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Abstract. In this paper, we define soft union group, serving as a bridge among soft set theory, set theory and group
theory and showing how a soft set effects on a group structure in the mean of union and inclusion of sets. We
then derive its basic properties and relation with the notion of soft intersection group and obtain some analog of
classical group theoretic concepts for soft union group. Moreover, we give some applications of soft union groups

to group theory.
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1. Introduction

Molodtsov [21] introduced soft set theory for modeling vagueness and uncertainty. Works on soft set theory has
been progressing rapidly since Maji et al. [18] presented some definitions on soft sets and Ali et al. [3] introduced
several operations of soft sets. Sezgin and Atagiin [23] studied on soft set operations as well. Based on these

operations, the theory of soft sets has developed in many directions and is finding applications in a wide variety
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of fields. Some of the recent papers [5,12,13,20] are extending the soft set theory, especially in decision making
[6,7,19,22,30].

Soft groups and its related properties were first introduced and studied by Aktas and Cagman [2]. Some authors
[1,9,14,15,16,17,24,25,26,27,28,29] have then studied the soft algebraic structures in detail. Applying the defini-
tion of soft set, Atagiin and Sezgin [4] studied the algebraic soft substructures of rings, fields and modules. In [8],
Cagman et al. introduced soft intersection group (soft int-group) and studied its basic properties with respect to
soft set operations. To develop the soft set theory, Cagman and Enginoglu [7] redefined the operations of soft sets.
By using their definitions, in this paper, we define soft union group (abbreviated as “soft uni-group”). It is based
on the inclusion relation and union of sets. This new concept brings together the soft set theory, set theory and the
group theory and therefore is very functional in the mean of improving the soft set theory with respect to group
structure. Furthermore, it serves as a bridge among soft set theory, set theory and group theory and shows how a
soft set effects on a group in the mean of union and inclusion of sets. Based on the definition of soft uni-group, we
define the concepts of soft uni-subgroup and normal soft uni-subgroup. We also define soft anti image, e-left coset
of a soft set and investigate these notions with respect to soft uni-group. Moreover, we obtain a significant rela-
tion between the concept of soft uni-group and soft uni-group and derive some analog of classical group theoretic

concepts for soft uni-group. Finally, we give some applications of soft uni-group to group theory.

2. Preliminaries

In this section, we recall some basic notions relevant to soft sets. For further details related to this section may
be found in earlier studies [7,10,11,18,21].

Throughout this paper, U refers to an initial universe, E is a set of parameters, P(U) is the power set of U and
A,B,CCE.
Definition 2.1. ([21]) A soft set f4 over U is a set defined by

Jfa:E — P(U) such thatf, (x) = 0 if x ¢ A.

Here fj is also called approximate function. A soft set over U can be represented by the set of ordered pairs

fa={(x,fa(x)) :x € E, fa(x) € P(U)}.

It is clear to see that a soft set is a parametrized family of subsets of the set U. It is worth noting that the sets fj (x)
may be arbitrary. Some of them may be empty, some may have nonempty intersection.

Note that the set of all soft sets over U will be denoted by S(U). If we define more then one soft set in a subset
A of the set of parameters E, then the soft sets will be denoted by fa, ga, ha etc. If we define more then one soft

set in some subsets A, B, C etc. of parameters E, then the soft sets will be denoted by f4, fg, fc etc., respectively.
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Definition 2.2. [7] Let f4 € S(U). f fa(x) =0 for all x € E, then fj is called an empty soft set and is denoted by
fo.

If fa(x) =U for all x € A, then f; is called A-universal soft set and is denoted by f7.

Definition 2.3. [7] Let fa, f3 € S(U). Then, f; is called a soft subset of fz and denoted by faC f, if fa(x) C fz(x)
for all x € EIf fa(x) = fg(x) for all x € E, then f4 and fp is called soft equal and is denoted by f4 = f5.
Definition 2.4. [7] Let f4, f € S(U). Then, union of fy and fp, denoted by f4Ufg, is defined as f4Ufp = f47ps
where f455(x) = fa(x) U fp(x) forallx € E.

