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Abstract. Graph energy is defined in [3], as the sum of absolute value of eigen values of the adjacency matrix of

the given graph Γ. In this paper, we introduce vertex labeled graphs VL(Γ), find their energy and some bounds. We

also find VLE(Γ) of different graphs.
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1. INTRODUCTION

A. Rosa [9] introduced labeling in 1966 . Labeling of a graph Γ = (V,E) is a function f

from the set of vertices V into the set of non-negative integers that assigns a label for each edge

uvεE, depending on labels to the vertices f (u) and f (v). Gutman [3] has defined the energy of

graph as the sum of absolute value of eigen values of the adjacency matrix of the graph Γ. If

λi is the eigen value of adjacency matrix of Γ then graph energy is E(Γ) =
n

∑
i=1
|λi|. In Chemical

science, for a molecule, the total π-electron energy plays a significant role. We consider simple
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undirected graph with no self loops and no multiple edges. We refer [5] for standard definitions

and terminology in graph theory, .

2. VERTEX LABELED GRAPH ENERGY

P. G. Bhat and et al [2] have introduced binary labeled graph energy. Motivated by this , we

define the vertex labeled matrix and find vertex labeled graph energy.

Let Γ be a simple graph of order n. Let V = {v1,v2, · · · ,vn} be the vertex set and E be the edge

set. Let the vertex be labeled by its degree. Let l(vi) and l(v j) be the labels to the vertices vi,v j

respectively then the vertex labeled matrix VL(Γ) is defined as

mi j =

 l(vi)+ l(v j), if there is a path between vi and v j

0, i f vi = v j or there is no path between vi and v j

Let ξ1,ξ2, ......ξn be the eigen values of vertex labeled matrix VL(Γ) then the vertex labeled

graph energy is defined as

(1) VLE(Γ) =
n

∑
i=1
|ξi|

The spectrum VLSpec(Γ) is the arrangement of distinct eigen values ξ1 > ξ2 > · · · > ξr with

multiplicities m1,m2, . . . ,mr, written as

VLSpec(Γ) =

ξ1 ξ2 · · · ξr

m1 m2 · · · mr

 .

3. PROPERTIES OF VERTEX LABELED GRAPH ENERGY

Theorem 3.1 If eigen values of VL(Γ) are ξ1 > ξ2 > · · · > ξr, then

(1)
n

∑
i=1

ξi = 0

(2)
n

∑
i=1

ξ
2
i = 2

n

∑
i=1

[
l(vi)+ l(v j)

]2
= 2B

where B =
n

∑
i=1

[
l(vi)+ l(v j)

]2
Proof. (1) In the vertex labeled graph matrix VL(Γ), diagonal entries are zero, therefore their

sum is zero.

Hence
n

∑
i=1

ξi = 0
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(2) The sum of squares of eigen values of VL(Γ) is the sum of eigen values of [VL(Γ)]
2

n

∑
i=1

ξ
2
i =

n

∑
i=1

m

∑
j=1

ui j u ji

= 0+2 ∑
i< j

(ui j)
2

= 2
n

∑
i=1

[
l(vi)+ l(v j)

]2
= 2B �

Theorem 3.2 Let c0,c1 and c2 be the coefficients of characteristic polynomial of VL(Γ) matrix

then we have

(1) c0 = 1

(2) c1 = 0

(3) c2 =−B

Proof. (1)By definition Γ(ξ ,x) = det[ξ I−B]

Therefore c0 = 1

(2) c1 = (−1)1× trace(Γ) =−1×0 = 0

(3) By definition c2 = ∑
1≤i< j≤n

|aii ai j|

|a ji a j j|
= ∑

1≤i< j≤n
(aiia j j−ai ja ji)

= ∑
1≤i< j≤n

aiia j j− ∑
1≤i< j≤n

a2
i j = 0−B =−B �

We find the bounds for VL(Γ) using McClelland’s inequalities [7].

