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Abstract. In this paper, soft union semigroups, soft union left (right, two-sided) ideals and bi-ideals of semigroups
are defined, their properties and interrelations are given and regular, intra-regular, completely regular, weakly
regular and quasi-regular semigroups are characterized in terms of these ideals. This paper is a new approach to
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1. Introduction

Soft set theory was introduced by Molodtsov [1] in 1999 as a new mathematical tool for
dealing with uncertainties. It has seen a many applications in algebraic structures such as groups
[2,3], semirings [4], rings [5], BCK/BClI-algebras [6,7,8], BL-algebras [9], near-rings [10] and

soft substructures and union soft substructures [11,12] since its inception.
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Soft set operations has been studied by [13], [14], [15], [16] as well and soft set theory has
also a wide-ranging applications as in the following studies: [17,18,19,20,21,22,23].

In this paper, with the concept of soft union semigroup, a new approach to semigroup theory
via soft set theory is made. The paper reads as follows: In Section 2, we remind some basic
definitions about soft sets and semigroups. In Section 3, we define soft union product and ob-
tain its basic properties. In Section 4, soft union semigroup, Section 5, soft union left (right,
two-sided) ideals, Section 6, soft union bi-ideals and soft union semiprime ideals are defined
and studied with respect to soft set operations and soft union product. In the following five sec-
tions, regular, intra-regular, completely regular, weakly regular and quasi-regular semigroups

are characterized by the properties of these ideals, respectively.
2. Preliminaries

In this section, we recall some basic notions relevant to semigroups and soft sets. A semi-
group S is a nonempty set with an associative binary operation. Note that throughout this paper,
S denotes a semigroup.

A nonempty subset A of S is called a subsemigroup of S if AA C A and is called a right ideal
of S if AS C A and is called a left ideal of S if SA C A. By two-sided ideal (or simply ideal),
we mean a subset of S, which is both a left and right ideal of S. A subsemigroup X of S is
called a bi-ideal of S if XSX C X. A subset P of a semigroup S is called semiprime if Va € S,
a’® € P implies that a € P. We denote by L[a](R[a],J[a], B[a]), the principal left ideal (right ideal,

two-sided ideal, bi-ideal) of a semigroup S generated by a € §, that is,

Lla] = {a}USa,

Rla] = {a}UaS,

Jla] = {a}USaUaSUSaS
Bla) = {a}u{d*}UaSa

[152)

A semilattice is a structure S = (S,.), where “.” is an infix binary operation, called the semi-

lattice operation, such that “.” is associative, commutative and idempotent. For all undefined

concepts and notions about semigroups, we refer to [24,25,26]. Note that, throughout this paper
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the product of ordered pairs will be considered componentwise. From now on, U refers to an
initial universe, E is a set of parameters, P(U) is the power set of U and A,B,C C E.

Definition 2.1. ([1,18]) A soft set fa over U is a set defined by
fa:E — P(U) such thatfs(x) =0 if x ¢ A.

Here fy is also called an approximate function. A soft set over U can be represented by the set

of ordered pairs

Ja={(xfa(x)) :x € E, fax) € P(U)}.

It is clear to see that a soft set is a parametrized family of subsets of the set U. Note that the
set of all soft sets over U will be denoted by S(U).
Definition 2.2. [18] Let fa, fg € S(U). Then, f4 is called a soft subset of fp and denoted by
FaC i if fo(3) € fa(x) for all x € E.
Definition 2.3. [18] Let fa, f3 € S(U). Then, union of fx and fg, denoted by fAUf3, is defined
as faUfs = faop where fyop(x) = fa(x) U fz(x) for all x € E.
Definition 2.4. [18] Let f1, fz € S(U). Then, intersection of fy and fp, denoted by foNfp, is
defined as faN\fg = fimp where fymp(x) = fa(x) N fg(x) for all x € E.
Definition 2.5. [18] Let fs, fp € S(U). Then, N-product of fa and fp, denoted by fa A fp, is

defined as fa N fp = fanp, where fapp(x,y) = fa(x) N f(y) forall (x,y) € E X E.

Definition 2.6. [27] Let fx and fp be soft sets over the common universe U and ¥ be a function

from A to B. Then, soft anti image of fx under ¥, denoted by Y*(fa), is a soft set over U by

a)la an a)=>b}, if ¢! ,

0, otherwise

for all b € B. And soft pre-image (or soft inverse image) of fg under P, denoted by ¥~ (f3), is
a soft set over U by (¥~ (f3))(a) = fz(¥(a)) for all a € A.

Definition 2.7. [28] Let fa be a soft set over U and oo C U. Then, lower o-inclusion of fa,

denoted by L (fx; @), is defined as

L(fa:a)={xeAlfalx) Ca}.
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3. Soft union product and soft anti characteristic function

In this section, we define soft union product and soft anti characteristic function and study

their properties.
Definition 3.1. Let fs and gs be soft sets over the common universe U. Then, soft union product

[fs*gs is defined by

Nimy A fs(V) Ugs(2)}, if Jy,z €S such that x =yz,

U, otherwise

(fs*gs)(x) =

forall x € S.
Note that soft union product is abbreviated by soft uni-product in what follows.

Example 3.2. Consider the semigroup S = {a,b,c,d} defined by the following table:
a b c d

ala a a a
bla a a a
cla a b a

dla a b b

LetU = Dy = {< x,y >: x> = y> = e,xy = yx} = {e,x,y,yx} be the universal set. Let fs and gs
be soft sets over U such that fs(a) = {e,y,yx}, fs(b) ={e,x}, fs(c) ={y,yx}, fs(d) = {e,x,y}
and gs(a) = {x,y}, gs(b) = {e,yx}, gs(c) = {yx}, gs(d) = {e,y}. Since b = cc, b = dc and
b =dd, then

(fs*8s)(b) = {fs(c)Ugs(c)} N{fs(d) Ugs(c)} N{fs(d) Ugs(d)} = {y}

Similarly, (fs*gs)(a) =0, (fs*gs)(c) = (fs*gs)(d) =U.
Theorem 3.3. Let fs,g5,hs € S(U). Then,
i) (fs*gs)xhs = fs*(gs*hs).
ii) fsxgs # gs* fs, generally.
iii) fs* (gsUhs) = (fs*gs)U(fs*hs) and (fsUgs) * hs = (fs*hs)O(gs * hs).
iv) fs*(gsOhs) = (fs*gs)N(fs*hs) and (fsNgs) * hs = (fs*hs)N(gs * hs).



SOFT UNION SEMIGROUPS, IDEALS AND BI-IDEALS 5

v) If fsCgs, then fsxhsCggs*hg and hg * fsChg * gs.
vi) If ts,ls € S(U) such that tsC fs and IsCgg, then tg* [sC fg* gs.

Proof. i) and ii) follows from Definition 3.1. and Example 3.2.

iii) Let a € S. If a is not expressible as a = xy, then (fs * (gsUhs))(a) = U. Similarly,

((fs*gs)O(fs*hs))(a) = (fs*gs)(a)U(fs*hs)(a) =UUU =U

Now, let there exist x,y € S such that a = xy. Then,

(fs*(gsUhs))(a) = [ (fs(x)U(gsUhs)(y))

= [ (fs(x)U(gs(y) Uhs(y))
a=xy
= O[(fS(x)UgS(y))U(fS(X)UhS(y))]
= [N (s UesONIVIN (fslr) Uas())]

= (fsxgs)(a)U(fs*hs)(a)
= [(fs*gs)O(fs*hs)](a)

Thus, (fsUgs) * hs = (fs* hs)U(gs * hs) and (iv) can be proved similarly.

v) Let x € S. If x is not expressible as x = yz, then (fs*hs)(x) = (gs*hs)(x) = U. Otherwise,

(fsxhs)(x) = [ (fs(y)Uhs(z))

X=yz

C () (gs(y)Uhs(2)) (since fs(y) € gs(y))

X=yz

= (gs*hs)(x)

Similarly, one can show that hg * fsChg * gs.

(vi) can be proved similar to (v).
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Definition 3.4. Let X be a subset of S. We denote by #x« the soft characteristic function of the

complement X and define as

0, if xeX,
yXC(X):
U, if xeS\X

Theorem 3.5. Let X and Y be nonempty subsets of a semigroup S. Then, the following proper-
ties hold:

i) IfY C X, then SxcC. Fye.
ii) SxeNFye = Fxeaye, SxeUFye = Fxeyye.