Intersection of f and fp, denoted by faN\fp, is defined as f4Nf5 = fy75, Where firp(x) = fa(x) N f(x) for all
xcE.

Complement of the soft set f4 over U, denoted by f5, is defined as f{(o) =U \ fa(ox) forall € E.
Definition 2.5. [7] Let f4, f5 € S(U). Then, V-product of f4 and fp, denoted by f4 V fp, is defined as f4 V fp =
Sfave, where faygp(x,y) = fa(x)U fp(y) for all (x,y) € E X E.

A-product of fy and fp, denoted by f4 A fp, is defined as f4 A fg = fanp, where fanp(x,y) = fa(x) N fz(y) for
all (x,y) €E XE.

Definition 2.6. [3] Let fa, fp € S(U). Then, restricted union of f4 and fg, denoted by f4 Uz f5, is defined as
falUz [ = fau,B. Where fau,p(x) = fa(x)U fp(x) forallx e ANB # 0.

Restricted intersection of f and fg, denoted by f4 M fp, is defined as fo M fz = famqp, Where faqp(x) = fa(x)N
fe(x) forallx c ANB #0.

Definition 2.7. [8] Let G be a group and fi € S(U). Then, f¢ is called a soft intersection group over U if if it

satisfies the following properties:

D) fo(xy) 2 fo(x)N fe(y) forall x,y € G,
i) fo(x~1) = f(x) forall x € G.

For the sake of brevity, soft intersection group is abbreviated by soft int-group throughout this paper.
3. Soft uni-group

In this section, we first define soft union group that is abbreviated as soft uni-group. We then define soft uni-
subgroup, normal soft uni-subgroup and investigate their basic properties. Throughout this section, G denotes an

arbitrary group with identity e and if H is a subgroup of G, then it is denoted by H < G.
Definition 3.1. Let G be a group and fg € S(U). Then, fg is called a soft uni-group if it satisfies the following

properties:

i) fo(xy) € fo(x) U fe(y) forall x,y € G,
i) fo(x~') = fg(x) forallx € G.
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Example 3.2. Assume that U = §3, symmetric group, is the universal set and G = Dy = {< x,y >:1 x> = y* =

e,xy =yx} = {e,x,y,yx}, dihedral group, is the subset of set of parameters. The group table of D, is known as

e X 'y ¥

X[y y x e

Now, we can construct a soft set fg by

fole) = {(13)}

folx) = {e,(12),(13)}
fo(y) = {e(13),(23)}
folwx) = {e,(12),(13),(23)}.

Then, one can easily show that the soft set f is a soft uni-group over S3.
Example 3.3. Consider U = Ny as the universal set and the group G = Z¢ as the subset of set of parameters. We

can define a soft set fi as

fox)={y€Zip:ye<x>}

not a soft uni-group over Zy.

It is easy to see that if we take the group as G = {e}, then f is a soft uni-group over U no
matter how f is defined and no matter U is.

Proposition 3.4. If f is a soft uni-group over U, then fg(e) C fe(x) for all x € G.

Proof. Since f is a soft uni-group over U, then

fole) = folax™") C fo(x) U fo(x) = fo(x)

for all x € G.

Theorem 3.5. A soft set fg over U is a soft uni-group over U if and only if fg(xy™!) C fg(x)U

fc(y) forall x,y € G.

Proof. Suppose that f is a soft uni-group over U. Then,

foly ™) C fe)Ufely™") = fo(x) U f6(y)
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for all x,y € G. Conversely, assume that fg(xy™') C fg(x)U fg(y) for all x,y € G. If we choose

x = e, then

foley™) = foy™") C fole) U fa(y) = fa(v),
since fG(yy ') = fa(e) C f6(y)U f6(y) = fo(y) for all x € G. Similarly,
fo) =fe(H) ™ H e,

thus fg(y~!') = fG(y) for all y € G. Moreover, by assumption

fo(xy) C fo(x)Ufo(0™") = fa(x) U fa(y)

Thus f is a soft uni-group over U.

Theorem 3.6. Let f be a soft uni-group over U and x € G. Then, forall y € G
fe(xy) = fa(y) & fo(x) = fe(e)

Proof. Suppose that fg(xy) = fg(y) for all y € G. Then by choosing y = e, we obtain that

fc(x) = fc(e). Conversely, assume that f;(x) = fg(e). Then, we have

() fele) = fe(x) C fe(y), VyeG.