Theorem 3.3 Let Γ be a graph with n vertices, then the upper bound for VL(Γ) is

E [VL(Γ)]≤
√

2nB

Proof. Let ξ1 > ξ2 > · · · > ξr be the eigen values of VL(Γ), then by Using Cauchy-Schwarz

inequality we have [
n

∑
i=1

uivi

]2

≤

[
n

∑
i=1

u2
i

][
n

∑
i=1

v2
i

]
.

Choose ui = 1,vi =
∣∣ξi
∣∣ and by Theorem - 3.1[

n

∑
i=1

∣∣ξi
∣∣]2

≤

[
n

∑
i=1

1

][
n

∑
i=1

∣∣ξi
∣∣2]= n

n

∑
i=1

ξ
2
i

[(VL(Γ))E(G)]2 ≤ n2B.
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Hence

E [VL(Γ)]≤
√

2nB

�

The lower bounds for E [VL(Γ)] is as follows

Theorem 3.4 Let Γ be a graph with n vertices. If τ =
∣∣detVL(Γ)

∣∣ of Γ then the lower bound is

E [VL(Γ)]≥
√

2B+n(n−1)τ
2
n .

Proof. By definition we have,

[E (VL(Γ))]
2 =

[
n

∑
i=1

∣∣ξi
∣∣]2

=

[
n

∑
i=1

∣∣ξi
∣∣][ n

∑
j=1

∣∣ξ j
∣∣]

=
n

∑
i=1

∣∣ξi
∣∣2 +∑

i 6= j

∣∣ξi
∣∣∣∣ξ j
∣∣.

From the inequality of arithmetic and geometric means

1
n(n−1) ∑

i6= j

∣∣ξi
∣∣∣∣ξ j
∣∣≥ [∏

i 6= j

∣∣ξi
∣∣∣∣ξ j
∣∣] 1

n(n−1)

.

Therefore

[E (VL(Γ))]
2 ≥

n

∑
i=1

∣∣ξi
∣∣2 +n(n−1)

[
∏
i 6= j

∣∣ξi
∣∣∣∣ξ j
∣∣] 1

n(n−1)

≥
n

∑
i=1

∣∣ξi
∣∣2 +n(n−1)

[
n

∏
i=1

∣∣ξi
∣∣2(n−1)

] 1
n(n−1)

=
n

∑
i=1

∣∣ξi
∣∣2 +n(n−1)

∣∣∣∣ n

∏
i=1

ξi

∣∣∣∣ 2
n

= 2B+n(n−1)τ
2
n .

Hence

E [VL(Γ)]≥
√

2B+n(n−1)τ
2
n

�
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4. VERTEX LABELED GRAPH ENERGY OF DIFFERENT CLASS OF GRAPHS

Theorem 4.1. Let Kn be the vertex labeled complete graph with n≥ 2 then

VLE(Kn) = 4n2−8n+4.

Proof. Let V = {v1,v2, · · · ,vn} be the vertex set of the vertex labeled complete graph Kn with

n≥ 2, then the vertex labeled matrix is given by

VL(Kn) =



0 2(n−1) 2(n−1) . . . 2(n−1) 2(n−1)

2(n−1) 0 2(n−1) . . . 2(n−1) 2(n−1)

2(n−1 2(n−1) 0 . . . 2(n−1) 2(n−1)
...

...
... . . . ...

...

2(n−1) 2(n−1) 2(n−1) . . . 0 2(n−1)

2(n−1) 2(n−1) 2(n−1) . . . 2(n−1) 0


.

The characteristic polynomial is

[λ − (2n2−4n+2)][λ +(2n−2)]n−1 = 0.

The spectrum of VL(Kn) is

VLspec(Kn) =

 2n2−4n+2 −(2n−2)

1 n−1

 .

