
Available online at http://scik.org

J. Math. Comput. Sci. 2022, 12:174

https://doi.org/10.28919/jmcs/7488

ISSN: 1927-5307

ON A SUBCLASS OF ANALYTIC FUNCTIONS INVOLVING HURWITZ-LERCH
ZETA FUNCTION

K. SRIDEVI, T. SWAROOPA RANI∗

Department of Mathematics, Dr. B.R. Ambedkar Open University, Hyderabad- 500033, Telangana, India

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this work, we introduce and investigate a new class of analytic functions in the open unit disc U

with negative coefficients. The object of the present paper is to determine coefficient estimates, neighborhoods and

partial sums for functions f belonging to this class.
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1. INTRODUCTION

Let A denote the class of analytic functions f defined on the unit disk U = {z : |z|< 1} with

normalization f (0) = 0 and f ′(0) = 1. Such a function has the Taylor series expansion about

the origin in the form

(1) f (z) = z+
∞

∑
n=2

anzn,

denoted by S, the subclass of A consisting of functions that are univalent in U.

For f ∈ A given by (1) and g(z) given by

(2) g(z) = z+
∞

∑
n=2

bnzn
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their convolution (or Hadamard product), denoted by ( f ∗g), is defined as

(3) ( f ∗g)(z) = z+
∞

∑
n=2

anbnzn = (g∗ f )(z), (z ∈U).

Note that f ∗g ∈ A.

A function f ∈ A is said to be in k−US(γ), the class of k−uniformly starlike functions of

order γ,0≤ γ < 1, if satisfies the condition

(4) ℜ

{
z f ′(z)
f (z)

}
> k
∣∣∣∣z f ′(z)

f (z)
−1
∣∣∣∣+ γ, (k ≥ 0)

and a function f ∈ A is said to be in k−UC(γ), the class of k−uniformly convex functions of

order γ,0≤ γ < 1, if satisfies the condition

(5) ℜ

{
1+

z f ′′(z)
f ′(z)

}
> k
∣∣∣∣z f ′′(z)

f ′(z)

∣∣∣∣+ γ, (k ≥ 0).

Uniformly starlike and uniformly convex functions were first introduced by Goodman [5] and

then studied by various authors. In [12], Sakaguchi defined the class Ss of starlike functions with

respect to symmetric points as follows: Let f ∈ A. Then f is said to be starlike with respect to

symmetric points in U if and only if

ℜ

{
2z f ′(z)

f (z)− f (−z)

}
> 0, (z ∈U).

Recently, Owa et al. [10] defined the class Ss(α, t) as follows:

ℜ

{
(1− t)z f ′(z)
f (z)− f (tz)

}
> α, (z ∈U),

where 0 ≤ α < 1, |t| ≤ 1, t 6= 1. Note that Ss(0,−1) = Ss and Ss(α,−1) = Ss(α) is called

Sakaguchi function of order α.

In [8] Mustafa and Darus hzve recently introduced a new generalized integral operator

Jα
µ,b f (z) as we show in the following:

Definition 1.1. A general Hurwitz- Lerch Zeta function Φ(z,µ,b) defined by

Φ(z,µ,b) =
∞

∑
n=0

zn

(n+b)µ
,
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where (µ ∈C,b ∈C−Z−0 ) when |z|< 1, and R(b)> 1 when (|z|= 1).

We define the function

Φ
∗(z,µ,b) = (bµzΦ(z,µ,b))∗ f (z),

then

Φ
∗(z,µ,b) = z+

∞

∑
n=2

an

(n+b−1)µ
zn

Definition 1.2. Let the function f be analytic in a simply connected domain of the z-plane

containg the orgin. The fractional derivative of f of order α is defined by

Dα
z f (z) =

1
Γ(1−α)

d
dz

∫ z

0

f (t)
(z− t)α

dt, (0≤ α < 1),

where the multiplycity of (z−t)−α is removed by requiring log(z−t) to be real when (z−t)> 0.

Using Definition 1.2 and and its known extensions involving fractional derivatives and frac-

tional integrals, Owa and Srivastava [9] introduced the operator Ωα : A→ A which is known as

an extension of fractional derivative and fractional integral, as follows:

Ω
α f (z) = Γ(2−α)zαDα

z f (z), (α 6= 2,3,4, ...)