Proof. i) is straightforward by Definition 3.4.
ii) Let s be any element of S. Suppose s € X“NY“. Then, s € X¢ and s € Y°. Thus, we have
(FxeNFye)(s) = Fxe(s) N Fye(s) =UNU = U = Fyerye(s)
Suppose s ¢ X“NY°. Then, s ¢ X or s ¢ Y. Hence, we have
(FeNFye)(s) = Fxe(s) N Fye(s) = 0 = Fxerye(s)
Let s be any element of S. Suppose s € X UY*. Then, s € X¢ or s € Y°. Thus, we have
(FxeUFye)(s) = Fxe(s)U.Fye(s) = U = Fyeuye(s)
Suppose s ¢ X“UYC. Then, s € S and s € Y. Hence, we have

(YXCLNJch)(s) = <yXC(S) UyYC(S) =0= yXCUYC(S)

4. Soft union semigroup

In this section, we define soft union semigroups, study their basic properties with respect to

soft operations and soft uni-product.
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Definition 4.1. Let S be a semigroup and fs be a soft set over U. Then, fs is called a soft union
semigroup of S, if
fs(xy) € fs(x) U fs(y)

forall x,y € S.

For the sake of brevity, soft union semigroup is abbreviated by SU-semigroup in what fol-

lows.

Example 4.2. Let S = {a,b,c,d} be the semigroup in Example 2.1. and fs be a soft set
over U = 83, symmetric group. If we construct a soft set such that fs(a) = {(1)}, fs(b) =

{(1),(123)}, fs(c) ={(1),(12),(123)}, fs(d) ={(1),(123)} then, one can easily show that fs

is an SU-semigroup over U.

Now, let U = | x,y € Zy p, 2 X 2 matrices with Z3 terms, be the universal set.
0 x

We construct a soft set gs over U by

0 0 1 0
gS(a) = ) )
0 0 01
0 0 1 0 20
gS(b) = ’ ) 5
0 0 01 0 2
10 20
gS(C) = )
01 0 2
00 2 0
gS(d) = ) .
00 2 0

Then, since
gs(dd) = gs(b) £ gs(d)Ugs(d),
gs is not an SU-semigroup over U.

Note 4.3. It is easy to see that if fs(x) = 0 for all x € S, then fs is an SU-semigroup over U. We
denote such a kind of SU -semigroup by 6. It is obvious that © = Sse, le. 5()6) =0 forallx €S.

Lemma 4.4. Let fs be any SU-semigroup over U. Then, we have the followings:
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i) 0 % 5§5

ii) fox 026 and 0  fs20.

i) £s10 = 0 and £s00 = fs.

Theorem 4.5. Let fs be a soft set over U. Then, fs is an SU-semigroup over U if and only if
fs* fs2fs

Proof. Assume that fg is an SU-semigroup over U. Let a € S. If (fs* fs)(a) = U, then it is

obvious that
(fs* fs)(a) 2 fs(a), thus fs* fs2fs.

Otherwise, there exist elements x,y € § such that a = xy. Then, since fs is an SU-semigroup

over U, we have:

(fsxfs)a) = () (fs(x)Ufs())

a=xy

D ) fs(xy)

a=xy

= () fs(a)

a=xy

= fs(a)

Thus, fs* fs2 fs.

Conversely, assume that fg * fsi fs. Letx,y € S and a = xy. Then, we have:

fstxy) = fs(a)
C (fs*fs)(a)
= [ (fsx)Ufs(y))

a=xy

C fs(x)Ufs(y)

Hence, fs is an SU-semigroup over U. This completes the proof.
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Theorem 4.6. A non-empty subset A of a semigroup of S is a subsemigroup of S if and only if
the soft subset fs defined by

a, if x€S\A,
B, if xeA

Ss(x) =

is an SU -semigroup, where o, 3 C U such that o« O 3.

Proof. Suppose A is a subsemigroup of S and x,y € S. If x,y € A, then xy € A. Hence, fs(xy) =

fs(x) = fs(y) = B and so, fs(xy) C fs(x)Ufs(y). If x,y ¢ A, then xy € A or xy ¢ A. In any case,
fs(xy) C fs(x)U fs(y) = o. Thus, fs is an SU-semigroup.
Conversely assume that fs is an SU-semigroup of S. Let x,y € A. Then, fs(xy) C fs(x)U

fs(y) = B. This implies that fs(xy) = B. Hence, xy € A and so A is a subsemigroup of S.

Theorem 4.7. Let X be a nonempty subset of a semigroup S. Then, X is a subsemigroup of S if
and only if Sxc is an SU-semigroup of S.
Proof. Since

U, if xeS\X,

5” Xc¢ (x) =

0, if xeX
and U D 0, the rest of the proof follows from Theorem 4.6.
Proposition 4.8. Let fs and fr be SU-semigroup over U. Then, fsV fr is an SU-semigroup

over U.

Proof. Let (x1,y1), (x2,y2) € S x T. Then,

Tsvr((x1,31)(x2,32)) = fovr (x1x2,y12)
= fs(x1x2)U fr(yiy2)
S (fs(x)Ufs(x2)) U(fr(yi) U fr(y2))
= (fsC)Ufr(v) U (fs(x2) U fr(y2))
= fsvr(x1,y1) U four (x2,¥2)

Therefore, fsV fr is an SU-semigroup over U.

Proposition 4.9. If fs and hg are SU-semigroups over U, then so is fsUhg over U.
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Proof. Let x,y € S, then

(fsOhg)(xy) = fs(xy)Uhgs(xy)
C (fs(x)Ufs(y) U (hs(x)Uhs(y))
= (fs(x)Uhs(x))U(fs(y) Uhs(y))

= (fsUhg)(x) U (fsUhs)(y)

Therefore, fsUhsg is an SU-semigroup over U.

Proposition 4.10. Let fs be a soft set over U and & be a subset of U such that a € Im(fs), where
Im(fs) ={a CU: fs(x) =0, forxeS}. If fs is an SU-semigroup over U, then L (fs; ) is

a subsemigroup of S.

Proof. Since fs(x) = a for some x € S, then 0 # .Z(fs;0) C S. Let x,y € Z(fs; ), then
fs(x) C aand fs(y) C a. We need to show that xy € % (fs; ) for all x,y € Z(fs; ). Since fs
is an SU-semigroup over U, it follows that fs(xy) C fs(x) U fs(y) C a U = o implying that
xy € Z(fs;a). Thus, the proof is completed.

Definition 4.11. Let fs be an SU-semigroup over U. Then, the subsemigroups £ (fs; @) are

called lower o-subsemigroups of fs.

Proposition 4.12. Let fs be a soft set over U, L (fs; ) be lower a-subsemigroups of fs for

each o C U and Im(fs) be an ordered set by inclusion. Then, fs is an SU-semigroup over U.

Proof. Let x,y € S and fs(x) = oy and fs(y) = . Suppose that a; C ap. It is obvious
that x € Z(fs; o) and y € Z(fs;0). Since o C @, x,y € L (fs;0) and since £ (fs; )
is a subsemigroup of S for all o C U, it follows that xy € % (fs; o). Hence, fs(xy) C op =

o1 U = fs(x)U fs(y). Thus, fg is an SU-semigroup over U.

Proposition 4.13. Let fs and fr be soft sets over U and ¥ be a semigroup isomorphism from S

to T. If fs is an SU-semigroup over U, then so is ¥*(fs).

Proof. Let 1,1, € T. Since W is surjective, then there exist sy,s2 € S such that ¥(s;) =, and

\P(Sz) =1p. Then,
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(P (fs))(112)

=M{fs(s) :s €S, ¥(s) =t112}

=N{fs(s) :s€S,s =¥ (112)}

=N{fs(s):s €8,5 =¥ (¥(s152)) = 5152}

= {fs(s152) :8i € S,¥(s;) =1;,i = 1,2}
CN{fs(s1)Ufs(s2) : s € S,¥(s;) =t;,i = 1,2}

= (N{fs(s1) : 51 €S, ¥(s1) =t1}) U(N{Sfs(s2) : 52 € S, ¥(52) =12})
= (W*(fs)) (1) U (¥(fs))(2)

Hence, W(fs) is an SU-semigroup over U.

Proposition 4.14. Let fs and fr be soft sets over U and ¥ be a semigroup homomorphism from

Sto T. If fr is an SU-semigroup over U, then so is ¥~ (fr).

Proof. Let 51,5, € S. Then,

5152))

s1)¥(s2))

s1)) U fr(¥(s2))
fr))(s) U () (s2)

W' (fr)(s1s2) = fr

N

fr
(v

I
¥
— — —
—~~ ;g —

Hence, ¥~ !(fr) is an SU-semigroup over U.

5. Soft union left (right, two-sided) ideals of semigroups

In this section, we define soft union left (right, two-sided) ideal of semigroups and obtain

their basic properties related with soft set operations and soft uni-product.

Definition 5.1. A soft set over U is called a soft union left (right) ideal of S over U if

fs(ab) C fs(b) (fs(ab) C fs(a))

forall a,b € S. A soft set over U is called a soft union two-sided ideal (soft union ideal) of S if

it is both soft union left and soft union right ideal of S over U.
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For the sake of brevity, soft union left (right) ideal is abbreviated by SU-left (right) ideal in

what follows.