The vertex labeled graph energy is

VLE(Kn) =

∣∣∣∣ 2n2−4n+2
∣∣∣∣ (1)+ ∣∣∣∣−(2n−2)

∣∣∣∣ (n−1)

= 4n2−8n+4.
�

Theorem 4.2. For the star graph K1,n−1 we have

VLE(K1,n−1) = (2n−4)+4
√

12n2−51n+64
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Proof. Let V = {v1,v2, · · · ,vn} be the vertex set of vertex labeled star graph K1,n−1, then

VLE(K1,n−1) =



0 n n . . . n n

n 0 2 . . . 2 2

n 2 0 . . . 2 2
...

...
... . . . ...

...

n 2 2 . . . 0 2

n 2 2 . . . 2 0


.

The characteristic equation is

[λ 2− (2n−4)λ − (11n2−47n+60)](λ +2)n−2 = 0.

The spectrum is

VLspec(K1,n−1) =

 (2n−4)−
√

48n2−204n+256
2

(2n−4)+
√

48n2−204n+256
2 −2

1 1 n−2

 .

The vertex labeled graph energy is

VLE(K1,n−1) =

∣∣∣∣ (2n−4)−
√

48n2−204n+256
2

∣∣∣∣ (1)+ ∣∣∣∣ (2n−4)+
√

48n2−204n+256
2

∣∣∣∣ (1)
+

∣∣∣∣−2
∣∣∣∣ (n−2)

Hence

VLE(K1,n−1) = (2n−4)+4
√

12n2−51n+64

�

Theorem 4.3. For the Wheel graph Wn with n≥ 4 we have

VLE(Wn) = (6n−12)+4
√

27n2−110n+152

Proof. Let V = { v1, v2, · · · , vn} be the vertex set of vertex labeled Wheel graphWn with n≥ 4,

then
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VL(Wn) =



0 n+2 n+2 . . . n+2 n+2

n+2 0 6 . . . 6 6

n+2 6 0 . . . 6 6
...

...
... . . . ...

...

n+2 6 6 . . . 0 6

n+2 6 6 . . . 6 0


.

The characteristic equation is

[λ 2− (6n−12)λ − (18n2−74n+116)][λ +6]n−2 = 0.

The spectrum of VL(Wn) is

VLspec(Wn) =

 (6n−12)−
√

108n2−440n+608
2

(6n−12)+
√

108n2−440n+608
2 −6

1 1 n−2

 .

The vertex labeled graph energy is

VLE(Wn) =

∣∣∣∣ (6n−12)−
√

108n2−440n+608
2

∣∣∣∣ (1)+ ∣∣∣∣ (6n−12)+
√

108n2−440n+608
2

∣∣∣∣ (1)+ ∣∣∣∣−6
∣∣∣∣ (n−2)

Hence

VLE(Wn) = (6n−12)+4
√

27n2−110n+152.

�

Theorem 4.4. For the cocktail party graph Kn×2 we have

VLE(Kn×2) = 16n2−24n+8.
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Proof. Let V = {u1, u2, · · · , un, v1, v2, · · · , vn} be the vertex set of vertex labeled cocktail

party graph Kn×2 then

VL(Kn×2) =



0 4n−4 4n−4 . . . 4n−4 4n−4

4n−4 0 4n−4 . . . 4n−4 4n−4

4n−4 4n−4 0 . . . 4n−4 4n−4
...

...
... . . . ...

...

4n−4 4n−4 4n−4 . . . 0 4n−4

4n−4 4n−4 4n−4 . . . 4n−4 0


.

The characteristic equation is

[λ − (8n2−12n+4)][λ +(4n−4)]2n−1 = 0

The spectrum of VL(Kn×2) is

VLspec(Kn×2) =

 8n2−12n+4 −(4n−4)

1 2n−1

 .

