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1. INTRODUCTION

After the introduction of fuzzy sets by Zadeh [26], there have been a number of generalizations of
this fundamental concept. The notion of intuitionistic fuzzy sets introduced by Atanassov [2-3] is one
among them. Fuzzy sets give a degree of membership of an element in a given set, while
intuitionistic fuzzy sets give both degrees of membership and of nonmembership. Both degrees
belong to the interval [0; 1], and their sum should not exceed 1. BCK-algebras and BCl-algebras are
two important classes of logical algebras introduced by Imai and Iseki [12,13]. It is known that the
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class of BCK-algebra is a proper subclass of the class of BCl-algebras. In 1991, Xi [25] applied the
concept of fuzzy sets to BCK-algebras. In 1993, Jun [14] and Ahmad [1] applied it to BCl-algebras.
After that Jun, Meng, Liu and several researchers investigated further properties of fuzzy subalgebras
and ideals in BCK/BCl-algebras (see [15-18]). In [ 27], Zhan and Tan discussed characterization of
fuzzy H-ideals and doubt fuzzy H-ideals in BCK-algebras. Recently, Satyanarayana et al. [21-22]
introduced intuitionistic fuzzy H-ideals in BCK-algebras. The concept of fuzzy translations in fuzzy
subalgebras and ideals in BCK/BCl-algebras has been discussed respectively. They investigated
relations among fuzzy translations, fuzzy extensions and fuzzy multiplications. Motivated by this, in
[19], the authors have studied fuzzy translations of fuzzy H-ideals in BCK/BCl-algebras. They also
extend this study from fuzzy translations to intuitionistic fuzzy translations in BCK/BClI-algebras.

AT-ideals and fuzzy AT-ideals on AT-algebras was defined by A. T. Hameed. She introduced
the notion of fuzzy AT-ideal, intuitionistic fuzzy AT-ideal and intuitionistic fuzzy AT-ideal on
AT-algebras in [4-11] and a lot of properties are investigated of its.

In this paper, a-translation of intuitionistic fuzzy AT-ideals, intuitionistic fuzzy extensions and
intuitionistic fuzzy multiplications of fuzzy AT-ideals in AT-algebras are discussed. Relations among
intuitionistic fuzzy AT-algebras are also investigated.

2. PRELIMINARIES

In this section, some elementary aspects that are necessary for this paper are included.
Definition 2.1. ([4,5]). Let (X;*,0) be an algebra of type (2,0) with a single binary
forany x,y,z €X,

(ATp): (x*y) * ((y*2)(x *2)) =0,
(AT,): 0* x = x,
(AT3):x* 0= 0.

In X we can define a binary relation " < " by:x < yifandonlyif,yx x = 0.
Lemma 2.2. ([ 4,5]). In any AT-algebra (X;*,0 ), the following properties hold:
forall x,y, z €X;

a) x< yimpliesthaty * z< x *xz,

b) x < yimpliesthatz * x < z*y,

C) x*xy<zimplyz*xy< ¥

d) y*2) x(x*2) <X *y,
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e) z * x <zx*yimpliesthatx < y(leftcancellation law).

Definition 2.3. ([ 4,5]). Let (X;*,0) be an AT-algebra and let S be a nonempty of X. S is called an
AT-subalgebra of X, if x* y € Swheneverx eSandy € S.
Definition 2.4. ([ 4,5]). A nonempty subset | of anAT-algebra(X;+,0) is called an AT-ideal of X if it
satisfies: forx ,y, z € X,
(ATL,) 0 €1,
(ATL,) x * (y *z) € landy € limply x*z € I.
Proposition 2.5.([ 4,5]). Every AT-ideal of AT-algebra(X;+,0) is an AT-subalgebra.
Definition 2.6.[10]. Let (X;*,0) be a nonempty set, a fuzzy subset p in X is a function

