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1. INTRODUCTION AND PRELIMINARIES

The concept of frames in Hilbert spaces has been introduced by Duffin and Schaeffer [9] in
1952 to study some deep problems in nonharmonic Fourier series. After the fundamental paper
[7] by Daubechies, Grossman and Meyer, frame theory began to be widely used, particularly in
the more specialized context of wavelet frames and Gabor frames [11]. Frames have been used
in signal processing, image processing, data compression and sampling theory. The concept of
a generalization of frames to a family indexed by some locally compact space endowed with a
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Radon measure was proposed by G. Kaiser [14] and independently by Ali, Antoine and Gazeau
[5]. These frames are known as continuous frames. Gabardo and Han in [10] called these
frames associated with measurable spaces, Askari-Hemmat, Dehghan and Radjabalipour in [3]
called them generalized frames and in mathematical physics they are referred to as coherent
states [5]. In 2012, L. Gavruta [12] introduced the notion of K-frames in Hilbert space to study
the atomic systems with respect to a bounded linear operator K. Controlled frames in Hilbert
spaces have been introduced by P. Balazs [4] to improve the numerical efficiency of iterative
algorithms for inverting the frame operator. Rahimi [17] defined the concept of controlled K-
frames in Hilbert spaces and showed that controlled K-frames are equivalent to K-frames due to
which the controlled operator C can be used as preconditions in applications. Controlled frames
in C*-modules were introduced by Rashidi and Rahimi [15], and the authors showed that they
share many useful properties with their corresponding notions in a Hilbert space. We extended
the results of frames in Hilbert spaces to Hilbert C*-modules (see [13], [19], [20], [21], [22],
(23], [24], [25], [26], [27], [28], [29])
Motivated by the above literature, we introduce the notion of a continuous controlled K-frame
in Hilbert C*-modules.

In the following we briefly recall the definitions and basic properties of C*-algebra, Hilbert
o/ -modules. Our references for C*-algebras as [8, 6]. For a C*-algebra o7 if a € &7 is positive

we write a > 0 and /" denotes the set of positive elements of .27 .

Definition 1.1. [18] Let ./ be a unital C*-algebra and .77 be a left </-module, such that the
linear structures of .« and .7 are compatible. .7 is a pre-Hilbert <7 -module if .77 is equipped
with an «7-valued inner product (.,.). : 9 x J — <, such that is sesquilinear, positive
definite and respects the module action. In the other words,
(i) (x,x)o >0 forallx € .7 and (x,x), = 0if and only if x = 0.
(i) (ax+y,2) o = a{x,2) o7 + (y,2) 7 foralla € o7 and x,y,z € JZ.
(iii) (x,y) = (y,x)%, forall x,y € .

For x € 7, we define ||x|| = ]|(x,x>ﬂ||%. If 7 is complete with ||.

, 1t 1s called a Hilbert
<7/ -module or a Hilbert C*-module over 7. For every a in C*-algebra <7, we have |a| = (a*a)%

1
and the .27-valued norm on .7 is defined by |x| = (x,x) >, for x € 2.
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Let ¢ and % be two Hilbert .o/-modules, A map T : 5 — ¢ is said to be adjointable if
there exists a map 7™ : & — S such that (Tx,y),; = (x,T*y) s forallx € ¢ andy € 7 .
We reserve the notation End, (¢, %) for the set of all adjointable operators from 7 to ¢
and End’ (A, ) is abbreviated to End’, ().

Lemma 1.2. [2]. Let 5# and % two Hilbert o/ -modules and T € End},(¢). Then the
following statements are equivalente:

(1) T is surjective.

(ii) T* is bounded below with respect to norm, i.e, there is m > 0 such that |T*x|| > m||x

xex.

>

(iii) T* is bounded below with respect to the inner product, i.e, there is m' > 0 such that,
(T*x,T*x) oy >m' (x,x) 7, x € H

Lemma 1.3. [18] Let 7 and X two Hilbert </ -modules and T € End’,(). Then the fol-

lowing statements are equivalente,

(1) The operator T is bounded and <7 -linear.

(i1) There exist 0 < k such that

(Tx,Tx) oy < k{x,x) o xe .
For the following theorem, R(T) denote the range of the operator T.