Since fg is a soft uni-group over U, it follows that

foxy) C fo(x)U f6(y) = fc(y), Vye€G.

Moreover, for ally € G

fa) = fo(( o))
= folx ' ()
C folx U fe(xy)
= fe(x)U fe(xy)
= folxy)

It follows that f(xy) = fg(y) for all y € G, as required.
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Theorem 3.7. Let f; be a soft uni-group over U and x € G. Then,

fo(x) = fa(e) = fo(xy) = fo(yx)
forallyeG.
Proof: If f(x) = fg(e), then fg(xy) = f(y) for all y € G. Therefore, it is enough to show
that for all y € G, fg(yx) = fc(y) to complete the proof. Let x € G, then
felx) = folx(y™)
= foy(w)y™)
C foe()Ufelxy)Ufe(y)
= fe(y) U fe(xy)
= fe(»)Ufc(y)
= fe(y)

for all y € G. Moreover,

foy) = foly(xx™))
= fe((m)x)
C felm)U f(x)
= fo(yx)

for all y € G. It follows that fg(yx) = f(y) and fg(xy) = fe(yx), Vy € G.

Remark 3.8. Let f; be a soft uni-group over U and x € G. Then,

fo(x) = fole) < fo(xy) = fo(yx) = fa(y)
forall y € G.
Theorem 3.9. Let f; be a soft uni-group over U such that the image of fg is ordered by
inclusion for all x € G. If f6(y) € fo(x) for x,y € G, where f5(y) C fc(x) means that fg(y) C
fa(x) but f6(y) # fc(x), then

fo(xy) = fo(x) = fo(yx).
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Proof: Since f is a soft uni-group over U, it follows that

fo(xy) € fe(x)U f6(y) = fo(x).

Moreover,

fo(x) = folx(y™)
= fo((y)y™)

C felxy)Ufc(y)

Since f5(y) € fo(x) and fg(x) C fo(xy)U f6(y), then fG(y) C fe(xy) under assumption. Thus,
fo(x) C fa(xy), so fe(xy) = fc(x) for all y € G. One can similarly show that fg(yx) = fg(x)
is satisfied under assumption, so this completes the proof.

Remark 3.10. Theorem 3.9 fails, if in the hypothesis we replace fg(v) C f(x) by fe(y) C
fo(x).

Example 3.11. Assume that universal set is the group G = {1, —1,i,—i} and let G be the subset

of set of parameters. If we define a soft set fg by

fo(x)={yeG:y=x"neN}

for all x € G, then fg(1) = {1}, fo(—1) ={—1,1}, fc(i) = fo(—i) ={-1,1,i,—i} = G. One
can easily show that fg is a soft uni-group over U. Here, fg(i) C fg(—i), but fg(i. —i) =
fo(—i.i) # fe(—i). In [8], Cagman et al. showed that the A-product of two soft int-groups over
U is a soft int-group over U. Here, we show that \VV-product of two soft uni-groups over U is a
soft uni-group over U with the following theorem:

Theorem 3.12. Let f; and fy be soft uni-groups over U. Then, fGV fg is a soft uni-group over
U.

Proof: Let fV fu = fovm, where four(x,y) = fo(x)U fu(y) for all (x,y) € E x E. Since
G and H are groups, then so is G x H. Let (x1,y1), (x2,y2) € G x H. Then,
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Sova (1) (2,32) ") = fovn(ixa ™ yiya ™)
= folaxa U fu(iy2 ")
€ (fo(x1)U fe(x2)) U (fr (y1) U fu(y2))
= (fox)Ufa(y1))U(fe(x2) U fu(y2))
= fovu(x1,y1)U fova (x2,y2)
Thus, fGV fg is a soft uni-group over U.
Note that if f; and fy are two soft uni-groups over U, then fg A fy is not a soft uni-group
over U as shown with the following example:
Example 3.13. Let f be the soft uni-group over S3 in Example 3.2 and consider H = {0,3} <
Zg as the subset of set of parameters of the soft set fy defined by fi(0) = {(13)} and fy(3) =