u: X — [0,1].
Definition 2.7. ([ 4,5]). Let (X;x,0) be an AT-algebra, a fuzzy subset p in X is called a fuzzy
AT-subalgebra of X if forall x , y €X, p(x*y) = min {u (x),u (y)}.
Definition 2.8. ([ 4,5]). Let (X;*,0) be an AT-algebra, a fuzzy subset p in X is called a fuzzy
AT-ideal of X if it satisfies the following conditions: for all x , y, z €X,
(FATy) p(0) 2 n(x),
(FAT,) w(x*z) = min{p(x*(y*2)),u ()}
Proposition 2.9.([ 4,5]). Every fuzzy AT-ideal of AT-algebra X is a fuzzy AT-subalgebra.
Definition 2.10. [2]. Let (X;*,0) be an AT-algebra, a fuzzy subset p in X is called an anti-fuzzy AT-
subalgebra of Xifforall x,yeX, p(xx*y) < max{u(x),pn(y)}.
Definition 2.11. [2]. Let (X;*,0) be an AT-algebra, a fuzzy subset p in X is called an anti-fuzzy
AT-ideal of X if it satisfies the following conditions: , forall x ,y, z €X,

(FAT) p(0) < p(),

(FAT2) p(x*z) < max{p(x*(y=*z),n@}
Proposition 2.12. [2]. Every of anti-fuzzy AT-ideal AT-algebra X is an anti-fuzzy AT-subalgebra.
Definition 2.13.( [3,6]). An intuitionistic fuzzy subset A in a nonempty set X is an object having
the form A = {(x, pa(x),va (X)) | x € X} where the functions p,: X — [0,1] and v,: X — [0,1]
denote the degree of membership and the degree of non-membership respectively, and

0 < pa(®) + vy (x) < 1forall xeX.
Remark 2.14.(] 3,6]). If an intuitionistic fuzzy subset A in a nonempty set X, then

Ha(X) + va(x) = 1,ie,whenvy (x) = 1 — pa(x) = pi (x) for all that x €X . Now p, is

named fuzzy subset while va= pg is the complement of p,.
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Definition 2.15.([3,6]). Let A = {(x, ua(x),va (X)) | x € X} be an intuitionistic fuzzy subset of
AT-algebra X . A is said to be an intuitionistic fuzzy AT-subalgebra of X if: for all x, y €X,

(IFS1) pa(x *y) = min { ua(x), pa(y)}:

(IFS2) va(x * y) < max { va(x),va(y)}.
That mean p, is a fuzzy AT-subalgebra and v, is an anti-fuzzy AT-subalgebra.
Proposition 2.16.([3,6]). Every intuitionistic fuzzy AT- subalgebra {(x, pa(x), va(x))|x € X} of
AT-algebra X satisfies the inequalities pa(0) = pa(x) and va(0) < va(x),forallx € X.
Definition 2.17.([3,6]). For any t € [0,1] and a fuzzy subset |t in a nonempty set X, the set
U(wt) ={x€X|u(x) = t}iscalled an upper t-level cut of 1 and the set
L(wt) = {xeX|u®x) <t}iscalledalower t-level cut of
Theorem 2.18.([3,6]). An intuitionistic fuzzy subset A = {(x, u4(x),v4 (x)) | x € X}isan
intuitionistic fuzzy AT-subalgebra of AT-algebra X if and only if, for all that,t € [0,1], the set
U(uy, t) and L(vy,s) are AT-subalgebras of X.
Definition 2.19.([3,6]). Let A = {(x, pa(x),va (X)) | X € X} be an intuitionistic fuzzy subset of
AT-algebra X . A is said to be an intuitionistic fuzzy AT-ideal of X if : for all that x, y, z €X,
(IFl1) pa(0) = pa(x) and va(0) < va(x).
(IF12) pa(x * z) = min{pa (x * (y * 2), pa(y)} and va(z * x) <max{va (x * (y * 2)), va(}
That mean p, is a fuzzy AT-ideal and v, is an anti-fuzzy AT-ideal.
Theorem 2.20. ([3, 6]). An intuitionistic fuzzy subset A = {(x, pa(x),v4 (x)) | x € X}isan
intuitionistic fuzzy AT-ideal of AT-algebra X if and only if , for all , t €[0,1] , the set U(,, t) isan
AT-ideal and L(v,, s) is an anti-fuzzy AT-ideal of X.
Proposition 2.21.[3,6]. Let A = {(x, ua(X),va (x)) | x € X} be an intuitionistic fuzzy AT-ideal of
AT-algebra X, then A is an intuitionistic fuzzy AT-subalgebra of X.
Theorem 2.22.([3,6]). An intuitionistic fuzzy subset A=(uy4,v4) an intuitionistic fuzzy AT-ideal of
AT-algebra X if and only if, the fuzzy sets u, fuzzy AT-ideal and v, anti-fuzzy AT-ideal of X.

