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Abstract. This study is interested in the exterior and symmetric derivation on universal modules. In this paper,

we investigated some interesting homological results about universal modules of second order derivations and we

gave some examples related to universal modules of second order derivations.
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1. Introduction

In order to prove conclusions about algebraic sets and their coordinate rings, one of the meth-
ods is to study the universal module of differential operators. This ideas of studying the univer-
sal module may decrease questions about algebras to questions of module theory. The idea of
using the universal module goes as far back as [1] which was proved some propeties of Q; (R).
The universal modules of higher differential operators of an algebra were introduced by [2].
After on the like thought has appeared in [3] and [4]. During the recent years, subject of univer-

sal modules of high order differential operators has studied by [5]. The knowledge of a Kahler
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module of g-th order was present by Osborn in [10]. Same notion has emerged in Heyneman
and Sweedler in [3]. They mentioned differential operators on a commutative algebra which
spread out the notion of derivations. Hart introduced the higher derivations and universal dif-
ferentials operators of Kahler modules in [6]. Nakai advanced the fundemental theories for the
calculus of high order derivations and some functorial properties of the module of high order
differentials in his work in [4]. Johnson considered Kahler differentials and differential algebra
in [11]. Olgun take care of the universal modules of finitely generated algebras in [9]. It was
researched the homological dimension of universal modules of differential operators. Erdogan
and Olgun essentially interested in some problems related to the universal modules of high or-
der derivations introduced and developed by Osborn, Heyneman and Sweedler and Nakai in [2],
[3] and [4], respectively. Komatsu introduced right differential operators on a non-commutative
ring extensions in [12]. In [8], the authors characterized the homological dimension of n-th
order Kahler differentials of R over k and examined functorial properties of the module of n-th

order Kahler differentials of R ® .S over k in [8].

In this study, we have inspired from Hart’s [6] and Osborn’s [10]. They gave split exact se-
quences related to first order derivations of Kahler modules. Using these, first of all we have
described a new isomorphism and given an example about it. Secondly, we have identified
new exact sequences and a new split short exact sequence related to second order derivations
of Kahler modules and proved them. Then, we have assigned that ker & is isomorphic to what?
where « is a map from J; (2, (R)) to Q; (R) and R is a finitely generated k-algebra over alge-

braically closed field k with characteristic zero. Finally, we have given some examples.

2. Preliminaries

Throughout this paper, unless the contrary is stated explicitly, we will let R be a commutative
algebra over an algebraically closed field k£ with charasteristic zero and by a k-algebra, we mean
commutative ring which contains a field k of characteristic zero. All modules will be unitary.
We use the following notation: The universal module of n-th order derivations of a ring R will

be denoted by Q, (R). When M is an R-module, J, (M) will denote the universal module of
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differential operators of order less than or equal to n on M. When in a diagram, we fail to

specify a homomorphism, this will mean that there is a natural homomorphism.

Definition 2.1. [10] Let R be any k-algebra commutative with unit, R — Q; (R) be first order
Kahler derivation of R and let S (€ (R)) be the symmetric algebra @& ,>0 (S” (21 (R))) generated
over R by Q; (R). A symmetric derivation is any linear map D of S (€ (R)) into itself such that

i—) D(SP(Q1(R))) C S"*! (Qu (R))

ii—) D is a first order derivation over k

iii—) the restriction of D to R is the Kahler derivation d; : R — Q (R).

Theorem 2.1. [10] Let R be an affine k-algebra. Then, there exist a short exact sequence of

R-modules

0— ker® — Qs (R) 2 Q; (R) -0

such that 0 (d» (f)) = d, (f) for all f € R and ker 6 is generated by the set
{d> (ab) — ad (b) — bd; (a) : a,b € R}.
Definition 2.2. [13] Let R be any k-algebra commutative with unit, R — €, (R) be g-th order
Kahler derivation of R and let S (Q, (R)) be the symmetric algebra @ >0 (S” (&, (R))) gener-
ated over R by Q, (R). A symmetric derivation is any k-linear map D of S (Q, (R)) into itself
such that

i—) D(SP(Qq(R))) C 87 (Q4(R))

ii—) D is a first order derivation over k

iti—) the restriction of D to R is the Kahler derivation d; : R — Q, (R).