Example 5.2. Consider the semigroup S = {0,x, 1} defined by the following table:

0 x 1
?000
x|0 x x
110 x 1

Let fs be a soft set over S such that fs(0) = {0}, fs(1) ={0,1,x}, fs(x) = {0,x}. Then, one

can easily show that fs is an SU-ideal of S over U. However if we define a soft set hg over S

such that hg(0) ={0,1}, hg(1) = {1}, hs(x) ={0,x, 1}, then, hs(x1) x) D hs(1) Thus, hs
is not an SU-left ideal of S and moreover since hs(1x) = hs(x) 2 hs(1), hs is not an SU-right
ideal of S over U.

Theorem 5.3. Let fs be a soft set over U. Then, fs is an SU-left ideal of S over U if and only if
0 fs2fs.
Proof. First assume that fg is an SU-left ideal of S over U. Let s € S. If

(6% f5)(s) =

then it is clear that  * fsé fs. Otherwise, there exist elements x,y € S such that s = xy. Then,

since fg is an SU-left ideal of S over U, we have:

(0% f5)s) = (N (OFUSfs0)

S=Xy

2 () (OUfs(xy))

S=Xy

=[] (fslxy)

s=xy

= fs(s)

Thus, we have 5*f5§f5.
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Conversely, assume that 0 * fgé fs. Letx,y € S and s = xy. Then, we have:

fs(xy) = fs(s)

Hence, fs is an SU-left ideal over U. This completes the proof.
Theorem 5.4. Let fs be a soft set over U. Then, fs is an SU-right ideal of S over U if and only
if

fs*02fs

Proof. Similar to the proof of Theorem 5.3.

Theorem 5.5. Let fs be a soft set over U. Then, fs is an SU-ideal of S over U if and only if
fs*02fs and 6 % fsfs

Corollary 5.6. 0 is both SU -right and SU -left ideal of S.

Theorem 5.7. A non-empty subset L of a semigroup of S is a left (right) ideal of S if and only if
the soft subset fs defined by

a, if xeS\L,
B, if xeL

fs(x) =

is an SU-left (right) ideal of S, where o, 3 C U such that o0 O .

Proof. Suppose L is a left ideal of S and x,y € S. If y € L, then xy € L. Hence, fs(xy) = fs(y) =
B.Ify ¢ L, then xy € Lorxy ¢ L. In any case, fs(xy) C fs(v) = o. Thus, fs is an SU-left ideal
of S.
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Conversely assume that fg is an SU-left ideal of S. Let y € L and x € S. Then, fs(xy) C
fs(y) = B. This implies that fs(xy) = . Hence, xy € L and so L is a left ideal of S.

Theorem 5.8. Let X be a nonempty subset of a semigroup S. Then, X is a left (right, two-sided)
ideal of S if and only if Sx< is an SU-left (right, two-sided) ideal of S over U.

Proof. It follows from Theorem 5.7.

Proposition 5.9. Let fs be a soft set over U. Then, fs is an SU-ideal of S over U if and only if

fs(xy) € fs(x) N fs(y)

forall x,y € S.

Proof. Let f5 be an SU-ideal of S over U. Then,

fs(xy) C fs(x) and fs(xy) C fs(y)

for all x,y € S. Thus, fs(xy) C fs(x) N fs(y) Conversely, suppose that fs(xy) C fs(x)N fs(y) for

all x,y € S. It follows that

fs(xy) € fs(x)N fs(y) € fs(x) and fs(xy) C fs(x)N fs(y) C fs(y)

so fs is an SU-ideal of S over U.

It is obvious that every left (right, two-sided) ideal of S is a subsemigroup of S. Moreover,

we have the following:

Theorem 5.10. Let fg be a soft set over U. Then, if fs is an SU-left (right, two-sided) ideal of

S over U, fsisan SU-semigroup over U.

Proof. We give the proof for SU-left ideals. Let fs be an SU-left ideal of S over U. Then,

fs(xy) C f5(0) for all x,y € S. Thus, fs(xy) C f5(3) C fs(x)U fs(y), 50 fs is an SU-semigroup

over U.

Proposition 5.11. If fs is an SU-right (left) ideal of S over U, then

£s0(0 % f5) (fsT(fs*6)

is an SU-ideal of S over U.
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Proof. Assume that fs is an SU-right ideal of S. Then,

05 (fsT1(0%fs)) = (0xf5)N(0%(0xfs)) (by Theorem3.3.(iii))
= (0% fo)N((0%0)xfs) (by Theorem3.3(i))
D (0% f5)N(0 % fs) (by Lemma#4.4.(i))
= Oxfs

D fsN(6 % fs)
Thus, fsﬁ(g*fs) is an SU-left ideal of S over U. Also,

(fsT1(0% fs))+6 = (fsx0)((0%fs5)*0)
= (fs+0)N(0+(fs*0))
D (fs*0)N(0 fs) (sincefs+ O fs)
D fs0(6 % fs)
Hence, fs01(0 * fs) is an SU-right ideal of S over U. This completes the proof.

Theorem 5.12. Let fs be an SU-right ideal of S over U and gs be an SU -left ideal of S over U.
Then

fs*gs2fsUgs

Proof. Let fs and gs be SU-right and SU-left ideal of S over U, respectively. Then, since

fs, ggig always holds, we have:
fs%gs2fs* 02 fs and fsxgs20 * gsOgs

It follows that fs * gsifSGgS.

Now, we show that if fs is an SU-right ideal of S over U and gg is an SU-left ideal of S over
U, then

fs* gsSZfsﬁgs

with the following example:
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Example 5.13. Consider the semigroup S and SU-ideal fs in Example 5.2. Let gs be a soft set
over S such that gs(0) = {x,1}, gs(x) = {x}, gs(1) = {x}, One can easily show that gs is an
SU-ideal of S over U. However,

(fsx8s)(x) = [ (fs(a) Ugs(b)) = {0, 1,x} £ (fsNgs)(x) = {x}.

x=ab

Proposition 5.14. Let fs and hs be SU-left (right) ideals of S over U. Then, fso hg is an SU-left
(right) ideal of S over U.

Proof. Let fs and hg be SU-left ideal of S and x,y € S. Then,
(fsxhs)(y) = () (fs(p)Uhs(q))
y=prq

If y = pq, then xy = x(pq) = (xp)q. Since fs is an SU-left ideal of S, fs(xp) C fs(p). Thus,

(fsxhs)(y) = () (fs(p)Uhs(q))

y=prq

2 [ (fslxp)Uhs(q))

xXy=xpq

= (fsxhs)(xy)

So,
(fsxhs)(xy) C (fs*hs)(y)

Ify is not expressible as y = pq, then (fsxhg)(y) =U 2 (fs*hs)(xy). Thus, fsxhg is an SU-left
ideal of S.

We give the following propositions without proof. The proofs are similar to those in Section

4.

Proposition 5.16. Let fs and fr be SU-left (right) ideals of S over U. Then, fs\ fr is an
SU-left (right) ideal of S x T over U.

Proposition 5.17. If fs and hg are two SU-left (right) ideals of S over U, then so is fsUhg of S

over U.

Proposition 5.18. Let fs be a soft set over U and o be a subset of U such that o € Im(fs). If
fs is an SU-left (right) ideal of S over U, then L (fs; ) is a left (right) ideal of S.
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Definition 5.19. Let fg be an SU-left (right) ideal of S over U. Then, the left (right) ideals
Z(fs; o) are called lower a-left (right) ideals of fs.

Proposition 5.20. Let fs be a soft set over U, £ (fs; @) be lower a-ideals of fs for each o CU
and Im(fs) be an ordered set by inclusion. Then, fs is an SU-left (right) ideal of S over U.

In order to show Proposition 5.18., we have the following example:

Example 5.21. Consider the semigroup in Example 3.2. Define a soft set fs over U = Dy =
{e,x,y,yx} such that fS(a) = {x}7 fS(b) = {eax}a fS(C) = {e,x,y}, fS(d) = {e,x,yx}. Then,

one can easily show that fs is an SU-ideal of S over U. By taking into account Im(fs), we

have: L (fs;{x}) ={a}, L (fs:{e,x}) ={a,b}, L (fs;{e.x,y}) ={a,b,c}, L (fs;:{e,x,yx}) =
{a,b,d} One can easily show that {a},{a,b},{a,b,c} and {a,b,d} are two-sided ideals of S.