{(13),(23),(132)}. One can easily show that f is a soft uni-group over S3. We now consider

the soft set fGam over S3. Then,

fG/\H((x7§) (yx,ﬁ)) = fG/\H(yvg)

= {(13),(23)},

forn(x,3)U fonn(3x,0) = (fo(x) N fu(3)) U (fo(yx) N fu(0))
= {(13)}u{(13)}
= {(13)}

It is obvious that fGam ((x,3)(yx,0)) € foam (x,3) U foam (yx,0). Thus, foam is not a soft uni-

group over U. However, we have the following:

Theorem 3.14. Let f; and fy be soft uni-groups over U. Then,

Fona((x1,51)(x2,52) 1) € fovr(x1,51) U fovr (x2,72)

for all (x1,y1),(x2,y2) € G x H.
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Proof: Let (x1,y1),(x2,y2) € G x H. We have

foru((y)(2,3) ™) = fombux™ vy ")
= folax )N fulyiy ")
€ (folx)Ufe(x2)) N (fu (1)U fu(32))
C (folx)Ufe(x2))U (fu(r)U fu(32))
= (folx))Ufu(n)) U (fe(x2)U fu(32))

= fova(x1,y1)U fovu(x2,y2)

Theorem 3.15. If f; and hg are two soft uni-groups over U, then so is fGUhg.

Proof: Letx,y € G. Then,

(f6Uhe)(xy™ ') = folxy ) Uhgxy™)
C (fe(x)Ufe(y))U(hg(x) Uhg(y))
= (fo(x)Uhg(x))U(fc(y)Uhg(y))

= (f6Uhg)(x) U (f6Uhg)(y),

Therefore, fGUhg is a soft uni-group over U.

The following theorem gives the relation between soft int-group and soft uni-group over U.

Theorem 3.16. Let f; be a soft set over U. Then, fg is a soft uni-group over U if and only if

/G is a soft int-group over U.

Proof: Let f; be a soft uni-group over U. Then,

fe™) = U\ foly™)
2 U\ ((fox)Ufe(y))
= U\ SN fol))
= fe)Nf5()
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for all x,y € G, which shows that fg, is a soft int-group over U.

Conversely, let f be a soft int-group over U. Then,

foloy™) = U\ fs(w™)
< U\(fex)Nf5(y))
= WU\ fe&x)U U\ f6())
= fe(x)Ufs(y)

for all x,y € G. Thus, f¢ is a soft uni-group over U.

Above theorem shows that if a soft set is a soft uni-group over U, then its complement is a
soft int-group over U and vice versa.
Definition 3.17. Let G be a group, H be a subgroup of G and fi be a soft uni-group over
U. If fg, the soft subset of fg, itself is a soft uni-group over U, then fg is said to be a soft
uni-subgroup of fg over U and denoted by fg 5, fc-
Example 3.18. Consider U = Z as the universal set and the additive group G = Zj4 as the subset
of set of parameters. Let us define a soft set fg by f5(0) = {0,2}, f(1) = fc(3) = {0,1,2,3}
and f;(2) = {0,2,3}. Then it is obvious that f is a soft uni-group over U. Let H = {0,2} < Z4
and fy over Z be defined by fz(0) = {0} and fy(2) = {0,2}. Since fy is a soft subset of fg
and itself is a soft uni-group over U, it follows that fg <4 fc-

In [8], Cagman et al. showed that the intersection of two soft int-groups of f; over U is a
soft int-group of f over U. Here, we have a similar theorem for the restricted union of two soft
uni-groups of fg over U:

Theorem 3.19. Let fy /S\;f(; and ng;fG over U. Then, fpUg fK/SVMfG over U.

Proof: Let fy Uy fx = fuu,k, where fru,k(x) = fu(x)U fx(x) forallx € HNK # 0. Let
x € HNK, then

fuux(y ™) = fuloy Uy
C (fu(x)Ufu()U(fk(x)Ufk(y))
2
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= (fH®)Ufk(x)U () U k()
= fuu,x(X)U fau,x(y)

Therefore, fy Ug fx <, fcover U.