3. A-TRANSLATION OF INTUITIONISTIC FUZZY AT-SUBALGEBRA ON AT-ALGEBRA
For the sake of simplicity, we shall use the symbol A = (u4,va) for the intuitionistic fuzzy
subset A = {< x, ua(x),va(x) >:x € X}. Throughout this paper, we take & = inf{v, (x)|x € X} for

any intuitionistic fuzzy set A = (ua,va) of X.
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Definition 3.1 [9] Let A = (ua,va) be an intuitionistic fuzzy subset of X and let o € [0, €] an object
having the form AT = {(x, (ua)X, (va)D)} is called a o-translation of intuitionistic fuzzy of A if
(A)T(x) = pa(x) + acand (Vo) T(x) = va(x) — o for all xe X.
Definition 3.2 Let AT = {(x, (1a)T, (va)D)} be a a-translation of intuitionistic fuzzy of A. and o €
[0,E] , AT is said to be o-translation of intuitionistic fuzzy AT-subalgebra of X if : for all x, y €X,

(IFS1) pa(x*y) + a = min { pa(x) + o, pa(y) + a}.

(IFS2) va(x *y) — o < max {va(x) — o, va(y) — a}.
That mean p, is a fuzzy AT-subalgebra and v, is an anti-fuzzy AT-subalgebra.
Theorem 3.3 If A = (uy4,v,) is an intuitionistic fuzzy AT-subalgebra of X, then A%, = ((w )T, (v4)D) is
a a-translation of intuitionistic fuzzy AT-subalgebra of X, for all « € [0, £].
Proof.
Let A = (ua, va) be an intuitionistic fuzzy AT-subalgebra of X and « € [0, ¢]. Then for all X, y € X.

(Ha)a(x*y) = pa(x *y) + o = min{pa (), ma(¥)} + o

= min{pa (¥) + o, pa(y) +a} = min{(pa)5 (), (1a)i (M)}
and (Vo)g (x * y) = va(x *y) — o0 < max{va(x),va(y)} — a
= max{va(x) — o, va(y) — o} = max{(va)g(x), (va)sa (¥}