Theorem 1.4. [30] Let 57 be a Hilbert <of -module over a C*-algebra </ and let T,S two
operators for End’,(J€). If R(S) is closed, then the following statements are equivalent:
(i) R(T) C R(S).
(i) TT* < A2SS* for some A > 0.
(iii) There exists Q € End () such that T = SQ.

2. CONTINUOUS CONTROLLED K-FRAME FOR HILBERT C*-MODULES

Let X be a Banach space, (Q, 1) a measure space, and f : Q — X a measurable function.
Integral of the Banach-valued function f has been defined by Bochner and others. Most prop-

erties of this integral are similar to those of the integral of real-valued functions. Since every
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C*-algebra and Hilbert C*-module is a Banach space thus we can use this integral and its prop-
erties.

Let 7 and ¥ be two Hilbert C*-modules, {7, : w € Q} is a family of subspaces of %/,
and End}, (¢, ., ) is the collection of all adjointable . -linear maps from .7 into J%;,. We
define

@weﬂf%/w = {X = {XW}WGQ Xy € t%/vv:/g ||XW||2d‘U(W) < oo}'

For any x = {x,, : w € Q} and y = {y,, : w € Q}, if the &/-valued inner product is defined by
(X, ¥) oz = Joo(Xw, Yw) zdt(w), the norm is defined by ||x|| = || (x,x>¢|\%. Therefore, ®,,cq-#y
is a Hilbert C*-module(see [14]).

Let o/ be a C*-algebra, lz(,@f ) is defined by,

P(ef) = {{ao}uea ¢ | [ avaydp(@)] <)

I?(.o7) is a Hilbert C*-module (Hilbert .27 — module) with pointwise operations and the inner

product defined as,

<{aw}weg,{bw}weg>ﬂf=1A;awbzdu(an,{aw}weg,{bw}wegezzzc@/x

and,

N —

Hawhveall = (| andydi(o))?.

Definition 2.1. Let .77 be a Hilbert .27-module over a unital C*-algebra, and K € End’,(J¢).

A mapping F: Q — 7 is called a continuous K-Frame for 77 if :

e Fis weakly-measurable, ie, for any f € 77, the map

w — (f,F(w)). is measurable on Q.

e There exist two strictly positive constants A and B such that

Q1) AK LK f)y < /Q () (F W), ) rd it (w) < BU f) g f € HE.

The elements A and B are called continuous K-frame bounds.
If A = B we call this Continuous K-Frame a continuous tight K-Frame, and if A =B =1 it is

called a continuous Parseval K-Frame. If only the right-hand inequality of (2.1) is satisfied, we
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call F a continuous bessel mapping with Bessel bound B.
Let F be a continuous bessel mapping for Hilbert C*- module .7 over .o/
The operator T :. 7 — [2(.</) defined by,

Tf={{/,F(®))x}oca

is called the analysis operator.

There adjoint operator T* : [?(.o/') — ¢ given by,

T* ({0} oca) = /Q aoF (©)du(o),

is called the synthesis operator.

By composing T and 7*, we obtain the continuous K-frame operator, S : 5 — .7 defined by

S = [ (12 F (@) F (0)du(@).

It’s clear to see that S is positive, bounded and selfadjoint (see [5]).

For the following definition we need to introduce, GL™ (2#) be the set of all positive bounded

linear invertible operators on .7’ with bounded inverse.

Definition 2.2. Let /7 be a Hilbert .«7-module over a unital C*-algebra and K € End},(¢) ,
C € GL™ (). A mapping F :Q — 7 is called a continuous C-controlled K-Frame in 7 if :

e F is weakly-measurable, ie, for any f € ¢, the map

w — (f,F(w)).s is measurable on Q.

e There exists two strictly positive constants A and B such that

22)  ACHK'f,CIK f) .y < /Q A F () (CF(W), ) oydit(w) < BUf, ) g f € .

The elements A and B are called continuous C-controlled K-frame bounds.

If A = B we call this continuous C-controlled K-Frame a continuous tight C-Controlled K-
Frame, and if A = B = 1 it is called a continuous Parseval C-Controlled K-Frame. If only the
right-hand inequality of (2.2) is satisfied, we call F a continuous C-controlled bessel mapping

with Bessel bound B.
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Example 2.3.

