
a
nj/2
0 ϕ(aj0x− kb0)− anj/20 φ(aj0x− kb0)

]
f(y)dy

∣∣∣∣p
≤

∑
j∈z

∑
k∈zn

∫
Rn

∣∣∣∣[anj/20 ϕ(aj0x− kb0)− anj/20 φ(aj0x− kb0)
]
f(y)

∣∣∣∣p dy
We know that if µ be a finite positive Borel measure, then there is a sequence µn of

atomic measure that converges to µ weakly or if ϕ and φ have compact support then

∫
Rn

dµn(ϕ(aj0x− kb0)− φ(aj0x− kb0))→
∫
Rn

(ϕ(aj0x− kb0)− φ(aj0x− kb0))dµ

or µn → µ weakly.
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If ϕ− φ ∈ L1(Rn), dµ =
∣∣ϕ(aj0x− kb0)− φ(aj0x− kb0)

∣∣ dx is a finite Borel measure, so

we can find

µN =
N∑
i=1

CN
i δλNi → µ weakly.

Consider

∑
j∈z

∑
k∈zn

∫
Rn

∣∣∣anj/20

[
ϕ(aj0x− kb0)− φ(aj0x− kb0)

]
f(y)

∣∣∣p dy
≤

∑
j∈z

∑
k∈zn

∫
Rn

∣∣∣anj/20 dµn(x)f(y)
∣∣∣p dy.

≤
∑
j∈z

∑
k∈zn

∥∥∥∥∥anj/20

N∑
i=1

CN
i f(λNi )

∥∥∥∥∥
p

p

≤
∑
j∈z

∑
k∈zn

[
a
nj/2
0

N∑
i=1

CN
i ‖f‖pp

]

=
∑
j∈z

∑
k∈zn

a
nj/2
0

∫
Rn

dµn(x)‖f‖pp

=
∑
j∈z

∑
k∈zn

a
nj/2
0

∫
Rn

∣∣ϕ(aj0x− kb0)− φ(aj0x− kb0)
∣∣ dx‖f‖pp.

Since ϕ and φ are in S(Rn) it follows that

sup
0≤|x|<∞

∑
j∈z

∑
k∈zn
|ϕj,k,a0,b0| ≤

C

1 + |x|m
→ 0 as |x| → ∞,

sup
0≤|x|<∞

∑
j∈z

∑
k∈zn
|φj,k,a0,b0| ≤

C

1 + |x|m
→ 0 as |x| → ∞,

Hence we get

∥∥∥∥∥∑
j∈z

∑
k∈zn

< f, (ϕ− φ)j,k,a0,b0 >

∥∥∥∥∥
p

p

≤ ε‖f‖pp

which shows that {φj,k,a0,b0} is a frame (Riesz basis) in Lp(Rn) for b sufficiently close to

b0 by Lemma 2.3. Hence the proof is completed.
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