The vertex labeled graph energy is

VLE(Kn×2) =

∣∣∣∣ (8n2−12n+4)
∣∣∣∣ (1)+ ∣∣∣∣−(4n−4)

∣∣∣∣ (2n−1)

Hence

VLE(Kn×2) = 16n2−24n+8.

�

Theorem 4.5. Let S0
n,n≥ 3 be a crown graph with 2n vertices then

VLE(S0
n) = 8n2−12n+4.

Proof. Let V = {u1, u2, · · · , un, v1, v2, · · · , vn} be the vertex set of vertex labeled crown

graph S0
n of order 2n, then
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VL(S0
n) =



0 2(n−1) 2(n−1) . . . 2(n−1) 2(n−1)

2(n−1) 0 2(n−1) . . . 2(n−1) 2(n−1)

2(n−1) 2(n−1) 0 . . . 2(n−1) 2(n−1)
...

...
... . . . ...

...

2(n−1) 2(n−1) 2(n−1) . . . 0 2(n−1)

2(n−1) 2(n−1) 2(n−1) . . . 2(n−1) 0


.

The characteristic polynomial is

[λ 2− (4n2−6n+2)][λ +(2n−2)]2n−1 = 0.

The spectrum is

VLspec(S0
n) =

 2n2−4n+2 −(2n−2)

1 2n−1

 .

The vertex labeled graph energy is

VLE(S0
n) =

∣∣∣∣ 2n2−4n+2
∣∣∣∣ (1)+ ∣∣∣∣−(2n−1)

∣∣∣∣ (2n−1)

= 8n2−12n+4.

�

Theorem 4.6. For the complete bipartite graph Kn,n ,

VLE(Kn,n) = 8n2−4n

Proof. Let V = {u1, u2, · · · , un, v1, v2, · · · , vn} be the vertex set of vertex labeled complete

bipartite graph Kn,n then
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VL(Kn,n) =



0 2n 2n . . . 2n 2n

2n 0 2n . . . 2n 2n

2n 2n 0 . . . 2n 2n
...

...
... . . . ...

...

2n 2n 2n . . . 0 2n

2n 2n 2n . . . 2n 0


.

The characteristic equation is

[λ − (4n2−2n)][λ +2n]2n−1 = 0

The spectrum is

VLspec(Kn,n) =

 4n2−2n −2n

1 2n−1

 .

The Vertex labeled graph energy is

VLE(Kn,n) =

∣∣∣∣ 4n2−2n
∣∣∣∣ (1)+ ∣∣∣∣−2n

∣∣∣∣ (2n−1)

Hence

VLE(Kn,n) = 8n2−4n

�

Theorem 4.7. For double star graph Sn,n

VLE(Sn,n) = (6n−6)+4
√

53n2−198n+245.



VERTEX LABELED GRAPH ENERGY 11

Proof. Let Sn,n be the double star graph then

VL(Sn,n) =



0 n+1 n+1 n+1 . . . 2n n+1 n+1 n+1

n+1 0 2 2 . . . n+1 2 2 2

n+1 2 0 2 . . . n+1 2 2 2

n+1 2 2 0 . . . n+1 2 2 2
...

...
...

... . . . ...
...

...
...

2n n+1 n+1 n+1 . . . 0 n+1 n+1 n+1

n+1 2 2 2 . . . n+1 0 2 2

n+1 2 2 2 . . . n+1 2 0 2

n+1 2 2 2 . . . n+1 2 2 0



.

The characteristic equation becomes

[
λ

2− (2n2 +n−3)λ − (6n2 +2n−4)
]
[λ +2n] [λ +2]2n−3 = 0.

The spectrum is

VLspec(Sn,n) =

 (6n−6)−
√

212n2−792n+980
2

(6n−6)−
√

212n2−792n+980
2 −2n −2

1 1 1 2n−3

 .