H=4 =1*C)

= {{an}:’_l cCr Y lan|* < +°°}.
n=1

</ is recognized as a Hilbert .<7-Module with the .o/ -inner product

<A{anbr Abadiiy > o= {anba},
Consider now the borned linear operator
C: H — H
{ant,y — H{aant,_,
where a € RY.. Then C is positive invertible and

[e)

C_l({an}:;:l) = {O‘_lan}n:l-
Let (Q, 1) the measure space where Q = [0, 1] and p is the lebesgue measure and let
F: Q — H
wo— Fo={%}_, |
In the author hand, consider the projection
K: H — H
{an},—y — (a1,..,a:,0,...)

where r is an integer (r > 2).

It’s clair that K* = K and for each f = {a,}"_; € H = [?(C), one has

(L < fj@>%<cwa>Mdmwy34ﬂ{%%}Z{{a%m&;Jaum

2 (oo}
w 2
= o —5 |an d
/[071]{ I’l2 |a‘ }n—l ‘LL(W)
o fla* "
3| n? ’
n=1

2
o o o0
A;<ffw>ﬁ<Cwa>ﬂduw0§-ﬁ;<{%hln{%hzl>ﬂ-

Hence
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Furthermore,

< CK'f.K'f >, =< (aai,..,aa0,..),(a1,...a,0,..) >y

2 2
= (alai|,..,alar]",0,...).

Then for A = 3%, one obtain
I

2 [}
_OC o |a
3rz<|01!27-~,|a,|2,o,...>s{§|,le } N
n=

The conclusion is

1 . . an?
32 <CPKf.CIPK f >< /Q SR> < CFy, [ > dp(w) < S < f.f >

Let F be a continuous C-controlled bessel mapping for Hilbert C*- module .77 over .o/

We define the operator frame

Sc: H — H by,
Scf = [ (f.F(@)CF(@)du (o).
Remark 2.4. From definition of S and S¢, we have, S¢ = CS.

Using [16] , S¢ is o7-linear and bounded. Thus, it is adjointable.

Since (Scx,x) o7 > 0, for any x € S, it result, again from [16], that S¢ is positive and selfadjoint.

Theorem 2.5. Let 5% be a Hilbert o/-module, K € End’,(), and C € GL* (). Let F :
Q — J a map. Suppose that CK = KC, R(C%) C R(K*C%) with R(K*C%) is closed. Then F is
a continuous C-controlled K-frame for 7€ if and only if there exist two constants 0 < A,B < o

such that :
(2.3) A|CIK*f|? < ||/Q<f,F(W)w(CF(W),f)%dM(W)|| <B|f|* f €.

Proof. (=) obvious.

For the converse, we suppose that 0 < A, B < oo such that :

AICHK FIP < [ (£ F (00)or (CF ), £)urdia(0) | < BISI2. S € 2.
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We have,

I FF0)ar (CF ). vt = (Sc )|
= (S f)
= l{(CS)2£.(CS) 2 f) |
=[l(cs)2 £,

Since, R(C%) C R(K*C%) with R(K*C%) is closed, then by theorem 1.4, there exists 0 < m

such that,
(C2)(C?)* <m(K*C?)(K*C?)*,
Thus,
1o, Lo, N I B
(C2)C2)f, o <m{(K*C2)(K*C2)"f, f) s
Consequently,
Ic2 £)1? < m|K*C3 £
Then,
AllC2 f11> < Am||K*C2 £ |2 < m]|(CS)2 f]|%.
Hence,
Ayl 3 El2
—[|C2f|I” < I(CS)2 f]|”
m
So,
A, 1 1
24) Zlici 1l < Ies) 1.

From lemmal.2, we have,
A 1 1 11 11
\/—<C2f,C2f>,;zf§ (C282f,C282f) .
m
Then,
(C2f.C2f) <

CSF P

&‘

So,

(CLF.CHf) oy < 1| (Scf )y

m
A

&’
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One the deduce
L 1. N 1 1 * m
(C2K*£,C2K" f)or < |[K|PC2F,C2 )y < K12\ [ (Scf o

Hence,

1

2.5
) L

@ (COK"f,COK" f)uy < (Scf o f) o
Since S¢ is positive, selfadjoint and bounded .7 -linear map, we can write
(SL.SEfor = (Scf S = [ (S F08))r (CF (), f)rdit(w).
From lemma 1.3, there exists D > 0 such that,
(SE£,SEF)r < DU S
hence,

Therfore by (2.5) and (2.6), we conclude that F is a continuous C-controlled K-frame in

Hilbert C*-module 27 with frame bounds W \/% and D. O

1
Lemma 2.6. Let C € GL" (). Suppose CSc = ScC and R(SZ) C R((CSC)%) with R((CS¢)2)
!
is closed. Then ||SEf||> < 7LH(CSC)%f||2f0r some A > 0.