Theorem 2.2. [13] Let R be an affine k-algebra. Then, there exist a long exact sequence of

R-modules

0 — ker® — Qy, (R) 2 J, (@ (R)) = cokerf — 0

forallg > 0.
Theorem 2.3. [13] Let R be an affine k-algebra. Then, there exist a long exact sequence of

R-modules

0— ke — J, (24 (R)) 2 82 (9, (R)) — coker — 0

for all g > 0.
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Lemma 2.1. [10] Let R be a commutative k-algebra. Assume that, Q (R) is the universal

module of derivations of R with universal derivation d : R — Q1 (R). Then, the map
D:Q;(R) = A*(Q(R))
D (Za,-d (b,-)) =Y d(a;)Ad (b)
i i
is a differential operator of order 1 on Q| (R) where a;,b; € R.

Corollary 2.1. [6] Let R be an affine k-algebra. Then, there exist a split exact sequence of

R-modules

0= (R) % 11 (Q1 (R) = A2(Q (R)) — 0.

Lemma 2.2. [14] Let R be a commutative k-algebra. Suppose that € (R) is the universal

module of derivations of R with universal derivations d, : R — Q; (R) .Then, the map

D5 : Qz( ) — A? Qz Za d2 _> D, (Zale ) = ZdZ (ai)AdZ (bi)

is a differential operator of order 2 on Q) (R) where a;,b; € R.

3. Main Conclusions

Theorem 3.1. Let R = k [x,x2, ..., Xs] be a commutative k-algebra. Then, there exist a split short

exact sequence of R-modules
0 — kerat — J5 (Q (R)) 3 A% (Qs(R)) — 0

and
kerot = Q) (R) ® S (22 (R)).

Before the prove theorem, we will give some useful Lemma’s about our main aim.

Lemma 3.1. Let R = k[x},x2,...,x;| be an affine k-algebra. Then,
A
Q) (R) = J2(Q2(R)) = 5> (Q2(R)) — 0

is an exact sequence of R-modules.
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Proof. Let R be a commutative affine k-algebra with unit and €, (R) be the universal modules of
second order derivations of R. Let J, (2, (R)) be the universal module of differential operators
of order less than or equal to 2 on € (R) with universal differential operator A; : Q> (R) —
J2 (€7 (R)). Then, the map

~

A:Q(R) = S%(Qy(R))

A5 ) ) = T o) v )

i,j:kl i,jk,l

is a differential operator of order 2 on Q; (R) where x;,xx¢,x; € R, m,n,t,r =0,1,2 and 1 <

i, j,k,I <s. By the universal property of J> (Q; (R)), there is a unique R-module homomorphism
o : Jz(QQ (R)) — §? (Qz (R))

such that the following diagram

Q; (R) =5 52 (Q; (R))
Ar N i
J> (22 (R))

commutes and oAy = Z Since,
oo (W' jds (¥37)) = A (5¥sda (7)) = da () V (¥,
o is surjective. Therefore, we have
Q (R) 3 12 (@2 (R) % 8> (@2 (R)) 0

an exact sequence of R-modules. It suffice to show that the sequence is exact at J, (Q; (R)).

Note that, ImA; is generated by the set
{42 (a2 (x1)) , A2 (da (xix;) ) }
for i,j=1,2,...,s and that
d> (xi) Vdy (xj) —dp (xj) Vo (x;) = 0.

Therefore, we have
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~

oAy (dz (x,')) :A(dz (x,')) = dz(l) Vdy (x,') =0

~

oA (dz (x,-xj)) =A (d2 (x,-xj)) =ds (1) Vds (xixj) =0

this implies that /mA, is contained in ker o;;. Hence, we have an induced map
71 :J2 (9 (R)) /ImA; — 52 (Q5 (R))

defined by

(82 (i () ) ) = () v (o)
Now, $2 (Q, (R)) is generated by the set
{d2 (x;"x;l) Vd (xfcxl') cm,n,t,r=0,1,2and i, j,k,[ = 1,2, ...,s}.

We can define a map
Y S2 (QQ (R)) —J (.Q2 (R)) /ImAz

defined by

2 (d2 () vy (47)) = 8o (xad (x4 ).
It is clear that, y;9 and Y7, are identities and so, ker y; = ker o /ImA; = 0 and then, ker ;) =

ImA;. Therefore, the sequence is exact.

Lemma 3.2. Let R = k[x],xp,...,x5] be an affine k-algebra. Then, there is a short exact

squence of R-modules

0= ker8 — > (Q (R) & 0y (R) = 0.