Hence, AL = ((ua)T, (va)T) of A is a o-translation of intuitionistic fuzzy AT-subalgebra of X.
Proposition 3.4. Every AT = {(x, (ua)T, (va)D)}is o-translation of intuitionistic fuzzy AT-
subalgebra of AT-algebra X satisfies the inequalities, for all xe X
Ha(0) = pa(x) and va(0) < va(x).
Proof.
Ha(0) + o = pa(x*x) + o =min{ pa(X) + o, pa(x) + o} = pa(x) + o, then pa(0) = pa ()
and v (0), = va(x*x) —a<max {va(x) — o, va(x) — a} = va(x) — a, then v,4(0) < va(x)
Theorem 3.5 Let A = (uu,v,) be an intuitionistic fuzzy subset of X such that the a-translation of
intuitionistic fuzzy AT = ((u)7, (va)T) of A is fuzzy AT-subalgebra of X. for some « € [0, &].
Then A = (uu,v,) is an intuitionistic fuzzy AT-subalgebra of X.
Proof.
Assume that AT = ((ua)T, (va)D) is a a-translation of intuitionistic fuzzy AT-subalgebra , for some
o € [0,¢&]. Let x, ye X,
ma(x*y) + o = (a)g (x *y) = min{(na)g (%), (ka)e ()} = min{pa(x) + o, pa(y) + o
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=min{pa(x), pa(¥)} + o}  and
va(xxy) — o= (Va)g(x *y) < max{(va)g(¥), (va)e (1)} = max{va(x) — o, va(y) — o}
= max{ va(x),va(y)} — o
which implies that pa(x * y) = min{p, (%), pa(y)} and v (x * y) < max{v,(x),va(y)}, then
A = (ua,Vvya) is an intuitionistic fuzzy AT-subalgebra of X.
Definition 3. 6.[6]. For any t € [0,1], a € [0, €] and a fuzzy subset j1in a nonempty set X, the set
U(ut) = {x € X|ux) + o = t}is called a-translation of upper t-level cut of 4 and the set
Le(t) = {x € X |u(x) —a < t}is called a-translation of lower t-level cut of
Theorem 3.7. A a-translation of intuitionistic fuzzy A7 = {(x, (uy)% (v4)1)}is a-translation of
intuitionistic fuzzy AT-subalgebra of AT-algebra X if and only if, for all that,t € [0,1], the set
U, (g, t)is an AT-subalgebras of X and L, (v, s) is an anti -AT-subalgebras of X.
Proof.
Let AT = {(x, (L)L, (vA)D)} be a a-translation of intuitionistic fuzzy AT-subalgebra of X and
Ug(pa,t) # @ # Ly(va,s). and follow for every x,y € X suchas x,y € Uy(pa,t) , X,y €
Loa(Va,8), then pa(x) + o = tand py (y) + o = t, so therefore pa(x *y) + o = min {p(x) +
o, a(¥) +a} =min {pa(x) , ua(y) }+a = t,50 (x*y) € Uy(ua,t). thus Uy (ua, t) thisan AT-
subalgebra from X.
In a similar way, we can prove that L, (v,,s) isan anti -AT-subalgebra of X.
Conversely, assume that for each ,t € [0,1] , the sets U, (pa, t)is an AT-subalgebras of X and

L, (va,s) isan anti -AT-subalgebras of X. Let x,y" € Uy (ua, t) be such that

Ha X' *y)+a < min{p, (x') +a,us (y') + a}. Then by taking

to =5 {(1a & *y) +0) + min {pa &) + o, pa(y’) + o}, we get

Ha X' *y)+a <ty < min{p, (x')+a,us(y’) + a} and hence

x" *y") & Ug(ua to), X € Ug(ua, to), ¥ € Ug(ua, to), ie. Ug(pa, to), is not an AT-subalgebra of
X, which make a contradiction. Hence U, (u,, to) is an AT-subalgebra of X.

Finally, assume x’,y' € L, (ua,t) be suchthat vy (x" * y') —a > max{vy (x") —a,va (y') —

a}. Then by taking s, = % {(va X'*y)—a) + max{vy (X') —a,va (y') — a}}, we get
max { vy (X") —a,va (y') —a} > sy > (va X' * y') —a) and hence
X' * y") & Le(Va,Sp), X' € Ly(Va,S0), V' € Ly(Va,S0), i.€. Ly(Va,Sp), is not an anti -AT-

subalgebra of AT-algebra X, which make a contradiction. Therefore, Ly (va,So) IS an anti -AT-
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subalgebra of X. Hence A? = {(x, (ua)L, (vaA)D)} is a a-translation of intuitionistic fuzzy AT-
subalgebra of X.
Theorem 3.8. Let AL = {(x, (ua)?, (v4)1)} is a a-translation of intuitionistic fuzzy of A. If there
exists as sequence {x,} in X such that p,(x,) + a=1and v,(x) — a=0, then uy(0) + =1 and
v,4(0) — a=0.
Proof .
By proposition ( 3.5), ua(0) = pa(x), for all xe X, therefore, p,(0) + o = pa(x,) + o for every
positive integer n. Consider, 1> ps(0) + a0 = pa(x,) + o =1. Hence p,(0) + a=1.
Again by proposition (3.5), va(0) < va(x),thus x€ X, thus v,(0) — o < va(x,) — a, for every
positive integer n. Now, 0< v, (0) — o < va(x,) — a=0. Hence v, (0) — a=0.
Definition 3.9. Let AT = ((ua)Z, (va)D) and BT = ((up)L, (vg)?) be two o-translation of
intuitionistic fuzzy sets of A, then the intersection of Al and B are denoted by AT n Bl and is
given by A7 N By ={min{(1a)s, (e)a}, max{(va)s, (Ve)o)}}-
Also, the complement of A denoted by A7 and is defined by AT = ((vo)T, (u)D) .

