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Abstract. In this paper, Pachpatte’s inequality is employed to discuss the Ulam Hyers stabilities for Volterra
integrodifferential equations with nonlocal condition in Banach spaces on finite interval. Example is given to show the
applicability of our obtained result.
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1. INTRODUCTION
In 1940, the Mathematician Ulam developed the stability problem pertaining to functional
equations (see [[6],[7]]). The Ulam problem was stated as Under what conditions there exist an

additive mapping near an approximately additive mapping. Initially Hyers [9] tried to find answer to
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the question of Ulam (for the additive mapping) in the case of Banach spaces. Thereafter, Rassias
[11] extended Ulam—Hyers stability concept by introducing new function variables. In the literature,
these concepts of stabilities are known asUlam stability, Ulam Hyers stability and Ulam Hyers
Rassias stability. The basic Ulam stability problem of functional equations has been extended to
different types of equations. It is observed that the Ulam stability theory plays an important role in
the study of differential equations, integral equations, difference equations, fractional differential
equations etc. For any kind of equations, Ulam stability problem is about (see [8, 10]) When should
the solutions of an equation, differing slightly from a given one, must be close to a solution of the
given equation? The notion of 'nonlocal’ condition has been introduced to extend the study of the
classical initial value problems. It is more precise for describing nature phenomena than the classical
condition since more information is taken into account.The study of abstract nonlocal semilinear
initial-value problems was initiated by L. Byszewski. We motivated by work of Kucche [2].

The purpose of this paper is to study Ulam stability problem of functional equations with

nonlocal Condition of the form:

x'(t) = A()x(t) + f(t,x(t), fot g(t, s, x(s))ds), te]=][0,b] (1.2)
x(0) + H(x) = x, (1.2)
where A is an infintesimal generator of strongly continuous semigroup of bounded linear operator
T(t) in X with domain D(A), the unknown x(-) takes values in the Banach space X; f:] X X X
X-X, g:C(JxJ,X)=>X ,H:C(JxJ,X) > X are appropriate continuous functions and x, is
given element of X.
The paper is organized as follows: We discussed the preliminaries. We dealt with study of
Ulam Hyers Rassias stablity of VIE with nonlocal condition in Banach space. Finally we gave

example to illustrate the application of our result.

2. PRELIMINARIES

In this section, we recall some necessary definitions and theorems which will be used in the
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sequel see Pazy [1] and Pachpatte[3]
Definition:- A one parameter family T'(t);>, of bounded linear operators from Banach

space X into X is called strongly continuous semigroup (or C,- semigroup ) of operatorson X if

T(0) = I the identity operator,

Tt+s)=THT(s) =T(s)T(t), t,s=0,

limgo T(t)x = xVx in X
Definition:-The infinitesimal generator of the C, semigroup T(t).>, is the linear operator
A:D(A) € X —» X defined by

Ax = tlir(g&tx_x,for every x € D(A)

where
_ s T®Ox—x ..
D(A) ={x€X: tll)rg;r ——exist inX}
Theorem 2.1 ([1])Let T(t).>o is @ C, Semigroup There exist constant w >0 and M > 1 such
that || T(t) IS Me®t 0<t<o
Pachpatte’s inequality given below plays crucial role in our further analysis.

Theorem 2.2 ([[3], p. 39]). Let u(t), f(t) and q(t) be nonnegative continuous functions defined
on R,, and n(t) be a positive and nondecreasing continuous function defined on R, for which
the inequality

t

u(®) < () + f; f($)[uls) + [, a@u(r)drlds

hold for t € R, .Then

t

u(®) < n@[1+ [ F()exp(J; [f(®) + q(x)]dr)ds]

for t € R,

3. ULAM HYERS STABILITIES OF SEMILINEAR VIE

In this section, we establish Ulam Hyers stabilities of similinear VIE
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x'(t) = Ax(t) + f(t,x(t), fot g(t s,x(s))ds), te] (3.1)
x(0) + H(x) = x,, (3.2)
in a Banach Space (X, II.Il) where
1. J=10,b]
2. A:X - X isan infinitesimal generator of C,-semigroup T(t);>o In X;
3. fiJxXxX->Xand g:J]x]JxX =X H:C(J xX)— X are continuous
functions.
Definition 3.1 Let T(t).>, isa Cy-semigroup of bounded linear operators in X with infinitesimal
generator A and f € L1(J,X). A function x € C(J,X) given by
x(t) = T()[xo — HOL + J, T(t = $)f (5,x(5), J, 9(s,7,x(2))dr)ds,
is called the mild solution of initial value problem.
x' () = Ax(0) + f(£,x(8), [, g(t,5,x(5))ds)
x(0) + H(x) = x, (3.3)
Definition 3.2 Equation (3.1)-(3.2) is Ulam Hyers stable if there exists a real number C¢ > 0 such
that for each € > 0 and for each solution y € C'(J,X) of the inequation The function x € B