Proof. Let J,(Q;(R)) be the universal module of differential operators of order less than or
equal to 2 on Q; (R) with the universal differential operator A,. Then, the following diagram

Lo, (k)
il

Q; (R) Q; (R)
Ar N\ /6
J2(Q2(R))
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commutes and that 6;A; = 1o, ). Since

01 (Az ( ) x; Xdy (xixf))) =) x'xds (xx7)

i,j .kl i,jk,l
in Q, (R) for m,n,t,r =0,1,2 and 1 <1, j,k,Il <s, a is surjective. Hence, we have
0 — ker8 — J» (2 (R) 3 0y (R) — 0
a short exact sequence of R-modules.
Lemma 3.3. Let R = k[x1,x2,...,x;| be an affine k-algebra. Then,
Q0 (R) 2 1 (9 (R) S A2 (2 (R)) — 0
is an exact sequence of R-modules.
Proof. Let R be a commutative affine k-algebra with unit and Q; (R) be the universal modules of
second order derivations of R. Let J (Q; (R)) be the universal module of differential operators

of order less than or equal to 2 on Q; (R) with universal differential operator A, : Q; (R) —

J2 (€, (R)). Then, the map

R) —>A2 .Qz
( Z xn1x d2 k.xl > Z d2 Ad2 (.xkxl)
)kl ikl

is a differential operator of order 2 on Q; (R) where x;,xjx¢,x; € R, m,n,t,r =0,1,2 and 1 <

i, j,k,I <s. By the universal property of J> (Q; (R)), there is a unique R-module homomorphism

~

A:Q(R)— A? (Q2(R))

such that the following diagram

QR A A(@(R)
Ar N\ Ja
J2(Q2(R))

—~

commutes and A, = A.
Since,

o (¥ (X)) = A (W' (X)) = dy (') Ads (4],
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o is surjective. Therefore, we have
A
Q2 (R) 3 12 (@2 (R) 5 A* (2 (R)) 0

an exact sequence of R-modules. It suffice to show that the sequence is exact at J, (Q; (R)).

Note that, ImA; is generated by the set
{A2(d2 (1)), A2 (da (xix;)) }
for i,j=1,2,...,s and that
dy (x;) Ad; (xj) +dy (xj) Ad; (x;) =0.
Therefore, we have

At (d (x:)) = A (do (xi)) = da (1) Ada (x:) = 0

aAr (d2 (xin)) =A (d2 (Xﬂj)) =dy (I)Adz (X,‘)Cj) =0
this implies that /mA, is contained in ker .. Hence, we have an induced map
Y (.Qz (R)) /ImAz A2 (Qz (R))

defined by

" <A2 (wcrd (1) )) — dy (') Ads (4x]) .
Now, A% (Q; (R)) is generated by the set
{dy (X]'x}) Ady (xjx]) :m,n,t,r =0,1,2and i, j,k, 1 =1,2,...,s}.

We can define a map

Ya - A2 (.QQ (R)) —Jr (.Q.z (R)) /ImA2

defined by

i (o (1) Ady (X)) = o (a2 () )
It is clear that, 7374 and 7473 are identities and so, ker y3 = ker a/ImA; = 0 and then, kera =

ImA;. Therefore, the sequence is exact.

Now, we are ready to proof of the main theorem:
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Proof. We can define the map A, : Q; (R) — J2 (Q2 (R)) defined by

) 1 { Ay (X?’x;?dz (xixlr)) +A; (xfcxl’ d> (xj”x?’)) +x7"x Ao (d (xix7))

5 ( Y s () o (a2 (v

i,Jykl

and similarly the map

defined by
it (x'x}dy (xix])) = 1/2

Then, we define the following map
h:Q(R) & 52 (Q(R)) = 12 (2 (R))
h(a,b) = al; (a)+ ayiy (b)
=0+0=0
where a € Q, (R) and b € §? (Q; (R)). Therefore,
kerot = Q) (R) ®S* (2 (R)).

Now, let us prove the splitting at the short exact sequence. Let,

~

A:Q(R)— A? (Q2(R))

defined by
A ( Y id, (x;x;)> = Y o (¥') Ady (%)
i,jkl i)kl
and
A0 (R) = 5 (@ (R))
defined by

(Zxxdz ka> Y o (X'Y)) vy (xgap) -

i, ]kl i,j,k,l
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Therefore, A and A are second order derivations. So, by the universal property of J> (2 (R)),

there exist R-module homomorphism
o :Jy (Q(R)) = A% (Q(R))

a1 :Jr (2 (R)) — $% (9 (R))

such that the following diagrams

A? (9 (R))

1=

@ (R)
Ayl FIa20,(R)
(2 (R) — A*(Q(R))
and
LE A S@m)

Ayl s 0m))
L (2 (R) — $*(Q(R))

are commutes.So, we can write

oA, ( Z x;"x’}dz (xfcxlr )) =

i,J;k,!