Theorem 3.10. Let A;and A,be two a-translation of intuitionistic fuzzy AT-subalgebras of AT-
algebra X. Then A; N A,is a-translation of intuitionistic fuzzy AT-subalgebra of X.
Proof.
Letx,ye A, nA, thenx,y€ Aand X,y € A,, then
(Hayna,)a(x*y) = min{(ua,)e (x * y), (ia, ) (x * )}

> min{min{(ita,)a (), (Ha,)a (1)}, min{(ka,)e (), (1a,) e ()3}

= min{min{(ita,)a (), (Ha,) o (O}, min{(ua,)a (), (a,)a )}

= min{(UAlnAz)g(X); (UAlnAZ)'&(y)} and
(Vagna,)a (x * y) =max {(va,)a(x * ), (Va,)a(x * )}

<max{max{(va,)o(¥), (va,)a (3} max{(va,)s (), (va,)a ()3}

= max {max {(va,)e (), (va,)e ()}, max{(va,)a ¥, (Va,)a ()3}

= max {(VAlnAz)g(X)' (VAlnAz)Z(Y)}

Hence A; N A,is a-translation of intuitionistic fuzzy AT-subalgebra of X.
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Corollary 3.11. Let{A;|i=1,2,3,....}be a family of a-translation of intuitionistic fuzzy AT-

subalgebras of X, where N A; =(Min(ua;) I (x), max(va)i(x)). Then N A; is a-translation of

intuitionistic fuzzy AT-subalgebra of X.

Theorem 3.12. AL = ((u4)?, (v,)?) is a-translation of intuitionistic fuzzy AT-subalgebra of X if

and only if, the fuzzy sets A;={(w,)%(X)|x€ A} is fuzzy AT-subalgebras of X and 4,={(¥)T(x)|x€
A} is anti-fuzzy AT-subalgebras of X.

Proof .

Let AT = ((na)T, (va)D) be a-translation of intuitionistic fuzzy AT-subalgebra of X. Cleary 4,is a fuzzy
AT-subalgebra of X. For every X, y € X, we have

(a)a(x*y) =1 = (Va)a(x *y) = 1 — max{(va)g(x) , (va)e (M} =max{l — (va)g(x),1 — (va)5(y)}

= max{(Va)e (%), (Fa)a (M}
Hence A,is an aniy-fuzzy AT-subalgebra of X.
Conversely, assume that A; is fuzzy AT-subalgebras of X and A, is anti-fuzzy AT-subalgebras of

X. Forevery x,y € X,

(1a)a (x *y) = min{(ua)g (), (a)g ()} and (va)g (x * y) < max{(va)s (), Va)a(¥)}-

Hence AT = ((upa)L, (va)Y) be o-translation of intuitionistic fuzzy AT-subalgebra of X.

For any element x and y of X, let us write IT" x* y for x*(-==x(x* y))), where x occurs n times.
Theorem 3.13. Let AT, = ((us)7?, (v,)?) be a-translation of intuitionistic fuzzy AT-subalgebra of X
and let ne N (the set of natural numbers) then for all xe X.

(i) (u)T (I"x * x ) = (uy)X(x), for any add number n,

(i) (T @x * x ) < (na)%(x), for any add number n,

(i)  (u)Tarx = x) = (uy)T(x), for any even number n,

(iv)  (v)T (I"x * x) = (uy)%(x), for any even number n.

Proof.
Let x € X and assum that n is odd, then n=2p-1 for some positive integer p. We prove the theorem
by induction.

Now, (a)a(x *X) = (tadg (0) = (Ha)g(X) and (Va)g(x * X) = (Va)a(0)< (Va)g ().

Suppose that ()T (T2 2x+x)> (na)E(X) and(va) T AT Ixxx)< (va)T(X), then by assumption,
(R (TP Dxx)= () & (TP xx) = () g (TP 5 (%% (% X)))=(pa) (T2 1x#X) = (pa)g(x) and
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(Va) g (PP Axax)= (vp) (TP xx)= (V) (TP (xx (% % X)) =(Va) g (TP 1xX) = (Va)g(X),
which proves (i)and(ii). Proofs are similar to the cases (iii) and (iv).