Proof. By theoreml .4, there exists some A > 0 such that,

1 1

(S2)(S2)" < A(CSE)(CSE"
Hence,
(S2) S Fr )y < AU(CSE)CSE) f )y
So,

1 !
ISeA11* < ANCSfIP,f € .
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Theorem 2.7. Let F : Q —  a map and C € GL™ (). Suppose CS¢c = ScC and R(Sé) C
R((CSc) %) with R((CSC)%) is closed. Then F is a continuous C-controlled Bessel mapping with
bound B if and only if U : 1>(o/) — S defined by U({ay }weq) = [oawCF (w)du(w) is well
defined bounded with |U| < v/B||C2||.

Proof. Assume that F is a continuous C-controlled Bessel with bound B. Hence ,

I [ (7. F )} CF ). f)urdia(o)| < BIF I f € 2.

So,

(Scf. frerll < BIFIP.

In the begining, we show that U is well defined .
For each {a, },ecq € I>(#),

lU({an}oea)l> = sup  [{U({aw}oce). )l
fe | fl=1

—  sup ||</QaWCF(W)le<W)af>dH2

e || fll=1

= swp | [ an(CF (). ) du(n)

fet |fl=1 /e

< swp || [ FCFO))ACF), o) [ avaidp(w)]
fexifl=1 /o Q

= swp (| (FCF)CPn ). )| [ avaiduw]
fex =t 7 Q

— s [(CScf. Nl [ anaidu ()]

fex|IfI=1 Q

= sup  [[{(CSe)?f,(CSe)  f) ot [ {aw weall?

e || fll=1

< s OS2 Han}ocall?

e || fll=1

1
< BJI(O)2|P|{aw}wecall®.

Then,

U]l < VB|(©)?].
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Hence U is well defined and bounded.

Now, suppose that U is well defined, and

U]l < VB|(©)?].

For any f € 2 and {a,}peq € I>(<7), we have,

U (awtoca))r = (f. /Q 4, CF(W)di(w)) o
:/(a;;Cf,F(W)MdH(W)

Q
_ /Q (CF,F (W) al,du(w)

= <{<Cf7F(W)>sz}a)€§27{aw}w69>%-

Then, U has an adjoint, and

Also,

So,

Then,

2.7

U™f ={(Cf,F(W) o }oca-

lwiF=""sup  [lU{aw}eca)ll’

[({aw}wea)lI=1

= sup ||<U({aW}(DEQ)7f>LQf||2
[({aw}oco)ll=1Ilf=1

- sup I{aw}oe@. U f)o|l?
|({an}aca) [=1.]7]1=1

= sup [U*f]?
Il=1

= U*|?

U £11? = KU £, U oz | = IKUUf, f)asll = IKCScf £ .

|U* 112 = [(€Se)2 £ < BIC) L1

From lemma 2.6, we have,

1(Se)2 112 < A(CSe) 2 £

11
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for some A > 0.

Using (2.7) we get,
1 1
1(Sc)2 fII* < All(CSe)2 f11?
1
< AB|IC2||f]*.
Hence F is a continuous C-controlled Bessel mapping with Bessel bound /'LBHC% 2. O

Proposition 2.8. Let F be a continuous C-controlled K-frame for 7 with bounds A and B.

Then :

ACKK*I < Sc < B.I.

Proof. Suppose F is a continuous C-controlled K-frame with bounds A and B. Then,

ACHK 1. P < | (F.F(00)os (CF(9).f)crdp () < BUT. ).
Hence,
A(CKK™ [, f)er <(Scf, f)er < B(ff)er-
So,
ACKK*I < S¢c < B.I.

O

Proposition 2.9. Let F be a continuous C-controlled Bessel mapping for ¢, and C € GL™ ().