)
VRS
=
=
~
S
—
Rl
&=
~=N
SN—"
~_—
Il
S
—
=
~3
Rt
SN—"
>
S~
—
[
Rt
=
~N
N—

and

LIV} ( Y xids (x;xlr)) —A ( x'xds (x}cxlr)> = Y dy (xf'x}) Vo (xx7) -
kol -

L]kl

From here, we obtain
a2 = Tx2(, (k)
oni1 = Leq,(r))
aip =0
a1 =0.

So, the sequence is splits.
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Example 3.1. Let R = k[a, b] be a polynomial algebra of dimension 2. Then, Q; (R) is a free

4
R-module of rank ( ) — 1 = 5 with basis
2

{d>(a),da (b) > (ab) ,d> (a®) ,d> (b*) }

6
and S? (Q, (R)) is a free R-module of rank (

= 15 with basis
4

d> (a)Vds(a),ds(a )de(b) dr (a)Vdy (ab) ,dy (a)V dy (a?) ,dy (a) V da (b?) ,dp (b) V d> (b)
,dy (b)V ds (ab) ,d> (b) V d (a?) ,d> (b) V dy (b?) ,d> (ab) V d> (ab) ,d> (ab) V d> (a?)
,d> (ab)\/dz (b2) do (a®)Vdy (a*) ,dy (a®) V dy (b*) ,d> (b?) V ds (b?)

5
and A% (Q, (R)) is a free R-module of rank ( ) = 10 with basis
2

dy (a) Ady (b) ,d> (a) Ady (ab) ,d> (a) Ads (a®) ,d> (a) Ads (b?) ,d> (b) Ad (ab) ,d» (b) Ady (a?)
,dy (b) Ady (b*) ,d> (ab) Ady (a*) ,d» (ab) Ady (b?) ,d> (a?) Ad, (b?)

and J, (€, (R)) is generated by the set

\

Ay (da(a)),Ar (da (D)), A (da (ab)) Ay (dy (a%)) s Az (da (b)), As (ads (a))
Ay (ady (b)), A (ads (ab)) , As (ady (a%)) , Az (ada (b)) , Mg (bds (a)) , Az (bdy (b))
, A2 (bdy (ab)) , Ay (bds (a®)) Ay (bda (7)), Az (abdy (a)) , As (abds (D))

,A; (abd, (ab)) ,A; (abdy (a?)) , Az (abds (b)), A (a*da (a)) ,As (a®d> (b))
A (a*dy (ab)) Ay (aPdy (a?)) , Az (aPdy (%)) , Ay (bPds (a))

\ Ay (b%d (b)) , Ay (bPdy (ab)) , Az (BPdy (a?)) , Az (BPd, (b?))

/

s0, we see that the isomorphism from ranks of Q, (R),5% (Q2 (R)),A? (Q, (R)). Therefore, we

obtained the isomorphism

(92 (R) = (R)®S* (0 (R) ©A* (2 (R)).
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Example 3.2. Let R = k[a,b,c| be a polynomial algebra of dimension 3. Then, Q) (R) is a

5
free R-module of rank (

) — 1 =9 with basis
3

{d>(a),d>(b),d>(c),da(ab),d> (ac),ds (be) ,d (a*) ,da (%) ,da (¢*) }

10
and S? (Q, (R)) is a free R-module of rank (

) — 45 with basis
8

dy(a)Vdy(a),dr (a)Vdy (b),dr(a)Vd(c),dr(a)Vdy(ab),dy(a)Vdy(ac),ds(a)Vdy (bc)

d> (a)V dy () ,d> (a) Vo (V) ,d> (a) V da (¢?) ,da (B) V da () ,d ( YV (c),dy (b) V dy (ab)
dy (b) V dy (ac) ,dp (b) V dy (bc) ,dy (b) V dy (a?) ,d (b) V da (b?) ,da (b) Vda (¢*) ,dz (¢) V da (c)
,d2( )V dy (ab) ,dy (c) Vdy (ac) ,d> (c)Vda (be) ,dy () Vdy (a®) ,dy (¢) V dy (%) ,da (c) Vda (c?)
,d (ab) V dy (ab) ,d> (ab) V d> (ac) ,d> (ab) V d; (bc) ,d> (ab) V d; (a?) ,d> ab)\/d2 (b%) .d> (ab) vV d> (c?)
,d (ac)Vdy (ac) ,da (ac)V dy (bc) ,dy (ac) V dy (a*) ,da (ac) V da (b?) ,da (ac) V d (¢*) ,da (be) V da (be)
,dy (be) V dy (a®) ,do (be) Vda (b%) ,dy (be) vV dy () ,dy (a*) V dy (a?) da (a?) V da (b?) ,ds (a®) V d (c?)
s (1) Vo (7)o (07) Vs () (2) v s ()