Definition 3.14.

The sets {xeX|(1a)g(X)=(1ta)s(0)} is denoted by I, AT- subalgebra of X and
{xeX|(va)a(X)=(v4)2(0)}is denoted by I,, AT-subalgebra of X.
Theorem 3.15. Let A%, = ((ua)?, (v4)?) be a-translation of intuitionistic fuzzy AT-subalgebra of
X, then the sets I, and I,,, are AT-subalgebras of X.
Proof.
Let X, YE I, then (pa)g(})=1a () + @ = pa(0) + @ = (114)5(0) and

(Ma)a)=1a () + a = pa(0) + o= (pa)g(0) and so,

(Ha)a (x* Y)= pa(x *+ y) + o = min{ua(X)+a, paly)+a} = minfus (x), pa ()} + a < pa(0)+a by
proposition (3.5), we know that(pa)g (x* y) < (na)2(0) or equivalently x+ y € I,,,. Hence I, is
AT-subalgebra of X.

Again, let X, y€ I, then(va) 5 (X)= vao(x) — a = vo(0) — a = (v4)2(0)=va(y) — @

= (va)a () and so,(va)g(x*y) = va(x*y) —o < max{va(x) —o, va(y) —a}= va(0) —o.
Again by proposition ( 3.5), we know that (v4)g (x* y)=(va)&(0) or equivalently xxy € I, .

Hence I,, is AT-subalgebra of X.

Theorem 3.16. Let B a nonempty subset of AT-algebra X and

AT = ((n)T, (vy)?) be a-translation of intuitionistic fuzzy subset on X defined by

A if x €B, Yy ifx€B,
(%) = and (vy)7=
T otherwise 0 otherwise

forall 1,7,y and § € D[0,1], withA > tandy < Sand A+ y<I;7+ 6 < 1. Another A% is
a-translation of intuitionistic fuzzy AT-subalgebra of X if and only if, B is AT-subalgebra of X.
Furthermore it, I,, =B=1,,.

Proof.

Let A be a-translation of intuitionistic fuzzy of AT-subalgebra of X and X, y €X, be such that x,
y €B. then (pa)g(x*y) = min{(ka)a(X), (Ha)e} =min{A, 2}=2 and

(va)i(xxy) < max{(va)I(x),(va)I(y) }= max {y,y}=y. Thus xx y €B, therefore B isan AT-

subalgebra from X .
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Conversely, assume that B is AT-subalgebra from X and let x, y €X. study two cases.
Casel:-Ifx,y € B, thenx*y € B, s0 (ua)i(X* y)= pa(x *y) + a=2 =min{p, (X)+o, 14 (y) +a}and
(Va)a (xx y)=va(x * y) — o0 = y=max{va(x) —o,va(y) —o3}.

Case 2:-If x¢B or y¢B, then (ua)I(x* y)= pa(x*y) + o = t =min{u,(X) +o,u4(y) +o} and
(Va)a(Xx y)= va(x * y) — a0 < § =max{va(x) —a,va(y) —a}.

Hence, AL is a-translation of intuitionistic fuzzy AT-subalgebra of X. Also,

1, ={XEXI(1A) o () =(1a) o (0)}={XEX|(1a) 5 ()= A}=B and

Iy, ={XEX|(VA) o (¥)=(va) & (0)}=={XEX|(vp) &, (X)=Y}=B.

Theorem 3.17. Any AT-subalgebra of AT-algebra X can be realized as both the a-translation of
upper Level and a-translation of Lower Level of some a-translation of intuitionistic fuzzy AT-
subalgebra of X.
Proof.