In order to show Proposition 5.20., we have the following example:

Example 5.22. Consider the semigroup in Example 3.2. Define a soft set fs over U = Dy =

{e7x7y7yx} such that fS(a) = {e}v fS(b) = {evy}u fS(C) = {e7y7yx}7 fS(d) = {e,x7y,yx}, By

taking into account
Im(fs) ={{e},{e,y},{e,y,yx},{e,x,y,yx}}

and considering that Im(fs) is ordered by inclusion, we have:

[ {a}, if o= {e}
{a,b}, if o0 = {e,y}
{a,b,c},  ifo={ey,yx}

| {a,b,c.d}, ifa={ex,yyx}

ZL(fs;o) =

Since {a},{a,b},{a,b,c} and {a,b,c,d} are two-sided ideals of S, fs is an SU-ideal of S over
U.
Now we define a soft set hg over U = Dj such that hg(a) = {x},hs(b) = {e,x,y,yx}, hs(c) =

{e7x}7 hS(d> - {e,x,yx}. By taking into account Im(fS) = {{e,x,y,yx},{e,x,yx},{e,x},{x}}



18 ASLIHAN SEZGIN

and considering that Im(fs) is ordered by inclusion, we have:

;

{a}, if o0 = {x}
{a,c}, if o = {e,x}
{a,b,d}, if a={e,x,yx}
{a,b,c,d}, ifa={ex,yyx}

ZL(fs;o) =

Since {a,c}S ¢ {a,c} and S{a,c} € {a,c} {a,c} is not a two-sided ideal of S. Moreover, since;
hs(cc) = hs(b) € hs(c) hs is not an SU-ideal of S over U.

Proposition 5.23. Let fs and fr be soft sets over U and ¥ be a semigroup isomorphism from S

to T. If fs is an SU-left (right) ideal of S over U, then so is Y*(fs) of T over U.

Proposition 5.24. Let fs and fr be soft sets over U and ¥ be a semigroup homomorphism from

Sto T. If fr is an SU-left (right) ideal of T over U, then so is W~ (fr) of S over U.

6. Soft union bi-ideals of semigroups

In this section, we define soft union bi-ideals and study their properties as regards soft set

operations and soft uni-product.

Definition 6.1. An SU-semigroup fs over U is called a soft union bi-ideal of S over U if

fs(xyz) C fs(x)U fs(z)

forall x,y,z € S.

For the sake of brevity, soft union bi-ideal is abbreviated by SU -bi-ideal in what follows. Ex-

ample 3.1. Let S = {0,a,b, c} be the semigroup with the operation table given below.

+10 a b c
0(0 0 0 0
a|0 a b 0
b0 0 0 0
c|0 ¢ 0 0
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Define the soft set fs over U = Zs such that fs(0) = {0}, fs(a) ={0,1}, fs(b) ={0,3}, fs(c) =
{0,2}. Then, one can easily show that fs is an SU-bi-ideal of S over U.

Theorem 6.2. Let fs be a soft set over U. Then, fs is an SU-bi-ideal of S over U if and only if

fs* fsDfs and fsx6 % fsDfs

Proof. First assume that fs is an SU-bi-ideal of S over U. Since fs is an SU-semigroup over U,
by Theorem 4.5., we have

fs* fs2fs.
Let s € S. In the case, when (fs x 5*f5)(s) = U, then it is clear that fs* 0 x fs2 fs, Otherwise,

there exist elements x,y, p,q € S such that
s =xy and x = pq
Then, since fs is an SU-bi-ideal of S over U, we have:

fs(s) = fs(xy) = fs((pq)y) C fs(p) U fs(y)

Thus, we have

(fsx0xfs)(s) = [(fs*0)xfs](s)
= (N (fs*8)(x)Ufs(y)]

S=Xy

= NN Uspub@)ufs)]

S=Xy X=pq

= NN Uspuo)u fs)]

s=Xy x=pq

= () (fslp)Ufs(y)

S=pqy

D> () fs(pgy)

S=pqy

= fs(xy)
= fs(s)

Hence, fs* §*f3§f5. Here, note that if x # pq, then (fsx* 5) (x) =U, and so, (fs* g*fs)(s) =
U2 fs(s).
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Conversely, assume that fg *fsifs. By Theorem 4.5., fs is an SU-semigroup of S. Let

x,y,z € S and s = xyz. Then, since fgx* 5*fsjfs, we have

fs(yz) = fs(s)
C (fs*0xfs)(s)
= [(fs+6) % fs](s)
= [ [(fs*6)(m)U fs(n)]

S=mn

C (fs*0)(xy)Ufs(2)
= 1N (fs(p)UB(q)] U f5(z)

Xy=pq

C ((fs(x)UB() U fs(z)
= fo(x)Ufs(z)

Thus, fs is an SU-bi-ideal of S over U. This completes the proof.
Theorem 6.3. A non-empty subset B of a semigroup of S is a bi-ideal of S if and only if the soft

subset fs defined by

a, if x€S\B,
B, if xeB

fs(x) =

is an SU-bi-ideal of S, where a.,3 C U such that o. 2 .

Theorem 6.4. Let X be a nonempty subset of a semigroup S. Then, X is a bi-ideal of S if and
only if Sxc is an SU-bi-ideal of S over U.

Proof. It follows from Theorem 6.3.

It is known that every left (right, two sided) ideal of a semigroup S is a bi-ideal of S. Moreover,

we have the following:

Theorem 6.5. Every SU-left (right, two sided) ideal of a semigroup S over U is an SU-bi-ideal
of S over U.
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Proof. Let fs be an SU-left (right, two sided) ideal of S over U and x,y,z € S. Then, fs is as

SU-semigroup by Theorem 6.5. Moreover,

fs(xyz) = fs((xy)2) € fs(2) € fs(x) U fs(2)

Thus, fs is an SU-bi-ideal of S.

Theorem 6.6. Let fs be any soft subset of a semigroup S and gs be any SU-bi-ideal of S over
U. Then, the soft uni-products fsx gs and gs * fs are SU-bi-ideals of S over U.

Proof. We show the proof for fsx gs. To see that fs* gs is an SU-bi-ideal of S over U, first we

need to show that fsx gs is an SU-semigroup over U. Thus,

(fsxgs)*(fsxgs) = fsx(gsx(fsxgs))
O fox(gs*(0%gs)) (since fs20)
= fsx(gs*Oxgs)

D foxgs (since ggx 0 gsOgs))

Hence, by Theorem 4.5., fs* gs is an SU-semigroup over U. Moreover we have:

(fs*gs)*0x(fsxgs) = fsx(gs*(0fs)*gs)
D fs*(gs*g*gs) (since 5*f5§5)

D fsxgs

Thus, it follows that fs* gs is an SU-bi-ideal of S over U. It can be seen in a similar way that

gs* fs is an SU-bi-ideal of S over U. This completes the proof.

Proposition 6.7. Let fs and fr be SU-bi-ideals over U. Then, fs\ fr is an SU-bi-ideal of S x T

over U.
Proposition 6.8. If fs and hs are two SU-bi-ideals of S over U, then so is fsChg of S over U.

Proposition 6.9. Let fs be a soft set over U and a be a subset of U such that o € Im(f5s). If fs
is an SU-bi-ideal of S over U, then £ (fs; Q) is a bi-ideal of S.
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Definition 6.10. If fs is an SU-bi-ideal of S over U, then bi-ideals £ (fs; o) are called lower
« bi-ideals of fs.

Proposition 6.11. Let fs be a soft set over U, £ (fs; ) be lower . bi-ideals of fs for each
o C U and Im(fs) be an ordered set by inclusion. Then, fs is an SU-bi-ideal of S over U.

Proposition 6.12. Let fs and fr be soft sets over U and ¥ be a semigroup isomorphism from S

to T. If fs is an SU-bi-ideal of S over U, then so is ¥*(fs) of T over U.

Proposition 6.13. Let fs and fr be soft sets over U and ¥ be a semigroup homomorphism from

Sto T. If fr is an SU-bi-ideal of T over U, then so is ¥~ '(fr) of S over U.

7. Regular semigroups

In this section, we characterize a regular semigroup in terms of SU-ideals.
A semigroup S is called regular if for every element a of S there exists an element x in S such

that

a=axa
or equivalently a € aSa. There is a characterization of a regular semigroup in [31]iseki as
follows:

Proposition 7.1. [31] For a semigroup S, the following conditions are equivalent:

1) S is regular.

2) RL = RNL for every right ideal R and left ideal L of S.

Theorem 7.2. For a semigroup S, the following conditions are equivalent:

1) S is regular.

2) fs*gs = fsUgs for every SU-right ideal fs of S over U and SU-left ideal gs of S over U.

Proof. Let S be a regular semigroup and fs be an SU-right ideal of S and ggs be an SU -left ideal

of S over U. In Theorem 5.12., we show that

fs*gs2fsUgs
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for every SU-right ideal fs of S and SU-left ideal gs of S over U. Therefore, it suffices to show
that fSGgsé fsxgs. Let s be any element of S. Then, since S is regular, there exists an element
x in S such that s = sxs. Thus, we have

(fsxgs)(s) = [ (fs(a)Ugs(b))

s=ab

C fs(sx)Ugs(s)
C fs(s)Ugs(s)

= (fsUgs)(s)

Thus, fs*gs = fsNgs.