9
and A% (Q; (R)) is a free R-module of rank (

) — 36 with basis
2

dy (a)Ady (D) ,d> (a )Adz( ) ;d2 (a) Ads (ab) ,ds (a) Ads (ac) ,da (a) Ada (be) ,da (a) Ada (a?)
,d>(a) Ad> (b?) ,d> (a) Ad> (c?) ,d> (b) Ada (¢) ,d (b) Ad> (ab) ,d> (b) Ad» (ac) ,d» (b) Ad (be)
dy (b) Ady (a*) ,d (b) Ady (b?) ,d> (b) Ada (c?) ,d> (c) Ada (ab) ,ds (c) Ady (ac) ,da () Ad, (bc)
dz( )Ads (a?) ,da (¢ )Ad2 (b%) ,d2(c) Ad> (¢?) ,d> (ab) Ad, (ac) ,d» (ab) Ad; (be) ,dy (ab) Ads (a?)
,dy (ab) Ady (b?) ,d> (ab) Ad> (c?) ,d> (ac) Ads (be) ,da (ac) Ady (a*) ,da (ac) Ads (b?) ,d> (ac) Ads (c?)
,d> (bc) Ady (a?) ,d> (be) Ada (b?) ,do (be) Ada (¢?) ,db (a?) Ada (D?) ,da (a®) Ado (c?) ,da (b?) Ady (c?)
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and J (2 (R)) is generated by the set

Ay (da(a)), 80 (d2 (D)), A2 (d2(¢)), Ax (d2 (ab)) ,Aa (da (ac)) , Az (da (be))
o (dr (a2)) A (do (b)), A0 (da (), A (ads (a)) . As (ada (b)), Az (ads (c))
A (ad; (ab)) , A (ady (ac)), A (ads (be)) ,As (ady (a?)) ,As (ady (b?)) , Az (ads (¢2))
A (bd> (a)) Az (bd> (D)) ;A2 (bd> (c)) , Ao (bds (ab)) , Az (bds (ac)) , A (bds (be))
A (bdy (a%)) Ay (bdy (B7)) , Az (bd () ,Aa (cda (a)) , Ay (cdo (D)), Aa (cda (c))
A (cds (ab)), Ay (cds (ac)) , Ay (cda (be)) , As (cdz (a?)) A2 (cda (B?)) ,As (cda (c?))
A (abd (a)) , Az (abd (b)) , Az (abds (c)) )
A (abdy (a?)) Az (abds (b)), As (abds (¢?)) ,As (acd, (a)) , Az (acdy (b)) , Az (acd, (¢
)
A (beds (a)) A (beds (D)), As (beds (c)

), A2 (beda (ab)) , A (beda (ac)) ,Aq (beds (be)
A2 (bcdz (az)) Az (bcdz (bz)) Az (deQ (

Ay

)) ( 2d2 (a)) ( 2d2 ) A2 (azdz c
Ay (D2dr (a)) A2 (B2da (b)) , A0 (B2 (¢)) , Ag (DPd (ab)) , Az (s (ac)) , Ay (B?da (be
,Az (b2d2 (a )) ,A2 (bzdz (bz)) ,Az (b2d2 (6‘2)) ,Az (02d2 (a)) ,Az (C2d2 (b ) ( 2d2 C

Ay (Pds (ab)) ,As (cPds (ac)) , Ao (Pda (be)) , Ao (Pdo (a?)) , Ao (Pda (B?)) , Ao (P (€

(
A (acdy (ab)) , Az (acdy (ac)) , A (acdy (be)) , Ag (acd2 (a2)) Ay (acd2 (bZ)) Ao (acd2 (c

Az (abdy (ab)) , A (abd; (ac)) ,As (abds (be))

)
)

)
)

Ay (a*dy (ab)) , Ay (aPd> (ac)) , Ay (a*dy (be)) ,As (aPds (a?)) , Ay (aPdy (b?)) Az (aPda (7))

)
)

D) )

13

50, we see that the isomorphism from ranks of Q (R),S% (Q2 (R)),A? (Q2 (R)). Therefore, we

obtained the isomorphism
D (@ (R) 2 Qs (R)®S* (2 (R)) ®A* (2 (R)).
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