= z+
∞

∑
n=2

Γ(n+1)Γ(2−α)

Γ(n+1−α)
anzn, (z ∈U)

For α ∈ C,b ∈ C−Z−0 , and 0 ≤ α < 1, the generalized integral operator Jα
µ,b f : A→ A, is

defined by

Jα
µ,b f (z) = Γ(2−α)zαDα

z Φ
∗(z,α,b), (α 6= 2,3,4, ...)

= z+
∞

∑
n=2

Φn(µ,b,α) anzn, (z ∈U).

where Φn(µ,b,α) =
Γ(n+1)zα Dα

z Φ∗(z,α,b)
Γ(n+1−α)

( b
n−1+b

)µ

Note that : J00,b f (z) = f (z).

Special cases of this operator include :

(i). Jα
0,b f (z)≡Ωα f (z) is Owa and Srivastava operator [9].

(ii). J0
µ,b+1 f (z)≡ Jµ,b f (z) is the Srivastava and Attiya integral operator[19].
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(iii). J01,1 f (z)≡ A( f )(z) is the Alexander integral operator [1].

(iv). J0µ+1,1 f (z)≡ L( f )(z) is the Libera integral operator [7].

(v). J01,δ f (z)≡ Lδ ( f )(z) is the Bernardi integral operator [3].

(vi). J0σ ,2 f (z)≡ Iσ f (z) is the Jung-Kim-Kim-Srivastava integral operator [6].

Now, by making use of the Hurwitz - Lerch zeta operator Jα
µ,b f , we define a new subclass of

functions belonging to the class A.

Definition 1.3. A function f ∈ A is said to be in the class k−USs(α,b,µ,γ, t) if for all z ∈U

ℜ


(1− t)z

(
Jα

µ,b f (z)
)′

Jα
µ,b f (z)−Jα

µ,b f (tz)

≥ k

∣∣∣∣∣∣∣
(1− t)z

(
Jα

µ,b f (z)
)′

Jα
µ,b f (z)−Jα

µ,b f (tz)
−1

∣∣∣∣∣∣∣+ γ,

for k ≥ 0, |t| ≤ 1, t 6= 1,0≤ γ < 1.

Furthermore, we say that a function f ∈ k −USs(α,b,µ,γ, t) is in the subclass k −

ŨSs(α,b,µ,γ, t) if f (z) is of the following form

(6) f (z) = z−
∞

∑
n=2

anzn, an ≥ 0, (n ∈ N, z ∈U).

The aim of the present paper is to study the coefficient bounds, partial sums and certain

neighborhood results of the class k−ŨSs(α,b,µ,γ, t).

Firstly, we shall need the following lemmas [2].

Lemma 1.4. Let w be a complex number. Then

ℜ(w)≥ ν if and only if |w− (1+ν)| ≤ |w+(1−ν)|.

Lemma 1.5. Let w be a complex number and ν ,ς be real numbers. Then

ℜ (w)> ν |w−1|+ ς if and only if ℜ{w(1+νeiθ )−νeiθ}> ς , −π < θ < π.

2. COEFFICIENT BOUNDS OF THE FUNCTION CLASS k−ŨSs(α,b,µ,γ, t)

Theorem 2.1. The function f defined by (6) is in the class k−ŨSs(α,b,µ,γ, t) if and only if

(7)
∞

∑
n=2

φn(α,b,µ)|n(k+1)−un(k+ γ)|an ≤ 1− γ,
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where k ≥ 0, |t| ≤ 1, t 6= 1,0≤ γ < 1 and un = 1+ t + · · ·+ tn−1.

The result is sharp for the function f (z) given by

f (z) = z− 1− γ

φn(α,b,µ)|n(k+1)−un(k+ γ)|
zn.

Proof. By Definition 1.3, we get

ℜ


(1− t)z

(
Jα

µ,b f (z)
)′

Jα
µ,b f (z)−Jα

µ,b f (tz)

≥ k

∣∣∣∣∣∣∣
(1− t)z

(
Jα

µ,b f (z)
)′

Jα
µ,b f (z)−Jα

µ,b f (tz)
−1

∣∣∣∣∣∣∣+ γ.

Then by Lemma 1.5, we have

ℜ


(1− t)z

(
Jα

µ,b f (z)
)′

Jα
µ,b f (z)−Jα

µ,b f (tz)
(1+ keiθ )− keiθ

≥ γ, −π < θ < π

or equivalently

(8) ℜ


(1− t)z

(
Jα

µ,b f (z)
)′
(1+ keiθ )

Jα
µ,b f (z)−Jα

µ,b f (tz)
−

keiθ
[
Jα

µ,b f (z)−Jα
µ,b f (tz)

]
Jα

µ,b f (z)−Jα
µ,b f (tz)

≥ γ.