Conversely, assume that (2) holds. In order to show that S is regular, we need to illustrate
that RL = RN L for every for every right ideal R of S and left ideal L of S over U. Let R and
L be any right ideal and left ideal of S, respectively. It is known that RL C RN L always holds.
So it is enough to show that RNL C RL. On the contrary, let there exists a € RN L such that
a ¢ RL. By Theorem 5.8., the soft characteristic functions Sge and S are SU-right ideal and
SU-left ideal of S, respectively. Sincea € RNL, a € Rand a € L. Thus,

yRc (a) = y[f‘(d) =0

On the other hand, since a ¢ RL, this implies that there do not exist x € R and y € L such that

a = xy. Thus,
(yRc *ch)(Cl) = m (yRc(b) UyLC<C)) = m (UUU) =U
a=bc a=bc
But this contradicts our hypothesis. Hence, RN L C RL. It follows by Proposition 7.1. that S is

regular. Hence (2) implies (1).
Corollary 7.3. For a semigroup S, the following conditions are equivalent:

1) S is regular.
2) fs*gs = fsUgs for every SU-ideals fs and gs of S over U.

Proposition 7.4. A semigroup S is regular if and only if every SU-ideal of S is idempotent.
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Proof. Let S be a regular semigroup and hg be an SU-ideal of S. Since hg is an SU-right ideal

of S, we have

hg % hgDhg * 0 Dhs.

Now, we show that hsihs xhg. Since S is regular, there exists an element x € S such that a = axa

forall a € S. So, we have;

(hs*hs)(a) = D (hs(ax) Uhs(a))

- hs(a) Uhs(a)

= hs(a)

Hence, hgDhg x hg and so (hs)? = hg * hg = hs.

Now, let ks be any SU-ideal of S. Since it is an SI-left ideal of S, we have
kS * kséé * ksékg.

Thus, we show that ksiks xks. Since S is regular, there exists an element x € S such that a = axa

forall a € S. Thus, we have;

(ksxks)(a) = ﬂ (ks(a)Uks(xa))

Hence, ksDkg * kg and so (k5)2 = kg *x kg = kg.
For the converse, let fs and ks be an SU-ideals of S. In view of Corollary 7.3., it is sufficient
to show that hg x ks = fsUks. It is obvious that fs x ksi fsUks. For the inverse inclusion, we

argue as follows:

(f50ks) (x) = (fsUks)?(x)
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by idempotency of fsUks and x € R. Thus,

(fsUks)(x) = (fsUks)(x)
= (N (fsUks)(ai)U(fsUks)(b;)
m
xX= Z a,'b,-
i=1
2 (| fs(ai) Uks(bi)
m
xX= Z aibi
i=1
= (foxks)(x)
Hence, fSLNJksifS x ks, whence fsUks = fs* k.
Corollary 7.5. Every SU-left (right) of a regular semigroup is idempotent.

Corollary 7.6. The set of all SU-ideals of a regular semigroup S forms a semilattice under the

soft uni-product.

Proposition 7.7. Let the set of all SU-ideals of S be a regular semigroup of S under the soft
uni-product. Then, every SU-ideal of S has the form fs = fs * §*f5.

Proof. Let fs be an SU-ideal of S. Then, by assumption, there exists an SU-ideal gs of S such

that
Js = fsxgs* fs.
Thus, we have
fs = fs#gs* [s2fsx 0+ fsD(fs+0)N(60 = f5) s fs = fs,
since
fs*a*fsifs*g*gifs*a

and

fs*g*fsié* g*fség*fs.
Hence, fs = fsx* 5*]‘5.

Definition 7.8. An SU-ideal fs of a semigroup S is said to be soft strongly irreducible if and
only if for every SU-ideals gs and hg of S, gsghgifs implies that ggéfs or hgifs.
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Definition 7.9. An SU-ideal hs of a semigroup S is said to be soft prime ideal if for any SU-

ideals fs and gs of S, fs *gsihs implies that fsihs or gsihs.

Definition 7.10. The set of SU-ideals of a semigroup is called totally ordered under inclusion
if for any SU-ideals fs and gs of S, either fsigs or gsifs.

Proposition 7.11. In a regular semigroup S, an SU-ideal is soft strongly irreducible if and only
if it is soft prime.

Proof. It follows from Corollary 7.3., Definition 7.8. and Definition 7.9.

Proposition 7.12. Every SU-ideal of a regular semigroup S is soft prime if and only if the set of

SU-ideals of S is totally ordered under inclusion.
Proof. It follows from Corollary 7.3., Definition 7.9. and Definition 7.10.

As is known a semigroup S is regular if and only if B= BSB for all bi-ideals B of S. Now, we

shall give a characterization of a regular semigroup by SU -bi-ideals.

Theorem 7.13. For a semigroup S, the following conditions are equivalent:
1) S is regular.
2) fs= fsx 0 x fs for every SU-bi-ideal fs of S over U.

Proof. First assume that (1) holds. Let fs be any SU-bi-ideal fs of S over U and s be any
element of S. Then, since S is regular, there exists an element x € S such that s = sxs. Thus, we

have;

(fsx0xfs)(s) = [(fs*0)x*fs](s)
= (N (fs*0)(a)Ufs(b)]

s=ab

C (fs*6)(sx)Ufs(s)
= () {(fs(m)ud(m)}U fs(s)

SX=mn

C (fs(9)UB(x))U fs(s)
= (fs(s)U0)U fs(s)
= fs(s)
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and so, we have fg* 5*f5§f5. Since fsis an SU-bi-ideal of S, fsx 5*f5§f5. Thus, fgx* 5*f5 =
fs which means that (1) implies (2).

Conversely assume that (2) holds. In order to show that S is regular, we need to illustrate that
B = BSB for every bi-ideal B of S. It is obvious that BSB C B. Therefore, it is enough to show
that B C BSB. On the contrary, let there exists a € B such that a ¢ BSB. By Theorem 6.4., the

soft characteristic function ./ is an SU-bi-ideal of S. Since a € B, thus,
5% B¢ (a) =0

On the other hand, since a ¢ BSB, this implies that there do not exist x,z € B and y € S such

that a = xyz. Thus,
(Fpe % Fse % Ip)(a) = (e % 0% T ) (a) =U

But this contradicts our hypothesis. Thus, B C BSB and so B = BSB. It follows that S is regular,
so (2) implies (1).

Theorem 7.14. Let fs be a soft set of a regular semigroup S. Then, the following conditions are

equivalent:

1) fsis an SU-bi-ideal of S.
2) fs may be presented in the form fs = gs* hs, where gs is an SU-right ideal and hg is an
SU-left ideal of S over U.

Proof. First assume that (1) holds. Since S is regular, it follows from Theorem 7.13. that

fs = fs* 5*f5. Thus, we have

fs = fsxOxfs
= fsx 0% (fsx0xfs)
= [fs* (0% fs)]* (8% fs)

S5 (fx0)* (8% fs) (since 8% fs30)
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Similarly,

(fs*0)+(Bxfs) = fs*(0%0)xfs)

D fsxOx f (since 0% 020)
= Js

Namely, fs = (fs* 5) * (5* fs). Here, we can easily show that fs 0 is an SU-right ideal of S
and 6 x fs is an SU-left ideal of S. In fact

(fS*g)*§=fs*(5*5)§fS*§

Similarly
05 (0 fs) = (0% 0) * fs20 % fs
implying that 6 x fs is an SU-left ideal of S.

Conversely assume that (2) holds. It means that there exists an SU-right ideal gs and SU -left
ideal hg of S such that fs = gs*hs. By Theorem 6.5., every SU-left (right) ideal of S is an SU -
bi-ideal of S. Thus, gs and hs are SU-bi-ideals of S. Moreover, gs * hs = fs is an SU-bi-ideal of
S by Theorem 6.6. Therefore, we obtain that (2) implies (1). This completes the proof.
Theorem 7.15. For a semigroup S, the following conditions are equivalent:

1) S is regular.
2) fsUgs = fs*gs* fs for every SU-bi-ideal fs of S and SU-ideal gg of S over U.
Proof. First assume that (1) holds. Let fs be any SU-bi-ideal and gs be SU-ideal of S over U.
Then,
fsxgs* fs2fsx 0% fs2fs

and

fsxgs*fs20+(g5%0) 20 +gsgs
50 fs*gs *fsifgggs. To show that fSOgSEfS x gs* fs holds, let s be any element of S. Since S

is regular, there exists an element x in S such that

s = sxs (s = sx(sxs))
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Since ggs is an SU-ideal of S, we have

gs(xsx) = gs(x(sx)) C gs(sx) C gs(s)

Therefore, we have

(fsxgs*fs)(s) = [fsx(gs*fs)l(s)
= ) [fstm)U(gs* fs)(n)]

sS=mn

S fs(s)U(gs*fs)(xsxs)

= fs(s)u{ [ lgs(y) U fs(2)]}

XSXS=YZ

= fs(s)U(gs(xsx) U fs(s))
C (fs(s)Ugs(s)U fs(s)
C fs(s)Ugs(s)

= (fsUgs)(s)

so we have fsogsifs x gs* fs. Thus we obtain that fsUgs = fs* gs* fs, hence (1) implies (2).