Remark 3.20. If f; is a soft uni-group over U, fNivu ¢ and fyév,, fa, then fy V fg is not
a soft uni-subgroup of f; over U. Because if N and H are subgroups of G, then N x H is
not a subgroup of G. Moreover, if fy and fy are two soft uni-groups of f; over U, then the
restricted intersection and intersection of fy and fy needs not be a soft uni-subgroup of f; over
U. However, we have the following:

Theorem 3.21. Let fyivu G and fKivu G over U. Then,
Frax (™) C fru,k(¥) U fau,x ()
forall x,y e HNK.

Proof: Assume that x € HNK, then

fuox(y™") = fuly )0 fr (o)
S () U k)N (fulx)Ufk(y))
S (fux)U k() U (fux)Ufk(y))
= (fa(x)Ufk(x)U(fa(y)U k()
= fruupk () U fru,k (v)

Definition 3.22. Let f; be a soft uni-group over U. Then, fg is called an soft abelian uni-group
over U, if fg(xy) = fg(yx) for all x,y € G.

It is obvious that if G is abelian, then f is a soft abelian int-group over U.
Definition 3.23. Let f; be a soft uni-group over U and fNSNM Jfc- Then, fy is called a normal
soft uni-subgroup of fg over U if fy is a soft abelian uni-group over U and denoted by fn<, fG.
It is clear that if G is an abelian group, then fx is a normal soft uni-subgroup of fs over U. It

shows the analogy with the fact that a subgroup H of a group G is normal in G if G is an abelian

group.
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Example 3.24. Assume that U = Zg is the universal set and let G = S3 be the set of parameters.

fc(123) = f5(132) = {1,2,3,5}. One can easily show that f is a soft uni-group over U. Let
N =A3 ={e,(123),(132)} < S5 be the alternating group and the soft set fy over S3 such that
fv(e) = {3} and fy(123) = F(132) = {2,3,5}. One can easily show that fy<, fg, moreover

In<ufc-
Theorem 3.25. Let fy<,fc and fx<,fc over U. Then, fyg Uy fx<ufc over U.

Proof: It has already been shown that union of two soft uni-subgroups of f; is a soft

uni-subgroup of fg over U. Let fy Uy fx = fuu,k, where fuu,x(x) = fu(x) U fx(x) for all
x€HNK #0. Let x € HNK, then

Jauzr(xy) = fu(xy)U fr(xy)
= fulx)U fxk(yx), since fu,fx<ufc,

fHUJ/K(yx)

Therefore fiy Uy fx<ufc over U.
Theorem 3.26. Let <, fg over U such that fy(e) = fu(x) for all x € H and fx3,fg over U.

Then, fy Uy fx<u.fc over U.

Proof: The fact that union of two soft uni-subgroups of f is a soft uni-subgroup of f; over
U has already been shown, we now show that fy Uy fx = fhu,k is a normal subsoft uni-group

of fg. We have that fg(xy) = fg(yx) for all y € H. Now,

frauzx(xy) = fu(xy)U fi(xy)
= fu(yx)U fx(yx)

= fHUggK (yX)
Therefore, fy Uy fx<ufc over U.

4. Applications of soft uni-groups
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In this section, we define soft anti image, e-left coset of a soft set and investigate these notions

with respect to soft uni-group. Moreover, we give some applications of soft uni-group to group
theory.

Definition 4.1. Let f; be a soft uni-group over U. Then, e-set of fg, denoted by Gy, is defined

as
Gr ={x€G: fo(x) = fg(e)}.
Theorem 4.2. Let f; be a soft uni-group over U. Then, Gy, is a subgroup of G.

Proof: Itis obvious thate € Gy, and 0 =+ Gy, € G. We need to show that xy’1 € Gy, forall
x,y € Gy,. Since x,y € Gy, then fg(x) = fe(y) = fo(e). fele) C fo(xy™!) for all x,y € Gy,
Since fg is a soft uni-group over U, then fg(xy™') C fo(x) U f6(y) = fc(e) for all x,y € G.
It follows that G, is a subgroup of G.