satisfies the integral equation

Iy'(®) = Ay(®) = f(&,¥(6), [y 9(t5,¥())ds) I et €] (3.4)
3 amild solution x:J - X in C(J,X) of (3.1)-(3.2) with
ly(t) —x(t) I< Cre, tE€] (3.5)

Definition 3.3 Equation (3.1)-(3.2) is Ulam Hyers Rassias stable, with respect to the positive

non-decreasing continuous function y:] € R,,if there exists Cgy, > 0 such that for each € > 0 and
for each solution y € C;(J,X) of the inequation
' t
1y'(®) — 4y — £ (30, f, 9(t,5,())ds) 1< ey(®), te] (36)

there exists a mild solution x:J = X in C(J,X) of (3.1)-(3.2) with
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Il y(®) —x(@) IS Crypep(t), tE€]
Definition 3.4 Equation (3.1)-(3.2) is generalized Ulam Hyers Rassias stable, with respect to the
positive non-decreasing continuous function y:] € R,,if there exists Cgy, > 0 such that for each

solution y € C;(J,X) of the inequation

1y'®) — Ay - £ (£3®, f, 9(t:5,¥())ds) IS p(®), t€] (3.7)
there exists a mild solution x:J = X in C(J,X) of (3.1)-(3.2) with
1y(®) —x(0) IS Crpp(t), tE] (3.8)

Remark 3.1
A function y € C1(J,X) is a solution of in equation (3.4) if there exists a function h €
C(J,X) (which depends on y) such that
1L Ih@®)ISste].
2. y'(t) = Ay(®) + f(&,y(D), [, g(t,5,¥(s))ds) + h(t),t €]
Remark 3.2
If y e C*(J,X) satisfies inequation (3.4) then y is a solution of the following integral
inequation:
1) = T@®o = HO + f; Tt =) (5,(), [y 9(s,my(@)dv)ds I< e f; 1T(E—s) |
dst €] (3.9)

Indeed, if y € C'(J,X) satisfies inequation (3.4) by Remark 3.1, we have
y'(t) = Ay(t) + f(t,y(t),fot g(t,s,y(s))ds) + h(t),t €] (3.10)
This implies that
y(@) =T®)[yo —HW)] + fot T(t—)[f(s,y(s), [) g(s,7,y(1))dr) + h(s)lds  (3.11)
Therefore
Ily(®) =T®[yo —HW)] + fot T(t = 9)[f(sy(6), f, 9(s,7y(@)dD)]ds I

< J, IT(E=s) Il h(s) Il ds (3.12)
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<efl IT(t—5)llds (3.13)
We list the following hypotheses for our convenience:
For Ulam Hyers stabilities of VIE on J = [0, b]
We need the following hypothesis to obtain Ulam Hyers stabilities of VIE
(H1)
(@) Let f:] x X x X - X and there exist L(.) € C(J,R,) Let
I f(tx1,x2) = f(&, ¥, 7)) ISL@E)UN x1 =y, I +]|xg —y1 D)
forall t €] and xq,x,,y:,y, €EX
(b) Let g:J xJxX = X and 3G(.) € C(J,R,) such that
Il g(t,s,x1) —g(t,s,x) IS GE)(l x3 — vy, 1)
forall t,s €] and xq,x5,y1,¥, €X
(c) There exist positive constant K; € R such that
lHx)—Hy)ISK, Il x—yl forevery x,y € X
(H2)
The function : [0, b] = R, is positive, non-decreasing and continuous and there exists 1 > 0
suchthat [ Il T(t —s) Il Y(t)ds < Ap(t).
Theorem 3.5 Let f,g,H in (3.1)-(3.2) satisfies hypotheses (H;) — (H,) hold. Then the equation
(3.1)-(3.2) Ulam Hyers Rassias stable with respect to .
Proof: Let y € C'([0,b],X) satisfies inequation(3.6). Then as discussed in Remark 3.2 and using the

hypothesis (H2), we have
Il y(®) = T(®)yo — HO + J, Tt = 9)[f (5,7(5), f; g(s,7,y(x))dD)]ds I
< [L NT(t =) Il h(s) I ds
<ef IT(t—s)llds