Let F(z) = (1− t)z
(
Jα

µ,b f (z)
)′
(1+ keiθ )− keiθ

[
Jα

µ,b f (z)−Jα
µ,b f (tz)

]
and E(z) = Jα

µ,b f (z)−Jα
µ,b f (tz).

By Lemma 1.4, (8) is equivalent to

|F(z)+(1− γ)E(z)| ≥ |F(z)− (1+ γ)E(z)|, for 0≤ γ < 1.

But

|F(z)+(1− γ)E(z)|=
∣∣∣(1− t)

{
(2− γ)z−

∞

∑
n=2

φn(α,b,µ)(n+un(1− γ))anzn

− keiθ
∞

∑
n=2

φn(α,b,µ)(n−un)anzn}∣∣∣
≥|1− t|

{
(2− γ)|z|−

∞

∑
n=2

φn(α,b,µ)|n+un(1− γ)|an|zn|

− k
∞

∑
n=2

φn(α,b,µ)|n−un|an|zn|
}
.
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Also

|F(z)− (1+ γ)E(z)|=
∣∣∣(1− t)

{
− γz−

∞

∑
n=2

φn(α,b,µ)(n−un(1+ γ))anzn

− keiθ
∞

∑
n=2

φn(α,b,µ)(n−un)anzn}∣∣∣
≤|1− t|

{
γ|z|+

∞

∑
n=2

φn(α,b,µ)|n−un(1+ γ)|an|zn|

+ k
∞

∑
n=2

φn(α,b,µ)|n−un|an|zn|
}
.

So

|F(z)+(1− γ)E(z)|− |F(z)− (1+ γ)E(z)|

≥ |1− t|
{

2(1− γ)|z|−
∞

∑
n=2

φn(α,b,µ)
[
|n+un(1− γ)|+ |n−un(1+ γ)|

+2k|n−un|
]
an|zn|

}
≥ 2(1− γ)|z|−

∞

∑
n=2

2φn(α,b,µ)
∣∣n(k+1)−un(k+ γ)

∣∣an|zn| ≥ 0

or
∞

∑
n=2

φn(α,b,µ)
∣∣n(k+1)−un(k+ γ)

∣∣an ≤ 1− γ.

Conversely, suppose that (7) holds. Then we must show

ℜ


(1− t)z

(
Jα

µ,b f (z)
)′
(1+ keiθ )− keiθ

[
Jα

µ,b f (z)−Jα
µ,b f (tz)

]
Jα

µ,b f (z)−Jα
µ,b f (tz)

≥ γ.

Upon choosing the values of z on the positive real axis where 0≤ |z|= r < 1, the above inequal-

ity reduces to

ℜ


(1− γ)−

∞

∑
n=2

φn(α,b,µ)[n(1+ keiθ )−un(γ + keiθ )]anzn−1

1−
∞

∑
n=2

φn(α,b,µ)unanzn−1

≥ 0.

Since ℜ(−eiθ )≥−|eiθ |=−1, the above inequality reduces to

ℜ


(1− γ)−

∞

∑
n=2

φn(α,b,µ)[n(1+ k)−un(γ + k]anrn−1

1−
∞

∑
n=2

φn(α,b,µ)unanrn−1

≥ 0.
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Letting r→ 1−, we have desired conclusion. �

Corollary 2.2. If f (z) ∈ k−ŨSs(α,b,µ,γ, t) then

an ≤
1− γ

φn(α,b,µ)|n(k+1)−un(k+ γ)|

where k ≥ 0, |t| ≤ 1, t 6= 1,0≤ γ < 1 and un = 1+ t + · · ·+ tn−1.

3. NEIGHBORHOOD OF THE FUNCTION CLASS k−ŨSs(α,b,µ,γ, t)

Following the earlier investigations (based upon the familiar concept of neighborhoods of

analytic functions) by Goodman [4], Ruscheweyh [11] and Santosh et al. [13], we define the

neighborhood of a function f ∈ T.