Conversely assume that (2) holds. In order to show that S is regular, it is enough to show that
fs= fs* 6 x fs for all SU-bi-ideals of S over U by Theorem 7.13. Since 6 is an SU-ideal of S,
we have fs = f505 = fgx §>x<f5 Thus, (2) implies (1). This completes the proof.

Theorem 7.16. For a semigroup S, the following conditions are equivalent:

1) S is regular.
2) hSLNJfSOgsihS x fs*x gs for every SU-right ideal hg, every SU-bi-ideal fs and every SU-left
ideal gs of S.

Proof. Assume that (1) holds. Let hs, fs and gg be SU-right, SU-bi-ideal and SU -left ideal of

S, respectively. Let a be any element of S. Since S is regular, there exists an element x in S such
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that a = axa. Hence, we have:

(hs* fsxgs)(a) = [hs*(fs*gs)l(a)
= O[hs(y)U(fs*gs)(Z)]

C hs(ax)U(fs*gs)(a)

= hs(ax)N{ [ [fs(p) Usgs(q)]}

a=pq
C  hs(a)U(fs(a)Ugs(xa))

C hs(a)U(fs(a)Ugs(a))
= (hsUfsUgs)(a)
so we have hg x fg *gsihsufs Ugs. Thus, (1) implies (2).

Conversely assume that (2) holds. Let hs and gs be any SU-right ideal and SU -left ideal of

S, respectively. It is obvious that
hs * gs DhsNgs.
Since itself is an SU-bi-ideal of S by Theorem 6.2., by assumption we have:
hsUgs = hsU0UgsDhs * 0 % gs = hs + (0 + g5) Dhs * gs
It follows that hSOggihs x gs for every SU-right ideal hg and SU-left ideal gs of S. It follows

by Theorem 7.2. that S is regular. Hence, (2) implies (1). This completes the proof.

Theorem 7.17. For a regular semigroup S, the following conditions are equivalent:

1) Every bi-ideal of S is a right (left, two-sided) ideal of S.
2) Every SU-bi-ideal of S is an SU-right (left, two-sided) ideal of S.

Proof. We give the proof for the SU -right ideals. First assume that (1) holds. Let fs any SU-bi-
ideal of S and a,b any elements in S. One easily show that aSa is a bi-ideal of S. By assumption,

aSa is a right ideal of S. Since S is regular,

ab € (aSa)S = a((Sa)S) C aSa



SOFT UNION SEMIGROUPS, IDEALS AND BI-IDEALS 31

This implies that there exists an element x € S such that
ab = axa.

Then, since fs is an SI bi-ideal of S, we have

fs(ab) = fs(axa) C fs(a)U fs(a) = fs(a).

This means that fs is an SU-right ideal of S and that (1) implies (2).

Conversely, assume that (2) holds. Let B be any bi-ideal of S. Then, by Theorem 6.4., the soft
characteristic function e is an SU-bi-ideal of S. Thus, by assumption, ./pc is an SU-right
ideal of S. Again, by Theorem 6.4., B is a right ideal of S. Therefore, (2) implies (1). This

completes the proof.

8. Intra-regular semigroups

In this section, we characterize an intra-regular semigroup in terms of SU-ideals. A semi-
group S is called intra-regular if for every element a of S there exist elements x and y in S such

that
a= xazy

Proposition 8.1. [32] For a semigroup S, the following conditions are equivalent:
1) S is intra-regular.

2) LNR C LR for every left ideal L and every right ideal R of S.

Theorem 8.2. For a semigroup S, the following conditions are equivalent:

1) S is intra-regular.

2) gSOfgigS x fs for every SU-right ideal fs of S and SU-left ideal gs of S over U.

Proof. First assume that (1) holds. Let fs be any SU-right ideal and gg be SU-left ideal of S

over U and a be any element of S. Then, since S is intra-regular, there exist elements x and y in
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S such that a = xazy. Thus,

(gs*fs)@) = [ (gs(b)Ufs(c))

a=bc

C (gs(xa)Ufs(ay))
C (gs(a)Ufs(a))
= (g5Ufs)(a)
Thus, gsU fgigs x fs, which means that (1) implies (2).
Conversely assume that gsU fsigs x fs for every SU-right ideal fs and SU-left ideal gs of S
over U. In order to show that S in intra-regular, it suffices to illustrate LN R C LR for every left

ideal L and for every right ideal R of S. Let L be a left ideal and R be a right ideal of S. On the

contrary, let there exists a € LN R such that a ¢ LR. Since the soft characteristic functions 7«

and Se is an SU-left ideal and SU-right ideal of S, respectively and since a € LN R, we have
ch (Cl) == <71gc'(61) =0

and 5o .%71c0.%1c = 0. On the other hand, since a ¢ RL, this implies that there do not exist x € L

and y € R such that a = xy. Thus,
(SLex Fge)(a) =U

But this contradicts our hypothesis. Thus, LNR C LR. It follows that S is intra-regular, so (2)
implies (1).

The following characterization of a semigroup is both regular and intra-regular.
Proposition 8.3. [32] For a semigroup S, the following conditions are equivalent:
1) S is both regular and intra-regular.
2) B? = B for every bi-ideal B of S. (That is, every bi-ideal of S is idempotent).
Theorem 8.4. For a semigroup S, the following conditions are equivalent:

1) S is both regular and intra-regular.
2) fsx fs = fs for every SU-bi-ideal fs of S. (That is, every SU-bi-ideal of S is idempotent).

3) fgggsi(fs *gS)LNJ(gS  fs) for every SU-bi-ideals fs and gs of S.
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4) fs0gs2(fs*gs)U(gs * fs) for every SI bi-ideal fs and for every SU-left ideal gs of S.
5) fsUgsD(fs*gs)U(gs * fs) for every SI bi-ideal fs and for every SU-right ideal gg of S.
6) fsUgsD(fs*gs)U(gs * fs) for every SU-right ideal fs and for every SU-left ideal gs of S.

Proof. First assume that (1) holds. In order to show that (3) holds, let fs and gs be SU-bi-ideals
of S and a € S. Since S is intra-regular, there exist elements y and z in S such that a = ya*z for

every element a of S. Thus,
a = axa = (axa)xa = ax(ya*z)xa = (axya)(azxa)
Since fs and gg be SU-bi-ideals of S, we have;

fs(a(xy)a) C fs(a)U fs(a) = fs(a)

gs(a(zx)a) C gs(a) Ugs(a) = gs(a)

Then, we have:

(fsxgs)a) = [ (fs(b)Ugs(c))
a=bc
€ (fs(axya) Ugs(azxa))
C fs(a)Ugs(a)
= (fsUgs)(a)
and so we have fg x ggi fsUgs. One can similarly show that gg * fségsg fs, which means that
fSLNJgsi(fS * g5)U(gs * fs). This shows that (1) implies (3).
It is obvious that (3) implies (4), (4) implies (6) , (3) implies (5) and (5) implies (6).
Assume that (6) holds. Let fsand gs be any SU -right ideal and SU -left ideal of S, respectively.

Then, we have
fsUgs = gsNfs2(fs+gs)U(gs * fs) Dgs * f

It follows by Theorem 8.2. that S is intra-regular. On the other hand,

fsUgs2(fs+gs)U(gs = fs) D fs * gs
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Since, the inclusion fg *gsijGgS always hold, we have fsUgs = fs*gs. It follows that S is

regular. Hence, (6) implies (1).

It is clear that (3) implies (2). In fact, by taking gs as fs in (3), we get

fsUfs = fs = (fox fs)O(fs = fs) = fsx fs

Finally assume that (2) holds. In order to show that (1) holds, it is enough to show that B> = B
for every bi-ideal B of S. Let B be any bi-ideal of S. Then, BB C B always holds. We show that
B C BB. On the contrary, let there exists b € B such that b ¢ BB. By Theorem 6.4., the soft

characteristic function ./pe is an SU-bi-ideal of S. Since b € B,
Ipe(b) =10

On the other hand, since b ¢ BB, this implies that there do not exist x,y € B such that b = xy.
Thus,

(Spe* Spe)(b) =U
But this contradicts our hypothesis. Thus, B C BB and so B = BB = B> . It follows that S is

both regular and intra-regular, so (2) implies (1).