< eMY(t) (3.14)

Let x € C([0,b],X) be mild solution of ivp
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X'(6) = Ax(t) + f(&,x(8), [, g(t,s,x(s))ds)t €]
Xo+H(x) =y, +H() (3.15)

Then we have
x(t) =T®)[yo—HO)] + fot T(t—=s)f (s,x(S).fos g9(s,t,x(1))dr)]ds  (3.16)

From equation (3.16) ,inequation (3.14) , and (H;) we have
15(0) = X 11 y(©) = TOO) ~ H)] = [ T =fGx() [ 9, rx(@)ds I

<Iy(t) = T()yo — HO)] = [; T(t = )f (5,2(5), [; g(s,7,x())ds
+Jy Tt = )f(s,y(5), f; 9(s,7.y(D)ds
—Jy Tt = )f(s,y(5), f; g(s,7.y(D)ds | (3.17)
Add and subtract [J T(t — s)f(s,y(s), J; g(s,7,y(z))ds in equation (3.17),we get
1y(6) —x(6) IS eAp(t) + [, Me*E9L(s) x (Il y(s) —x(s) I + [, Gl (1) — x(7) l]dr)ds
< elp(t) + f; Me®IL(s) x (I y(s) — x(s) Il + [ G(@[Il y(x) — x(2) dr)ds
(3.18)
And using pachpatte's inequality given in theorem (2.2) to equation (3.18) with
u(t) =l y(t) — x(t) I, n(t) = eAdp(t),f(t) = ML(t)e” P~V and q(t) = G(¢).
we obtain
1y(6) —x(6) 1< eXp(D)[1 + [, Mexp*®=IL(s)exp(f; [ML(1)e¥®™ + G(1)]dr)ds] (3.19)
< eW(O[L+ [, MexpC=IL(s)exp(f, [ML(t)e*®™ + G(1)]dr)ds] (3.20)
by putting
Cryp = AL+ [ Mexp¥ @ 9L(s)exp([f; [ML(1)e¥®™ + G (1)]dr)ds]
we get

Il y(t) —x(t) II< eCryp(t)VE € [0, b]

This proves that (3.1)-(3.2) is Ulam Hyers Rassias stable with respect to the function .
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Corrollary 3.4. let f, g and H in (3.1)-(3.2)satisfy the condition in hypothesis(H;) — (H,).Then
Equation (3.1)-(3.2)is generalized Ulam Hyers Rassias stable with respect to the function .
Proof :-Taking € = 1 in the proof of Main Theorem we obtain
Il y(t) —x(t) IS Crpp(E), t €]
which proves that (3.1)-(3.2) is generalized Ulam Hyers Rassias stable, with respect to function .
Corrollary 35 If f, g in (3.1)-(3.2) satisfy the condition in hypothesis (H;) .Then Equation
(3.1)-(3.2) is Ulam Hyers Rassias stable.
Proof :- In the view of Theorem 2.1 there exists M > 1 such that || T(t) I< M, Vvt € [0, b] .Define
Y(t) =1Vt €[0,b] Then
[ W T(t =) I Y(s)ds < Mb, vt € [0,b]
Hence the assumption (H2) holds clearly .By taking y(t) = 1 in the proof of main theorem, we

obtain |l y(t) — x(t) II< Cf, Vt € [0,b] This proves that (3.1)-(3.2) is Ulam Hyers stable.

4. EXAMPLE
Consider the nonlinear VIEs

x'(t) = _73 + 2cos(x(t)) + 2sin(x(t)) + fot {sin(x(s)) — cos(x(s))}ds,t € [0,10] (4.1)

x(0) +——=0 (4.2)

80+x

Consider the Banach space (R, II:ll) and the real Banach space and €([0,10], R) with supremum
norm. For each t >0, define T(t):R - R by T(t)x = e‘x, x € R. Then T(t);z, forms the
family of bounded linear operators from R to R that satisfy

T(0) =1

T(t+s)=T)T(s)Vt,s =0 ;

lim,,,T(t)x = x, Vx € R.
Therefore, T(t);=o forms C, semigroup of bounded linear operators on R.The infinitesimal

generator of this C,semigroup is
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T(t)x—x

t
. . e —1
Ax = lim;_ o+ = lim,_ o+ —x=xx€R

Thus A = 1.Note that Equations(4.1)-(4.2) can be written as

x'(t) = Ax(t) — % —x(t) + 2cos(x(t)) + 2sin(x(t))