Definition 3.1. Let k ≥ 0, |t| ≤ 1, t 6= 1,0≤ γ < 1,α ≥ 0 and un = 1+ t + · · ·+ tn−1. We define

the α−neighborhood of a function f ∈ T and denote by Nα( f ) consisting of all functions g(z) =

z−
∞

∑
n=2

bnzn ∈ S(bn ≥ 0,n ∈ N) satisfying

∞

∑
n=2

φn(α,b,µ)|n(k+1)−un(k+ γ)|
1− γ

|an−bn| ≤ 1−α.

Theorem 3.2. Let f (z) ∈ k−ŨSs(α,b,µ,γ, t) and ℜ(γ) 6= 1. For any complex number ε with

|ε|< α(α ≥ 0), if f satisfies the following condition:

f (z)+ εz
1+ ε

∈ k−ŨSs(α,b,µ,γ, t)

then Nα( f )⊂ k−ŨSs(α,b,µ,γ, t).

Proof. It is obvious that f ∈ k−ŨSs(α,b,µ,γ, t) if and only if∣∣∣∣∣∣∣
(1− t)z

(
Jα

µ,b f (z)
)′
(1+ keiθ )− (keiθ +1+ γ)

(
Jα

µ,b f (z)−Jα
µ,b f (tz)

)
(1− t)z

(
Jα

µ,b f (z)
)′
(1+ keiθ )+(1− keiθ − γ)

(
Jα

µ,b f (z)−Jα
µ,b f (tz)

)
∣∣∣∣∣∣∣< 1,

−π < θ < π.

For any complex number s with |s|= 1, we have

(1− t)z
(
Jα

µ,b f (z)
)′
(1+ keiθ )− (keiθ +1+ γ)

(
Jα

µ,b f (z)−Jα
µ,b f (tz)

)
(1− t)z

(
Jα

µ,b f (z)
)′
(1+ keiθ )+(1− keiθ − γ)

(
Jα

µ,b f (z)−Jα
µ,b f (tz)

) 6= s.
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In other words, we must have

(1− s)(1− t)z
(
Jα

µ,b f (z)
)′
(1+ keiθ )− (keiθ +1+ γ + s(−1+ keiθ + γ))

×
(
Jα

µ,b f (z)−Jα
µ,b f (tz)

)
6= 0

which is equivalent to

z−
∞

∑
n=2

φn(α,b,µ)
(
(n−un)(1+ keiθ − skeiθ )− s(n+un)−unγ(1− s)

)
γ(s−1)−2s

zn 6= 0.

However, f ∈ k−ŨSs(α,b,µ,γ, t) if and only ( f∗h)
z 6= 0, z∈U−{0}, where h(z) = z−

∞

∑
n=2

cnzn

and

cn =
φn(α,b,µ)

(
(n−un)(1+ keiθ − skeiθ )− s(n+un)−unγ(1− s)

)
γ(s−1)−2s

.

We note that

|cn| ≤
φn(α,b,µ) |n(1+ k)−un(k+ γ)|

1− γ

since f (z)+εz
1+ε

∈ k−ŨSs(α,b,µ,γ, t), therefore z−1
(

f (z)+εz
1+ε

∗h(z)
)
6= 0, which is equivalent to

(9)
( f ∗h)(z)
(1+ ε)z

+
ε

1+ ε
6= 0.

Now suppose that
∣∣∣ ( f∗h)(z)

z

∣∣∣< α. Then by (9), we must have∣∣∣∣( f ∗h)(z)
(1+ ε)z

+
ε

1+ ε

∣∣∣∣≥ |ε|
|1+ ε|

− 1
|1+ ε|

∣∣∣∣( f ∗h)(z)
z

∣∣∣∣
>
|ε|−α

|1+ ε|
≥ 0,

this is a contradiction by |ε|< α and however, we have
∣∣∣ ( f∗h)(z)

z

∣∣∣≥ α.

If g(z) = z−
∞

∑
n=2

bnzn ∈ Nα( f ) then

α−
∣∣∣∣(g∗h)(z)

z

∣∣∣∣≤ ∣∣∣∣(( f −g)∗h)(z)
z

∣∣∣∣≤ ∞

∑
n=2
|an−bn||cn||zn|

<
∞

∑
n=2

φn(α,b,µ)|n(1+ k)−un(k+ γ)|
1− γ

|an−bn|

≤ α.

�
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4. PARTIAL SUMS OF THE FUNCTION CLASS k−ŨSs(α,b,µ,γ, t)

In this section, applying methods used by Silverman [15] and Silvia [16], we investigate the

ratio of a function of the form (6) to its sequence of partial sums fm(z) = z+
m
∑

n=2
anzn.