Theorem 8.5. For a semigroup S, the following conditions are equivalent:

1) S is both regular and intra-regular.

2) fSOgsOhsifS x gs * hg for every SU-bi-ideals fs, gs and hg of S.

3) fSGgsOhsifS * gs * hg for every SI bi-ideals fs and hs of S and for every SU-right ideal gg
of S.

4) fSGgsGhsifS x gs x hg for every SU-left ideals fs and hgs of S and for every SU-right ideal
gs of S.

Proof. First assume that (1) holds. In order to show that (4) holds, let fs and hg be any SU -left

ideals of S and gs be any SU-right ideal of S and a be any element in S. Since S is regular, there

exists element x in S such that a = axa. Since S is intra-regular, there exist elements y,z in S

such that a = yazz. Thus, we have

a = axa = (axa)x(axa) = (ax(yaaz))x((yaaz)xa) = (axya)(azxya)(azxa)
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Therefore, we have

(fs*xgsxhs)(a) = [fsx(gs*hs)](a)

= () [fs(p)U(gs*hs)(q)]

a=pq
C  fs(axya)U (gs *hs)(azxyaazxa)

= fsl@u{ (] (gs(u)Uhs(v))}
azxyaazxa=uv
C  fs(a)U(gs(azxya) Uhs(azxa))
C fs(a)Ugs(a)Uhs(a)
= (fsNgsUhs)(a)
so we have fgﬁgSGhsifS x gsxhs. Thus, (1) implies (4). Assume that (4) holds. Let fs and gg
be SU-left and SU -right ideal of S, respectively. Since 0, itself is an SU-left ideal of S,

gsUfs = gsUBUfsDgs+ 0 % fsDgs * fs

Since the inclusion gg * fsigSO fs always hold, gsUfs = gs * fs. Hence, it follows that S is
regular. Now, let fs and gs be any SU-left ideal and SU-right ideal of S, respectively. Since ]

itself is an SU-left ideal of S, by assumption we have:
fsUgs = fsUgsMB D fs* g5+ 0 = fs* (g5 0)Dfs*gs

Thus, it follows by Theorem 8.2. that S is intra-regular. So, (4) implies (1). It is obvious that (2)
implies (3) and (3) implies (4). Thus, the proof is completed.

Now we give a new characterization for an intra-regular semigroup: First, we have the

following definition:

Definition 8.6. A soft set fs over U is called soft union semiprime if for all a € S,
fs(a) C fs(a®).

Theorem 8.7. For a nonempty A of S, the following conditions are equivalent:
1) A is semiprime.

2) The soft characteristic function .#jc is soft union semiprime.
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Proof. First assume that (1) holds. Let a be any element of S. We need to show that .#sc(a) C

S pc (az) forall a € S. Ifa2 € A, then since A is semiprime, a € A. Thus,
yAC((l) =0= yAC((lz)

If d? ¢ A, then
YAc(a) g U= yAc(az)
In any case, .Spc(a) C Fac(a?) for all a € S. Thus, Sy is soft union semiprime. Hence (1)
implies (2).
Conversely assume that (2) holds. Let a*> € A and a ¢ A. Since .Sc is soft union semiprime,

we have
YAc(a) =U g ,5’Ac-(a2) =0
But, this is a contradiction. Hence, a € A and so A is semiprime. Thus, (2) implies (1).

Theorem 8.8. For any SU-semigroup fs, the following conditions are equivalent:

1) fs is soft union semiprime.

2) fs(a) = fs(a®) forall a € S.

Proof. (2) implies (1) is clear. Assume that (1) holds. Let a be any element of S. Since fs is an

SU-semigroup, we have;

fs(a) C fs(a®) = fs(aa) C fs(a)U fs(a) = fs(a)
So, fs(a®) = fs(a) and (1) implies (2). This completes the proof.

Theorem 8.9. For a semigroup S, the following conditions are equivalent:

1) S is intra-regular.
2) Every SU-ideal of S is soft union semiprime.
3) fs(a) = fs(a?) for all SU-ideal of S and for all a € S.

Proof. First assume that (1) holds. Let fs be any SU-ideal of S and a any element of S. Since S

is intra-regular, there exist elements x and y in S such that a = xa*y. Thus,

fs(a) = fs(xa®y) C fs(xa®) C fs(a®) = fs(aa) C fs(a)
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so, we have fs(a) = fs(a®). Hence, (1) implies (3).
Conversely, assume that (3) holds. It is known that J[a®] is an ideal of S. Thus, the soft

characteristic function ,Z Jla])e is an SU-ideal of S. Since atel [az], we have;
S (@) = Sy (@) = 0

Thus, a € J[a?] = {a’} USa® Ua’S USa’S C Sa’S. Here, one can easily show that S is intra-
regular. Hence (3) implies (1).
It is obvious that (3) implies (2). Now, assume that (2) holds. Let fs be an SU-ideal of S.

Since fs is a soft union semiprime ideal of S,
fs(a) € fs(a®) = fs(aa) C fs(a)
Thus, fs(a) = fs(a®). Hence (2) implies (3). This completes the proof.
Theorem 8.10.Let S be an intra-regular semigroup. Then, for every SU-ideal fs of S,
fs(ab) = fs(ba)
foralla,b € S.
Proof. Let fs be an SU-ideal of an intra-regular semigroup S. Then, by Theorem 8.8., we have;
fs(ab) = fs((ab)?) = fs(a(ba)b) C fs(ba) = f5((ba)*) = fs(b(ab)a) C fs(ab)

so, we have fs(ab) = fs(ba). This completes the proof.

9. Completely regular semigroups

In this section, we characterize a completely regular semigroups in terms of SU-ideals. An

element a of S is called a completely regular if there exists an element x € S such that
a = axa and ax = xa

A semigroup S is called completely regular if every element of S is completely regular. A semi-
group is called left (right) regular if for each element a of S, there exists an element x € S such

that a = xa* (a = a’x).
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Proposition 9.1. [30] For a semigroup S, the following conditions are equivalent:

1) S is completely regular.
2) S is left and right regular, that is, a € Sa®> and a € a®S for all a € S.

3) a € a*Sa® foralla € S.

Theorem 9.2. For a left regular semigroup S, the following conditions are equivalent:

1) Every left ideal of S is a two-sided ideal of S.
2) Every SU-left ideal of S is an SU-ideal of S.

Proof. Assume that (1) holds. Let fs be any SU-left ideal of S and a and b be any elements of
S. Then, since the left ideal Sa is a two-sided ideal by assumption and since S is left regular, we

have
ab € (Sa*)b C (Sa)bS C Sa

This implies that there exists an element x € S such that ab = xa. Thus, since fS is an SU-left

ideal of S, we have
fs(ab) = fs(xa) C fs(a).

Hence, fsis an SU-right ideal of S and so fs is an SU-ideal of S. Thus (1) implies (2).

Assume that (2) holds. Let A be any left ideal of S. Then, the soft characteristic function /¢
is an SU-left ideal of S. Then, by assumption, .#;c is an SU-right ideal of S and so A is a right
ideal of S and so A is a two-sided ideal of S. Hence (2) implies (1).

Theorem 9.3. For a semigroup S, the following conditions are equivalent:

1) S is left regular.
2) For every SU-left ideal fs of S, fs(a) = fs(a®) foralla € S.

Proof. First assume that (1) holds. Let fs be any SU-left ideal of S and a be any element of S.

Since S is left regular, there exists an element x in S such that a = xa?. Thus, we have

fs(a) = fs(xa®) C fs(a®) C fs(a)

implying that fs(a) = fs(a®). Hence (1) implies (2).
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Conversely, assume that (2) holds. Let a be any element of S. Since L[a?] is a left ideal of S,

the soft characteristic function 5”( La2))c 1s an SU -left ideal of S. Since a* € L[a®], we have
(@) = Fggape(@) =0

implying that a € L|a*] = {a*} U Sa?. This obviously means that S is left regular. So (2) implies
(1). This completes the proof.
Theorem 9.4. For a semigroup S, the following conditions are equivalent:

1) S is right regular.
2) For every SU-right ideal fs of S, fs(a) = fs(a®) forall a € S.

Theorem 9.5. For a semigroup S, the following conditions are equivalent:
1) S is completely regular.

2) Every bi-ideal of S is semiprime.

3) Every SU-bi-ideal of S is soft union semiprime.

4) fs(a) = fs(a?) for every SU-bi-ideal fs of S and for all a € S.

Proof. First assume that (1) holds. Let fs be any SU-bi-ideal of S. Since S is completely regular,

2

there exists an element x € S such that a = a*xa?. Thus, we have

fs(a) = fs(@®xa®) C fs(a®) U fs(a®) = fs(a®) = fs(aa) = fs(a(a’xa®) =

fsla(a’xa)a) C fs(a)U fs(a) = fs(a)
and so, fs(a) = fs(a®). Thus (1) implies (4). (4) implies (3) is clear by Theorem 8.9. Assume
that (3) holds. Let B be any bi-ideal of S and a* € B and a ¢ B . Since the soft characteristic

function Spe of B is an SU-bi-ideal of S, it is soft union semiprime by hypothesis. Thus,
Ipe(a)=U C 5”3((12) =0.