+ fot sin(x(s)) — cos(x(s))ds,t € [0,10] (4.3)
= Ax(t) + f(t,x(t),fot g(t,s,x(s))ds) (4.4)
x(0) + 80’: -=0 (4.5)

where g:[0,10] X [0,10] x R—=> R

is defined as g(t,s,x((s))) = sin(x(s)) — cos(x(s))
and £:[0,10] xR xR - R

is defined as £ (¢, x(t), [, g(t,s,x(s))ds)

= ; — (t) + 2cos(x(t)) + 2sin(x(t)) + f sin(x(s)) — cos(x(s))ds.
0

(i) Forany t,s € [0,10]and x,y; € R,we have
Il g(t,s, x1) —g(t,s,y;) I<Il sin(x;) — sin(y,) Il +1l cosx; — cosy; |l
<l x1 = y1 Il +1l cosx, — cosyy| (4.6)

Letany x,y € R with x < y. Applying mean value theorem to the function cosx on [x,y], there

o € (x,y) suchthat == — _gin(0)

x=y
Therefore,
Il cosx —cosy ISl x—y Il,x,y € R. (4.7)
From (4.6) and (4.7), we obtain |l g(t,s,x1) —g(t,s,y1) IS 2 1l x; — vy |Il.
(if) Letany t € [0,10] and x4,x3,¥4,y, € R.Then
I f(tx,x) = f(t,yLy2) IS xg =y, | +2 1 cosx; — cosy; | +2 |l sinxg; — siny; || +l x, — y, |l
Shx;—=yi M +2 0% =y W+2 00 =y T+2 0% =y I+l xy =y |l

<5Ulxy =y, I +llxy—v, 1D (4.8)
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x x
80+x 80+y

@iii) 1 H(x) = H) Il I

[lx=yll
- [1(80+x)(80+)II

80
< — |l x —
<—lx=yl

<-lx—yl (4.9

Q|+

Thus, f,g ,H in Equation (4.3) with (4.5) satisfy the hypothesis (H;) Therefore, by Corollary
(3.4) , Equation (4.3) is Ulam Hyers stable. Next, we illustrate the Ulam Hyres stability of Equation
(4.3) by providing the mild solution to Equation (4.3) corresponding to given values of € > 0 and

the given solution of the inequation

Iy (&) —Ay(©) — f(& y (D), fot g(t,s,x(s))ds) < e (4.10)
By using Definition (3.1), the mild solution of Equation (4.3) with the initial condition (4.5)

IS given by

t s
x(t) =T()[0— ] +f0 T(t—- s)f(t,y(t),jo g(s,t,x(t))dr)ds

x
80 + x
‘ -3
x(t) = f expt‘S(T — x(s) + 2cosx(s) + 2 sin(x(s)))
0

+ fOS (sin(x(t)) — cos(x(7)))dr)ds (4.11)
By actual substitution we see that x(t) = % ,t € [0,10] is solution of Equation (4.11) which

is also a classical solution of Equation (4.3) with the initial condition Equation (4.5) .

Let e =10 and y,;(t) = 0,t € [0,10]. Then
Iy'1(8) — Ay1 () — f (&, ¥4 (), fot g(t,s,y(s))ds) |l

=11 y'1(t) +2 = 2cos(y1 (1)) — 2sin(yy (1)) — f [sin(y1(s)) — cos(yy (s))]ds I

<¢ (4.12)

and we have a solution x(t) =§ , t €[0,10] of Equation (4.3) and constant C = 1 such that ||
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() —x(®) =11 0 =2 I< 5 < C,
e =15 and y,(t) =<, t € [0,10]

we have
1Y'2() = Ay2 () = F(£,v2(0), f; 9(t5,72())ds) |
=11 y'5(£) +2 = 2cos(y2 (1)) — 2sin(y(£)) — [ [sin(y2(s)) — cos(yz(s))]ds I
<Z+24 24241 f)° [-sin®) + cos(D)]ds I
= 5.833+1 3(cos(5) — 1) + 3sin . |
<e (4.13)

Corresponding to the pair € = 15 and the solution y,(t) = § t € [0,10] of inequation (4.10) we

have solution x(t) = % ,t € [0,10] of Equation (4.1) and constant C = %

such that Il y,(t) — x(t) lI=Il g—g = g <2<C,

This proves Ulam Hyres stability.
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