Note that if G is abelian, then Gy, is a normal subgroup of G. Moreover, we have the
following:

Proposition 4.3. Let fg be a soft abelian uni-group over U. Then, Gy, is a normal subgroup of

G.

Proof: Letg € G and x € Gy,. Then,

folgxg™) = folgg 'x)

Thus, gxg_1 € Gy,. Hence, Gy, is normal in G.

Definition 4.4. Let f; be a soft uni-group over U and x € G. We define a map

xfg:G—=U
xfc(g) = fo(gx™') forall g € G. fg is called the left coset of fg determined by x and fg. It is
obvious that e fg = f¢.

Definition 4.5. Let f; be a soft uni-group over U. Then e-left coset set of f;, denoted by G =

is defined as

GfG:{XEGifo:efg}
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Theorem 4.6. Let fi be a soft uni-group over U. Then, G 7 is a subgroup of G.

Proof: It is obvious thate € G 7 and 0 # ch C G. We need to show that xy_] eqG = that

is fo(gxy™H ™1 = fe(ge™") = fo(g) forall g € Gand x,y € Gj. - Sincex,y € G;_and fgis a
soft uni-group over U, it follows that fg(gx ™) = fg(gy™!) = fo(ge™!) = f5(g) forall g € G
and x,y € ch' Thus,

folgy™)™) = folebx))
= folev(g 'g)x ")
= fo(gle )(ex™)
C fole)Ufelve ") Ufelex™)
= fo(®)Ufs((ey ) U fele)
= fo(8)Ufa(ey™") U fa(g)
= fe(8)Ufc(g)U fa(s)
= Jo(g)

forall g € Gandx,y € G; . Similarly, one can show that fo(g) C fo(g(xy™") 1), thus fg(g(xy™ =1 =
fc(g) forall g € Gand x,y € ch’ implying that xy~! € ch and ch is a subgroup of G.
Theorem 4.7. Let f; be a soft uni-group over U. Then, Gy, = ch'

Proof: Letac G 7 Then we have afg = efg. That s,

folga™") = fo(g)
for all g € G. If we choose g = e, then
fola™") = fa(e),
which means that a=! € Gy, and so a € Gy, since Gy, is a subgroup of G. Thus, we have that
Gy C Gy
On the other hand, let b € Gy,,. Then,

fc(b) = fc(e).
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In order to show that b € fg, we need to prove b fc = efg, that is

fo(gb™") = fs(g), Vg € G.

Let g € G, then

fo(sb™) < fo(@)Ufe(b™)
= fe(g)U fc(b)
= fe(g)U fa(e)
= fo(8)

Again,

fo(g) = fo(g(b™'b))
= fo(gb™")b)
C falgb™")U fa(b)
= folgb™")U fele)

= fa(gb™)
for all g € G. It follows that
GfG - GAG’ thus ch = GfG'

Definition 4.8. [8] Let f4 and fp be soft sets over the common universe U and ¥ be a function

from A to B. Then, soft image of f, under ¥, denoted by ¥(fu), is a soft set over U defined as

a)|a an a) =b}, i -1 ’
@) = § UVa@ | a€A and Wa)=b}, it WTHB) £ 0

0, otherwise

for all b € B. And soft preimage (or soft inverse image) of fg under ¥, denoted by W~ (f3), is
a soft set over U by (¥~!(f3))(a) = fz(¥(a)) for all a € A.
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Definition 4.9. Let f4 and fp be soft sets over the common universe U and ¥ be a function from

A to B. Then, soft anti image of f4 under W, denoted by W*(f4), is a soft set over U defined as

a)la an a)=>b}, if ¥~ (b) #£0,
- | U@ 0 €4 and W@ =}, i w70) 2

0, otherwise

for all b € B.
Theorem 4.10. Let fu, and fa, be two soft sets over the common universe U and ¥ be a

function from A to B, where A1,Ay C A. Then,

a) W (fa,Nfay) = B (fa, ) (fa,)-
b) If fa,C fay, then B (fa,) S¥* (fa,)-

Proof: a) The proof is obvious.

b) Let b € B, then

(P (£a))(B) = [{fa,(a):a €A, ¥(a) =b}
C ﬂ{fAz(a) ra €Ay, ¥(a) =b}
= (W(/a,))(b)

which completes the proof.
Theorem 4.11. Let fo be the null soft set, f; be the A-universal soft set and let ¥ be a function

from A to A. Then,

a) ¥(fo) = fo, ¥~ (fo) = fo and ¥*(fo) = fo.
b) WU(f3) = fi. And if ¥ is a surjective function, then P(f3) = f; and ¥*(f5) = fx.