But this is a contradiction. Hence, a € B and so B is semiprime. Thus (3) implies (2).
Finally assume that (2) holds. Let a be any element of S. Then, since the principal ideal B[az]

generated by a® is a bi-ideal and so by assumption semiprime and since a*> € B[az],

Tp2)(@) = L (@®) =U



40 ASLIHAN SEZGIN

implying that
a € Bla®] = {a®} U{a*} Ud*Sa* C a*Sa®.

This implies that S is completely regular. Thus (2) implies (1). This completes the proof.

10.Weakly Regular Semigroups

In this section, we characterize a weakly regular semigroup in terms of SU-ideals. A semi-

group S is called weakly-regular if for every x € S, x € (xS)z.

Proposition 10.1. [30] A monoid is weakly regular if and only if INJ = 1J for all right ideal 1
and all two-sided ideal J of S.

Theorem 10.2. For a monoid S, the following conditions are equivalent:

1) S is weakly regular.
2) ngggifS x gs for every SU-right ideal fs of S and for every SU-ideal gg of S.

Proof. First assume that (1) holds. Let fs be an SU-right ideal of S, gs be an SU -left ideal of S

and x € S. Then, since S is weakly regular, x € (xS)?. Thus, x = xsxt for some s,t € S. Hence,

(fs*xgs)(x) = [ (fs(xs)Ugs(xr))

X=XSXt

C fs(x)Ugs(x)

= (fsUgs)(x)

Since fSOggéfS * g5 always holds for every SU-right ideal fs and SU-left ideal gs of S, fsUgs =
fsxgs. Thus, (1) implies (2).

Conversely assume that (2) holds. In order to show that S is weakly regular, we show that
RN L = RL for every right ideal R and left ideal L of S. It is obvious that RL C RN L always
holds. In order to see that RNL C RL, let a be any element in RNL and a ¢ RL. Then a € R
and a € L. Since the soft characteristic functions .Sge and .7¢ is SU-right and SU -left ideal of

S, respectively, we have:

yRc (a) = yRc(a) =0
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and since a ¢ RL, there do not exist b € R and ¢ € L such that a = bc. Thus,
(yRc *k ch)(a) — U

but this is a contradiction. So, a € RL. Thus, RNL C RL and RN L = RL. It follows that S is

weakly-regular. Hence (2) implies (1).
Theorem 10.3. For a monoid S, the following conditions are equivalent:

1) S is weakly regular.
2) fsﬁgsghsifs * gg* hg for every SU-bi-ideal fs of S, for every SU-ideal gs of S and for every
SU-right ideal hg of S.

Proof. First assume that (1) holds. Let x € S. Then, x € (xS)z. Thus, x = xsxt for some s,t € S.

Hence,

(fs*xgs*hs)(x) = [fox(gsxhs)|(x)

= [ [fs(x)U(gs*hs)(sxt)]

X=xSxt

fs@)u{ () (gs(p)Uhs(v))}

SXt=py

Fs(x) Ugs(sxs) Uhg(xt?)

N

N

N

fs(x) Ugs(x) Uhg(x)
= (fsUgsUhs)(x)
since sxt = s(xsxt)t = (sxs)(xt?). Thus, (1) implies (2).

Now, assume that (2) holds. Let fs be an SU-right ideal of S, gs be an SU-ideal of S and let

hg = '} Then, we have
fsUgsUhs = fsUgsU0 = f5Ugs
and
fsxgsxhs = fsgs+0 = fsx(g5%0)Dfsxgs
Then, fsUgs = fSLNJgSOhséfS k g % hsifs x gg that is, fsggsifs x gs for every SU-right ideal
fs of S and SU-ideal gs of S. Thus, S is weakly regular. Hence (2) implies (1). This completes

the proof.
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Theorem 10.4. For a monoid S, the following conditions are equivalent:

1) S is weakly regular.
2) fsggsi)fs x gg for every SU-bi-ideal fs of S and for every SU-ideal gs of S.

Proof. Similar to the the proof of Theorem 10.3.

11. Quasi-regular semigroups

In this section, we study a semigroup whose SU -left (right, two-sided) ideals are all idempo-
tent. A semigroup S is called left (right) quasi-regular if every left (right) ideal of S is idempo-
tent, and is called quasi-regular if every left ideal and right ideal of S is idempotent ([29]). It is
easy to prove that S is left (right) quasi-regular if and only if a € SaSa (a € aSaS), this implies

that there exist elements x,y € S such that a = xaya (a = axay).

Theorem 11.1. A semigroup S is left (right) quasi-regular if and only if every SU-left (right)

ideal is idempotent.

Proof. Assume that fs is an SI-left ideal. Then, there exist x,y € S such that a = xaya. So, we

have;

(fsxfs)@) = () (fs(xa)Ufs(ya))

a=xaya

C fs(xa)U fs(ya)
C fs(a)Ufs(a)
= fs(a)

and so, fs *fséfg. Thus, fsx fs = fs and fs is idempotent.

Conversely, assume that every SU-left ideal of S is idempotent. Let a € S. Then, since L[a] is
a principal left ideal of S, the soft characteristic function .y, is an SU-left ideal of S. It is
known that a € L[a] and let a ¢ L[a]L|a] and so there do not exist y,z € L[a] such that a = yz.

Then,

Hifa))c(@) =10
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and

but this is a contradiction. So

a € Lla|Lla] = ({a} USa)({a} USa) = {a*} UaSaUSa* USaSa C SaSa

Hence, S is left quasi-regular. The case when S is right quasi-regular can be similarly proved.

Theorem 11.2. Let S be a semigroup. If fs = (fs* 5)20(5 % fs)? for every SU-ideal fs of S,

then S is quasi-regular.

Proof. Let fs be any SU-right ideal of S. Thus, we have

fs=(fs*0)*T(0 % fs)*D(fs* 0)*Dfs* fsDfs+ 0 fs

and so fs = ( fs)z. It follows that S is right quasi-regular by Theorem 11.1. One can similarly

show that S is left quasi-regular.

Theorem 11.3. For a semigroup S, the following conditions are equivalent:

1) S is both intra-regular and left quasi-regular.
2) gsUhsUfs = gg * hg * fs for every SU-bi-ideal fs, for every SU-left ideal gs and every SU-
right ideal hg of S.

Proof. Assume that (1) holds. Let fs be any SU-bi-ideal, gs be any SU -left ideal and hg be any
SU-right ideal of S. Let a be any element of S. Since S is intra-regular, there exist elements
x,y € S such that a = xa®y. Since S is left quasi-regular, there exist elements u,v € S such that

a = uava. Hence

a = uava = u(xaay)va = ((ux)a)((a(yv)a)
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Thus,

(8s*hs*fs)(a) = [gs*(hs*fs)](a)

= N [gs((ux)a)) U (hs  fs)(a(yv)a))]
a=((w)a)((a(w)a)

gs((ux)a)) U (hs* fs)(a(yv)a))
gs(@U( () hsm)Ufs(n))

(a(yv))a=mn)
gs(a) U (hs(a(yv)) U fs(a))

gs(a)Uhs(a) U fs(a)

= (gsUhsUfs)(a)

N

N

N

N

and so gs * hs * fs C gsUhsUfs. Thus, (1) implies (2). Assume that (2) holds. Let gs be any
SU-left ideal and fs be any SU-right ideal of S. Then, since SU-left ideal gg is a bi-ideal of S,

and since 6 itself'is an SU-right ideal of S, we have
gs = 8sU00gs = g5 0+ gg = gs * (5*85)5& %8520 * g5 Dgs

Hence gs = gs * gs. Thus, by Theorem 11.1, S is left quasi-regular.
Now, since SU-right ideal fs is an SU-bi-ideal of S, and since ] itself is an SU-right ideal of

S, we have:
gsUfs = gs00Ufs = gs* 0 % fs = g+ (0 * f5) Dgs * f

Thus, by Theorem 8.2., S is intra-regular. Hence (2) implies (1). This completes the proof.

12. Conclusion

Throughout this paper, we have studied the concepts of soft union product of soft sets, soft
characteristic function, soft union semigroup, soft union left (right, two-sided) ideals, soft union
bi-ideals and soft union semiprime ideals. Moreover, we have characterized regular, intra-
regular, completely regular, weakly regular and quasi-regular semigroups by the properties of

these ideals. Based on these results, some further work can be done on the properties of soft
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union semigroups, which may be useful to characterize the classical semigroups in the following
studies.
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