The vertex labeled graph energy is

VLE(Sn,n) =

∣∣∣∣ (6n−6)−
√

212n2−792n+980
2

∣∣∣∣ (1)+ ∣∣∣∣ (6n−6)+
√

212n2−792n+980
2

∣∣∣∣ (1)
+|−2n|(1)+ |−2|(2n−3)

Hence

VLE(Sn,n) = (6n−6)+4
√

53n2−198n+245.

�

Theorem 4.8. For the Friendship graph Fn with 2n+1 vertices,

VLE(Fn) = (8n−4)+8
√

26n2−54n+49.
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Proof. Let Fn be a Friendship graph with 2n+1 vertices then

VL(Fn) =



2n+2 2n+2 2n+2 . . . 2n+2 2n+2

2n+2 0 4 . . . 4 4

2n+2 4 0 . . . 4 4
...

...
... . . . ...

...

2n+2 4 4 . . . 0 4

2n+2 4 4 . . . 4 0


.

The characteristic equation becomes

[
λ

2−4(2n−1)λ − (88n2−200n+192)
]
[λ +4]2n−1 = 0.

The spectrum is

 4(2n−1)−
√

208n2−432n+392
2

4(2n−1)+
√

208n2−432n+392
2 −4

1 1 2n−1

 .

The vertex labeled graph energy is

VLE(Sn,n) =

∣∣∣∣ 4(2n−1)−
√

208n2−432n+392
2

∣∣∣∣ (1)+ ∣∣∣∣ 4(2n−1)+
√

208n2−432n+392
2

∣∣∣∣ (1)
+

∣∣∣∣−4
∣∣∣∣ (2n−1)

Hence

VLE(Fn) = (8n−4)+8
√

26n2−54n+49.

�

Theorem 4.9. For the complement of double star graph Sn,n,

VLE((Sn,n)) =
√

64n4−288n3 +1236n2−3944n+4852+(8n2−18n+10).
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Proof. Let Sn,n the complement of double star graph then

VL(Sn,n) =



0 3n−3 3n−3 3n−3 . . . 2n−2 3n−3 3n−3 3n−3

3n−3 0 4n−4 4n−4 . . . 3n−3 4n−4 4n−4 4n−4

3n−3 4n−4 0 4n−4 . . . 3n−3 4n−4 4n−4 4n−4

3n−3 4n−4 4n−4 0 . . . 3n−3 4n−4 4n−4 4n−4
...

...
...

... . . . ...
...

...
...

2n−2 3n−3 3n−3 3n−3 . . . 0 3n−3 3n−3 3n−3

3n−3 4n−4 4n−4 4n−4 . . . 3n−3 0 4n−4 4n−4

3n−3 4n−4 4n−4 4n−4 . . . 3n−3 4n−4 0 4n−4

3n−3 4n−4 4n−4 4n−4 . . . 3n−3 4n−4 4n−4 0



.

The characteristic equation becomes

[
λ

2− (8n2−18n+10)λ − (188n2−896n+1188)
]
[λ +(2n−2)] [λ +(4n−4)](2n−3) = 0.

The spectrum is

VLspec(Sn,n) =



(8n2−18n+10)−
√

64n4−288n3+1236n2−3944n+4852
2 1

(8n2−18n+10)+
√

64n4−288n3+1236n2−3944n+4852
2 1

−(2n−2) 1

−(4n−4) 2n−3

 .

The vertex labeled graph energy is

VLE(Sn,n) =

∣∣∣∣ (8n2−18n+10)−
√

64n4−288n3+1236n2−3944n+4852
2

∣∣∣∣ (1)
+

∣∣∣∣ (8n2−18n+10)−
√

64n4−288n3+1236n2−3944n+4852
2

∣∣∣∣ (1)
+

∣∣∣∣−(2n−2)
∣∣∣∣ (1)+ ∣∣∣∣−(4n−4)

∣∣∣∣ (2n−3)

Hence

VLE(Sn,n) =
√

64n4−288n3 +1236n2−3944n+4852+(8n2−18n+10).

�
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