Theorem 4.1. If f ∈ k−ŨSs(α,b,µ,γ, t) then

(10) ℜ

{
f (z)
fm(z)

}
≥
(

δm+1φm+1(α,b,µ)−1+ γ

δm+1φm+1(α,b,µ)

)
where

(11) δn = δn(k,γ,un)φn(α,b,µ)≥

 1− γ, if n = 2,3, · · · ,m;

δm+1φm+1(α,b,µ), if n = m+1,m+2, · · ·

and

δn = δn(k,γ,un) = n(1+ k)−un(k+ γ).

The result in (10) is sharp with the following given by

(12) f (z) = z+
1− γ

δm+1φm+1(α,b,µ)
zm+1.

Proof. Define the function w, we may write

1+w(z)
1−w(z)

=
δm+1φm+1(α,b,µ)

1− γ

{
f (z)
fm(z)

− δm+1φm+1(α,b,µ)−1+ γ

δm+1φm+1(α,b,µ)

}

=


1+

m
∑

n=2
anzn−1 +

(
δm+1φm+1(α,b,µ)

1−γ

) ∞

∑
n=m+1

anzn−1

1+
m
∑

n=2
anzn−1

 .(13)

It suffices to show that |w(z)| ≤ 1. Now, from (13), we can obtain

w(z) =

(
δm+1φm+1(α,b,µ)

1−γ

) ∞

∑
n=m+1

anzn−1

2+2
m
∑

n=2
anzn−1 +

(
δm+1φm+1(α,b,µ)

1−γ

) ∞

∑
n=m+1

anzn−1
.

Hence we obtain

|w(z)| ≤

(
δm+1φm+1(α,b,µ)

1−γ

) ∞

∑
n=m+1

|an|

2−2
m
∑

n=2
|an|−

(
δm+1φm+1(α,b,µ)

1−γ

) ∞

∑
n=m+1

|an|
.
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Now |w(z)| ≤ 1 if

2
(

δm+1φm+1(α,b,µ)
1− γ

)
∞

∑
n=m+1

|an| ≤ 2−2
m

∑
n=2
|an|,

or, equivalently

m

∑
n=2
|an|+

(
δm+1φm+1(α,b,µ)

1− γ

)
∞

∑
n=m+1

|an| ≤ 1.

From the condition (7), it is sufficient to show that

m

∑
n=2
|an|+

(
δm+1φm+1(α,b,µ)

1− γ

)
∞

∑
n=m+1

|an| ≤
∞

∑
n=2

δnφn(α,b,µ)
1− γ

|an|

which is equivalent to

(14)
m

∑
n=2

(
δnφn(α,b,µ)−1+ γ

1− γ

)
|an|+

∞

∑
n=m+1

(
δnφn(α,b,µ)−δn+1φn+1(α,b,µ)

1− γ

)
|an| ≥ 0.

To see that the function gives by (12) given the sharp result, we observe that for z = re
iπ
n

f (z)
fm(z)

=1+
1− γ

δm+1φm+1(α,b,µ)
zn→ 1− 1− γ

δm+1φm+1(α,b,µ)

=
δm+1φm+1(α,b,µ)−1+ γ

δm+1φm+1(α,b,µ)
, when r→ 1−.

�

Theorem 4.2. If f ∈ k−ŨSs(α,b,µ,γ, t) then

(15) ℜ

{
fm(z)
f (z)

}
≥ δm+1φm+1(α,b,µ)

δm+1φm+1(α,b,µ)+1− γ
, (z ∈U)

where δm+1φm+1(α,b,µ)≥ 1− γ and

(16) δnφn(α,b,µ)≥

 1− γ, if n = 2,3, · · · ,m;

δm+1φm+1(α,b,µ), if n = m+1,m+2, · · · .

The result (15) is sharp with the function given by (12).
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Proof. We write

1+w(z)
1−w(z)

=
δm+1φm+1(α,b,µ)+1− γ

1− γ

{
fm(z)
f (z)

− δm+1φm+1(α,b,µ)
δm+1φm+1(α,b,µ)+1− γ

}

=


1+

m
∑

n=2
anzn−2−

(
δm+1φm+1(α,b,µ)

1−γ

) ∞

∑
n=m+1

anzn−1

1+
∞

∑
n=2

anzn−1


|w(z)| ≤

(
δm+1φm+1(α,b,µ)+1−γ

1−γ

) ∞

∑
n=m+1

|an|

2−2
m
∑

n=2
|an|−

(
δm+1φm+1(α,b,µ)+1−γ

1−γ

) ∞

∑
n=m+1

|an|
≤ 1.