Proof: The proof is obvious.
Theorem 4.12. Let fy and fp be soft sets over U, fy, fg be their relative soft sets, respectively

and ¥ be a function from A to B. Then,

a) W(fp) = (¥ ()"
b) W(f3) = (¥ (fa))" and ¥*(f3) = (¥ (fa))"-
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Proof: a)Leta c A, then

() @) = f5(¥(a)
= U\ f5(¥(a))
= U\¥ '(fz(a))
= (¥ '(fp))(a).

Thus, ¥~ (f5) = (¥~ (f5))".

b) Let b € B, then

(P(N0B) = Ulfi(a):a €A, ¥(a) =b}
= UlU\fa(a) :a €A, ¥ (a) = b}
= UN{((/a(a) :a € A,¥(a) = b}
= U\Y"(fa)(b)
= (W(fa)(®)

Thus, ¥(f5) = (¥*(fa)). And similarly,

(PE)B) = N{fil@) :aeAP(a)=b}
= U\ fala) : a € A, %(a) = b}
— U\ (UAa(@):acA¥(a) = b}
— U\Y(A)0)
— () ()
Therefore, ¥*(f5) = (¥(f1))".

Theorem 4.13. [8] Let fg and fy be soft sets over U and Y be a group isomorphism from G to

H. If fc is a soft int-group over U, then W(f¢) is a soft int-group over U.

Theorem 4.14. (8] Let f; and fg be soft sets over U and Y be a group homomorphism from G

to H. If fy is a soft int-group over U, then Y~ (fy) is a soft int-group over U.
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Theorem 4.15. Let fg and fy be soft sets over U and ¥ be a group homomorphism from G to

H. If fy is a soft uni-group over U, then so is ¥~ (fy).

Proof: Let fy be a soft uni-group over U. Then, f§ is a soft int-group over U and ¥~ ! (£5)
is a soft int-group over U. Thus, ¥~ (f5) = (¥~ !(fu))* is a soft int-group over U. Therefore,
W~!(fy) is a soft uni-group over U.

Theorem 4.16. Let fi and fy be soft sets over U and Y be a group isomorphism from G to H.

If fc is a soft uni-group over U, then so is ¥*(fc).

Proof: Let fg be a soft uni-group over U. Then, f¢, is a soft int-group over U and W(f{) is a
soft int-group over U. Thus, W(f§) = (¥*(fs)) is a soft int-group over U. Therefore, ¥*(f;)
is a soft uni-group over U.

Theorem 4.17. Let fg and fy be soft sets over U and ¥ be a group homomorphism from G to
H. If fy<ufc over U, then ¥~ (fg)<.fg over U.

Proof: If fy<,fc over U, then fy itself is an soft uni-group over U. ¥~!(fy) is a soft
uni-group over U. Therefore, we only show that ¥~ !( fy)(xy) = ¥~ (fu)(yx) for all x,y € G.
Let x,y € G, then

Y (f) () = fu(P(w))
= fu(Y()¥())
= (YY), since fud.fc.
= fu(¥(x))

= ¥ (fu) ()
Hence, ¥~ ! (fy)<.fG over U.
5. Conclusion

In this paper, by using soft sets and union operation of sets we define soft uni-group, based
on the inclusion relation and union of sets and thus more functional for obtaining results in the

mean of soft set theory with respect to group structure. We have then introduced the concepts
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of soft uni-subgroup, normal soft uni-subgroup, e-left coset and soft anti image of a soft set and
investigate these notions with respect to soft uni-groups. Furthermore, we have pointed out the
relation between soft int-group defined in [8] and soft uni-group and give some applications of
soft uni-group to group theory. To extend this study, one can further study the other algebraic
properties of soft uni-groups.
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