Then F is a continuous C-controlled K-frame for € if and only if there exists A > 0 such that:

ACKK* < CS.

Proof. (=) obvious.
(<=) Assume that there exists A > 0 such that: ACKK* < CS,

then,

Hence,

A(COK*f,CIK* f) oy < (Sc s f)er-
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Therefore,

ACHK f,CHK s < [ (1 ()r (CP(w) ) rdp ().
Hence F is a continuous C-controlled K-frame.

O

Proposition 2.10. Let C € GL* (J¢), K € End’ () and F be a continuous C-controlled K-
frame for € with lower and upper frames bounds A and B respectivelty. Suppose KC = CK
and R(C %) CR(K*C 2 )with R(K*C %) is closed. Then F is continuous K-frame for 7€ with lower

and upper frames bounds AHC_Tl 72| (C)% =2 and BHC_T1 |? respectively.

Proof. Assume that F is a continuous C-controlled K-frame with lower and upper frames bounds

A and B. From theorem 2.5, we have:

AlCIK f|* < H/Q<f,F(W)>,Q¢<CF(W)7f>¢du(W)|| <B|f|*.f €.

Then,
AK*f|? = AllC? 2K £
<A|CT|P|C2K* £
<|lc= | /Q o FW))or (CF (W), ) ardpp(w)].
So,
(2.8) AIK 2 < NIC2 PSS f)or -
Moreover,

(Scfsf)ar =(CSf.f)er
= {(CS)2£,(CS)2 f)r
=(cs)2 I
<O IP[1(5)2 11
= [l(C)2I2{(8)2£,(S)2 f)er
= [l(C)2|2(S1 . f) e
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then,
2.9) (Schof)er <(C)IPASE,f)er-
From (2.8)and (2.9), we have,
AR FI? < ICT IPIC)2 2SS f)or
= ICT IO [ (P 0)) o (F ). £)urdia(v),
Hence,
€T IO 2ANK FIP < [ (7 FO))ar (F (). £)urdia(v).
Moreover,
|| FF)ar (F0), 1) crdi )| = (S S|
=|[(C'CSf, [l
= {(C'C8) 2 £,(CTIC8) 2 f) |
=[(c'cs) £
<[ CcTIPllcs) £
= [IC7 |{(CS)2 £, (CS)2f) s
= [IC7 |CSS. f)or

;1
<= |PBIIfI>

Then F is a continuous K-frame for 7 with lower and upper frames bounds

= . L =1
AlC[72[(C)2 7% and B||C= ||,

Proposition 2.11. Let C € GL™ () and K € End’, (). We Suppose that KC = CK, R(C%) -

R(K*C %) with R(K*C %) is closed and F is a continuous K-frame for 7 with lower and upper

frames bounds A and B respectivlty.

Then F is continuous C-controlled K-frame for 7 with lower and upper frames bounds A and

IS
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Proof. Assume that F is a continuous K-frame for .# with lower and upper frames bounds A

and B. Then we have:

AKF.K £y < [ (P FO0) s (F0). S () < U
Since (K*f,K*f).y > 0 and (f, f) s > O then,
(2.10) ARSI < | [ (£ F0)or (). 1) ()] < BIFIP
Then for every f € 7,
AICIK f|[ = A K*CE £
<l [ (€1 F)or (F0).CEp) v

= I (CHFF () F(0)dR(0),CE )|

= [{C2SF,Co f) |

= [[{CSf, f) |l
= I(Sf,Cf)u |
< ISfILICE,
then
(2.11) AICEK* 11> < (Sefs Ferll < ISIICHIE

By (2.11) and theorem?2.5, we conclude that F is continuous C-controlled K-frame for .7# with

lower and upper frames bounds A and ||C||||S]|-

O

Theorem 2.12. Let C € GL" (), and F be a continuous C-controlled K-frame for 5 with
bounds A and B. Let M K € End () such that R(M) C R(K), R(K) is closed and C commutes
with M* and K*. Then F is continuous C-controlled M-frame for 7.
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Proof. Assume that F be a continuous C-controlled K-frame for .77 with bounds A and B, then,
@12)  A(CHK'S,CHK 1)y < [ (1 F )y (CF (W), ) rdia(w) S B forof € .
Since R(M) C R(K), by theorem 1.4, there exists some 0 < A such that
MM* < AKK*.

