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1. Introduction

In [5], Howie and Isbell have extended Isbell’s Zigzag Theorem, by using free products of commutative
semigroups, for the category of all commutative semigroups. Stenstrom [8], by using tensor product of
monoids, provided a new proof of the celebrated Isbell’s Zigzag Theorem in the category of all semigroups.
In this paper, we provide, based on Stenstrom’s approach, a new algebraic proof of the Howie and Isbell’s

result [6, Theorem 1.1] for the category of all commutative semigroups.

2. Preliminaries

Let U and S be any semigroups with U a subsemigroup of S in a category C of semigroups. We say
that U dominates an element d of S in C if for every semigroup 7' € C and for all homomorphisms
a,B:8 =T, ua =up for all u € U implies da = df. The set of all elements of S dominated by U is
called the dominion of U in S, and we denote it by Domc (U, S). It can be easily seen that Dom¢ (U, S)
is a subsemigroup of S containing U. A morphism « : S — T in C is said to be an epimorphism (epi for

short) if for all morphims 3,7, a8 = a in C implies § = v (where (3,7 are semigroup morphisms). It
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can be easily checked that o : S — T is epi in C if and only if ¢ : S — T is epi in C and the inclusion
map i : U — S is epi in C if and only if Domg(U,S) = S. Note that when C is the category of all
semigroups, the above definitions which have been first given by Hall and Jones [2] are precisely those of
Howie and Isbell [5] and Isbell [6].

Let S be a semigroup with identity 1 and A be any non-empty set. Then A is said to be a right S-
system if there exists a mapping (x, s) — xs from Ax.S into A such that (zs)t = z(st) for allz € A, s,t € S
and z1 = xfor allz € A. Dually, we may define a left S-system B.

Let A be a right S-system and B be a left S-system and let 7 be the equivalence relation on A x B
generated by the relation 7' = {((as,b), (a,sb)) :a € A,b € B,s € S}. Then A x B/ is called the tensor
product of A and B over S and is denoted by A ®s B. We also denote an element (a,b)7 of A ®g B by
a®b.

For any unexplained notations and conventions, one may refer to Clifford and Preston [1] and Howie
[4]. We shall also use the notation Dom(U, S), when it is clear from the context, for the dominion of U
in S both in the category of all semigroups as well as in the category of all commutative semigroups.

A most useful characterization of semigroup dominions is provided by Isbell’s Zigzag Theorem.

Result 2.1([4, Theorem 8.3.4]). Let U be a submonoid of a monoid S and let d € S. Then d € Dom(U, S)
if and only if d € U or there exists a series of factorizations of d as follows:
d=ais1 = ait1by = azs2b1 = astebs = ... = ap_1tn_1by_1 = Spbn_1,

where n > 1,s;,t; € U, a;,b; € S and

d:alsl, S1 :tlbl
ait; = ait18i41,  Sit1bi =tipibipn (1=2,...,n—2)
Qp—1tn—1 = Sp, Spbp_1 = d.
Such a series of factorization is called a zigzag in S over U with value d, length n and spine s1, ..., S,,t1,. ..,

tn—1. We refer to the equations in Result 1.1 as the zigzag equations.

Result 2.2([4, Theorem 8.1.8]). Two elements ¢ ® b and ¢ ® d in A ®g B are equal if and only if

(a,b) = (¢, d) or there exist a1, as9,...,an_1 in A, by, ba,...,by_1in B, $1,82,...,8n,t1,t2,...,tp_1 In S
such that
a = a8y, Slb:ﬁlbl
a1ty = azs9, Soby = taba
ait; = aix18i41,  Sip1bi =tipibipr (1=2,...,n—2)

Gp—1tn—1 = CSp, Snbp—1 =d.
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3. Main Result

Theorem 3.1. Let U be a submonoid of a commutative monoid S, Then d is in Dom(U, S) if and only

if either d € U or there exists a zigzag in S over U with value d.

Proof. To prove the theorem, we, by Result 1.2, essentially show that if d € S, then d € Dom(U, S) if
and only if d® 1=1®din A =S ®y S, where 1 is the identity of S. So let us suppose first that d € .S
and d®1=1®din A =5 ®y S. Then, by Result 1.2, we have

d = ais1, s1 =t1b
aity = agsa, s2by = tabo
ait; = i418i41, Sip1bi = tipabipr (1=2,...,n —2)
An—1tn—1 = Sn, Spbn—1 =d;
where ay,a9,...,a,-1,b1,b2,...,bh_1 € S and s1,52,...,8n,t1,t2,...,th_1 € U.