This last inequality is equivalent to

m

∑
n=2
|an|+

∞

∑
n=m+1

(
δm+1φm+1(α,b,µ)

1− γ

)
|an| ≤ 1.

Making use of (7) to get (14). Finally, equality holds in (15) for the extremal furcation f (z)

given by (12). �

Theorem 4.3. If f ∈ k−ŨSs(α,b,µ,γ, t) then

ℜ

{
f ′(z)
f ′m(z)

}
≥
(

δm+1φm+1(α,b,µ)− (1− γ)(m+1)
δm+1φm+1(α,b,µ)

)
, (z ∈U)(17)

and ℜ

{
f ′m(z)
f ′(z)

}
≥
(

δm+1φm+1(α,b,µ)
δm+1φm+1(α,b,µ)+(1− γ)(m−1)

)
, (z ∈U)(18)

where δm+1φm+1(α,b,µ)≥ (m+1)(1− γ) and

δnφn(α,b,µ)≥

 n(1− γ), if n = 1,2,3, · · · ,m;

n
(

δm+1φm+1(α,b,µ)
m+1

)
, if n = m+1,m+2, · · · .

The results are sharp with the function given by (12).

Proof. We write

1+w(z)
1−w(z)

=

(
δm+1φm+1(α,b,µ)
(m+1)(1− γ)

){
f ′(z)
f ′m(z)

−
(

δm+1φm+1(α,b,µ)− (1− γ)(m+1)
δm+1φm+1(α,b,µ)

)}
where

w(z) =

(
δm+1φm+1(α,b,µ)

(m+1)(1−γ)

) ∞

∑
n=m+1

nanzn−1

2+2
m
∑

n=2
nanzn−1 +

(
δm+1φm+1(α,b,µ)

(m+1)(1−γ)

) ∞

∑
n=m+1

nanzn−1
.
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Now |w(z)| ≤ 1 if and only if

m

∑
n=2

n|an|+
(

δm+1φm+1(α,b,µ)
(m+1)(1− γ)

)
∞

∑
n=m+1

n|an| ≤ 1.

From the condition (7), it is sufficient to show that

m

∑
n=2

n|an|+
(

δm+1φm+1(α,b,µ)
(m+1)(1− γ)

)
∞

∑
n=m+1

n|an| ≤
∞

∑
n=2

δnφn(α,b,µ)
1− γ

|an|

which is equivalent to

m

∑
n=2

δnφn(α,b,µ)− (1− γ)n
1− γ

|an|+
∞

∑
n=m+1

(m+1)δnφn(α,b,µ)−nδm+1φm+1(α,b,µ)
(m+1)(1− γ)

|an| ≥ 0.

To prove the result (18), define the function w(z)

1+w(z)
1−w(z)

=

(
(m+1)(1− γ)+δm+1φm+1(α,b,µ)

(m+1)(1− γ)

)
×
{

f ′m(z)
f ′(z)

−
(

δm+1φm+1(α,b,µ)
δm+1φm+1(α,b,µ)+(m+1)(1− γ)

)}
where

w(z) =
−
(

1+ δm+1φm+1(α,b,µ)
(m+1)(1−γ)

) ∞

∑
n=m+1

nanzn−1

2+2
m
∑

n=2
nanzn−1 +

(
1− δm+1φm+1(α,b,µ)

(m+1)(1−γ)

) ∞

∑
n=m+1

nanzn−1
.

Now |w(z)| ≤ 1 if and only if

(19)
m

∑
n=2

n|an|+
(

δm+1φm+1(α,b,µ)
(m+1)(1− γ)

)
∞

∑
n=m+1

n|an| ≤ 1.

It suffices to show that the left hand side of (19) is bounded above by the condition

∞

∑
n=2

δnφn(α,b,µ)
1− γ

|an|

which is equivalent to

m

∑
n=2

(
δnφn(α,b,µ)

1− γ
−n
)
|an|+

∞

∑
n=m+1

(
δnφn(α,b,µ)

1− γ
− δm+1φm+1(α,b,µ)

(m+1)(1− γ)

)
n|an| ≥ 0.

�
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