Hence,
(MM*C2f,C2f) oy < MKK*Cf,C2f) .,
then,

(MM*C2f,CEf) oy < AIKK*C2f,C3f) .

>

By (2.12), we have,

>

oL sl
M CL LM CHp)r < [ (FF (00 (CF ). ) rdia(00) < BUS )
Then F is continuous C-controlled M-frame for 27 with bounds % and B. L]

The following results gives the invariance of a continuous C-controlled Bessel mapping by a

adjointable operator.

Proposition 2.13. Let T € End’ /() such that TC = CT and F be a continuous C-controlled
Bessel mapping with bound D. Then TF is also a continuous C-controlled Bessel mapping with

bound D||T*||.

Proof. Assume that F is a continuous C-controlled Bessel mapping with bound D. Hence we

have,

/Q (f,FW)) e (CF(W), ) erdlt(w) < D(f, )z, f € H.
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We have,

JALTFO0) CTFO). Pevditw) = [ (T*FF (0)os (TCF (). 1) ()
= [ {7 £ F(04) o (CF0). T ) s ()
<D LT s
<DIT* P f)er

The result holds.
O

Now, we study the invariance of a continuous C-controlled K-frame mapping by adjointable

operator.

Theorem 2.14. Let C € GLT (), and F be a continuous C-controlled K-frame for 7€ with
bounds A and B. If T € End,(J€) with closed range such that R(K*T*) is closed and C, K, T

commute with each other. Then TF is a continuous C-controlled K-frame for R(T).

Proof. Assume that F is a continuous C-controlled K-frame with bounds A and B. Then,

A(CIK* f,CIK* f),y < /S!<f7F(W)>yi<CF(W)>f>M <B(f,f)u [ €H.

Since T has a closed range, then T has Moore-Penrose inverse T such that TT'T = T and

TITT =T%,50 TTfy ) = Inry and (TT7) =" =1 = TT".

We have, /
(K'C2f,KC2 f) oy = (TTTYK*C2f (TTT) K" C1f) oy
= (T T*K*C2f, (T T*K*C2f) oy
So,
(2.13) (K*C2f.K*Caf) oy < (T P(T K C2f, T K CE f) .
Therfore,

(2.14) (T "2(K*C2 £,K*C2 ) oy < (T*K*CIE,T*K*C2f) ..



18 FARAJ, KABBAJ, LABRIGUI, TOURI, ROSSAFI

Consequently, from theorem 1.4, and R(T*K*) C R(K*T*), there exists some A > 0 such

that,
(2.15) (T*K*C2 £, T*K*C2f) oy < MK*T*C2£,K*T*C2 f) .
Hence, using (2.14) and (2.15) we have,

<T*f7F(W)>EQ/<TCF<W>7f><Qid‘u(W)

S5~

JALTF ) CTF (). i (w) =

Q

(T f,F(W)) oy (CF (W), T* f) cyd it (w)

I
S5~

Q

> A(CIK T f,C2K*T* f) oy
> T CHR 1T ),
then,
A 1 1
@16 [(ATF)CTF(0). 1) du() = ZI T HCIK F.COK f) s

Using (2.16) and proposition2.13, the result holds.

Theorem 2.15. Let C € GL' (%) and F be a continuous C-controlled K-frame for 7 with

bounds A and B.

If T € End,(JC) is a isometry such that R(T*K*) C R(K*T*) with R(K*T*) is closed and C,

K, T commute with each other, then TF is a continuous C-controlled K-frame for 7.

Proof. Using theorem 1.4, there exists some A > 0 such that,

IT*K*Co £ < A|K*T*C2 £
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Assume A the lower bound for the continuous C-controlled K-frame F and T is an isometry

then,
A % * Z_é * % * |12
ZICS K FIP = ZIT COR £
< A[K*T*C f||?
= AllczK T g
< /Q (T £, F(w)) o (CF (), T* ) oyd i (w)
= [ AFTF00) (TCF (). )i (),
then,
A I—y
2.17) TICHK 12 < [ (1. TF () (CTF(w). ) ordia(w).

Hence, from proposition 2.13 and inequality (2.17), we conclude that TF is a continuous

C-controlled K-frame for 7# with bounds /% and B||T*|>.
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