Let T be a semigroup and let o, 8 : S — T be homomorphisms agreeing on U i.e.
alU=p|U

Now, by using zigzag equations, we have

a(d) = afars1) = a(ar)a(s1) = afa1)B(t1br) = a(ar)B(t1)B(b1) = alart)B(b1)
= =a(an-1tn-1)B(bn-1) = a(sn)B(bn-1) = B(snbn—1) = B(d)
= d € Dom(U, S5).
To prove the converse, we first show that for a commutative monoid, the equivalence relation 7 is a
congruence; i.e.
(a,b)7(c,d)T = (ac,bd)T.
For this, we have to show that 7 is compatible; i.e.
if (a,0)7 = (¢,d)T and (d/, V)7 = (¢, d")7, then ((a,b)(a’, V)T = ((¢,d)(, d"))T.
Since a ® b = ¢ ® d, by Result 1.2, we have

a = ai181, Slb:tlbl
aity = azsz, S2b1 = tabo
aiti = Ai4+1Si+1, Si+1bi = ti+1bi+1 (’L = 2, N 2)
Gp—1tn—1 = CSp, Spbn_1 = d; (A)

for some ay,a9,...,an_1,b1,b2,...,bp_1 € S and sy,s2,...,8n,t1,t0,...,tp_1 € U.
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Similarly, as a’ @ b’ = ¢/ ® d’, we have

a = alsh, st =t
Y ! o/ VA Ny i N
ajt] = ayssy, soby = toby
[Z7/ / ’ gl / .
aiti = ;415,415 si+1bi = ti-‘rlbi—i-l (Z = 2, cee, = 2)
’ / _ BN _ .
anflt -1 — c sn7 Snbnfl - d7 (B)
/ / / / / / / / / / / /
for some a},ah,...,a,_q,b),05,...,0,_1 € S and s1,s5,...,5,,t),t5,...,t,_, €U.

Now, from equations (A) and (B), we have

aa’ = (a1s1)(aysh), (s1b)(s1b") = (£2b1)(t11)
(art1)(ajty) = (a2s2)(assh), (s2b1)(s501) = (t2b2)(t503)
(aiti)(ait;) = (@it18i+1)(@i418i401)s  (Si410i)(8i4105) = (Liprbip) (ti41bi41)
(i=2,...,n—2)
(an—1tn—1)(ay, 1, 1) = (csn)(c's)), (snbn—1)(spb;, 1) = dd'.

Since, in the above system of equalities all members belong to S, so, by using commutativity of S, we have

aa’ = (aray)(s1s), (s181)(bb") = (t1t1)(b1b})
(a1a1)(t1ty) = (aza5)(s2s)), (s255)(b1b1) = (t2t)(b2b))
(aia))(tit) = (aiv1ai1)(Siv1siy),  (Siv18i40)(03b)) = (Ligatipy) (Di1biyy)
(i=2,...,n—2)
(an—1a5_1)(tn-1t,_1) = (c')(sns), ($n80) (bn—1b;,_1) = dd';
where ayal, azaby, ... an_1al,_1,b105,b205, ... b1, €S and s181, 8285, ..., 8n8n, t1ith, tath, ...,

tn—lt;L—l G U.

Thus, by Result 1.2, we have
aa’ @b = cd @ dd' = (ad’,bb" )T = (¢, dd" )= ((a,b)(a’,b'))T = ((¢,d)(¢',d"))T = 7 is a congruence.

Now defineav: S —-SxAand 5:5 > S x A
by

a(s) =(s,s®@1), B(s) = (s,1®35).

Then «, S are, clearly, semigroup morphisms.
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Since, ©u ® 1 = 1 ® u, we have

a(u) = B(u), for all u € U.

Therefore a(d) = (d)

= (d,do1) = (d,1®d)

=>d®1l1=1®d.

This completes the proof of the theorem. O

Thus we have the following:

Theorem 3.2. If U is a submonoid of a commutative monoid S, then d is in Dom(U, S) if and only if

either d € U or there exists a zigzag in S over U with value d. 0

It may easily be verified that the arguments employed by Howie[4] in proving Theorems 8.3.4 to
8.3.5 work through to complete the proof for the following Isbell’s Zigzag Theorem for the category of all

commutative semigroups.

Theorem 3.3. Let U be a subsemigroup of a commutative semigroup S. Then d € Dom(U,S) if and

only if either d € U or there ezists a zigzag in S over U with value d. g

REFERENCES

[1] Clifford, A.H. and Preston, G.B.: The Algebraic Theory of Semigroups. Math. Surveys No.7, Vol.I.,
II. Amer. Math. Soc., Providence (1961), (1967).

[2] Hall, T.E. and Jones, P.R.: Epis are onto for finite regular semigroups, Proc. of Edinburgh Math.
Soc. 26, 151-162, (1983).

[3] Higgins, P.M.: A short proof of Isbell’s Zigzag Theorem, Pacific J. Math. 144(1), 47-50, (1990).

[4] Howie, J.M.: Fundamentals of Semigroup Theory, London Mathematical Society Monographs New
Series, Oxford Univ. Press, London, (1995).

[5] Howie, J.M. and Isbell, J.R.: Epimorphisms and dominions II, J.Algebra 6, 7-21 (1967).

[6] Isbell, J.R.: Epimorphisms and dominions, Proc. of the conference on categorical Algebra, LaJolla,

232-246. Lange and Springer, Berlin (1966).



A NOTE ON ISBELL’S ZIGZAG THEOREM FOR COMMUTATIVE SEMIGROUPS 27

[7] Philip, J.M.: A proof of Isbell’s Zigzag Theorem, J. Algebra, 32, 328-331 (1974).
[8] Stenstrom, B.: Flatness and localization over monoids, Math. Nachr. 48, 315-334, (1971).
[9] Storrer, H.H.: An algebraic proof of Isbell’s Zigzag Theorem, Semigroup Forum, 12, 83-88, (1976).