Let P be a-translation of intuitionistic fuzzy AT-subalgebra of X and A be a-translation of

intuitionistic fuzzy subset on X defined by:

VS TR L UVACOR et
forall A,t € [0,1] and A + t < 1.We consider the following cases
Case 1:- If x, y € P, then (ka)g (X )=A, (va)a ()= T and (Ha)a(¥)= A (Vada(y)=T.
Thus, (ua)E(x*y )=pa + o = A =min{A, A}=min{u,(X) +o,pa(y) +o}and
(Va)a(x*y) =va — a = 1= max{t, t}= max{va(x)—a, va(y) —a}
Case 2:- If x € Pand y& P, then (ua)i(x)=2, (va)L (x)=tand (ua)I(y)=0 ,(va)i(y)=1.
Thus, (ua)o(X* y )= pa(x *y) +a = 0 = min{A, 0}=min{p,(x) +o,ua(y) +a}and
(Va)a(x*y) = va(x*y) — a <1 =max{t, 1}=max{v(x)—o, va(y) —a}.
Case3:- If x¢ P and y€ P,then (p)I(x) =0, (va)I(x)=1and (ua)i(y)=0,(va)I(y)=1
Thus, (ua)I(xxy) = pa + a = 0=min{0,A}=min{u,(X) +o,pua(y) +o}and
(VA E(xxy) = vp — o < 1=max{1, t}=max{va(X)—a, vo(y) —a}.
Case4 If xg P,y & P,then (1a)5(x) = 0, (va)g(x)=1and (ua)g(¥)=0,(va)a(y)= 1
Now, (ua)I(xxy) = pa + o = 0 =min{0,0}=min{p,(x) +o,us(y) +a}and
(VA)E(xxy) = vy —a <1 =max{1,1}=max{v,(X)—a, va(y) —o}.

Therefore, A is a-translation of intuitionistic fuzzy AT-subalgebra of X.
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Theorem 3.18. Let X be AT-algebra, another any offered chain of AT-subalgebras
Po € p1C p2C...C pr=X, exists a-translation of intuitionistic fuzzy AT-subalgebra A of X, whose
upper level AT-subalgebras are exactly the AT-subalgebras and lower level anti -AT-subalgebras
are exactly the AT-subalgebras of the chain.
Proof.

Consider set of numbers sy>s;>...>s, and t,<t; ...<t.,where each s;,t; €[0,1] and
si+ t; <l.Let AT = ((ua)E, (va)D) be a-translation of intuitionistic fuzzy A defined by

Tron_(So ifx € py Tron_fto> ifX € po tj
(HA)G(X)_{SI' le € p1 — pi_l (1) and (VA)Q(X)_ tl, le € pl - pi_l

(2)

0 <i < rWe consider the following two cases:

Case 1:- LetX, y€ p; — p;_,.Therefore,by (1) and(2),(1a) 5 (X)= (1a)a(y)=s; and

(VA)I(X)= (va)I(y)=t;. Since p; is an AT-subalgebra, we have x* y € p;,and so either

X*y € p; — pj_,0r Xxy € p;_,. Inany case, we conclude that

(Ha)g (xxy) = pp + o = s; = min{uy(x) +a, pa(y) +a} and

(Va)a(xxy ) = vy — o < t; = max {va(x) —a, va(y) —a}.

Case 2:- Let X€ p; —p;_, andy € p; — p;_, ,fori>j, therefore, by (1) and (2),

(Ma)a() =si , (va)a() =tiand (ua)s(y) =sj , (va)a(y) =t;. Thenxxy € p; since p; an
AT-subalgebra of X and p; < p;. and the following

(Ma)a(x* y )= ua + o> = min{ua(x) + o, pa(y) + a3 and

(Va)o (Xxy )= va — o < tj = max {va(x)—a,va(y) —a}.

Thus AL is a-translation of intuitionistic fuzzy AT-subalgebra of X.

From (1) and (2), it follows that, Im(pa)={so, S1,.-., Sy} and Im(vy)={tg, t1,..., t.}.

Hence, the upper level AT-subalgebras of A are given by the chain of AT-subalgebras and the lower

level anti -AT-subalgebras of A are given by the chain of AT-subalgebras.

Uq (P—AlSO)C Ug(palsy) ©...€ Ug(ualsy) = X (3)
and
La (Valto)© La(valty) €...€ La(valty) = X (4)

Now, Ug (HalSo)={X| X€ X & pp =80 }=Py={X| X€ X & pp <to }=Lg (Hato).
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Finally, we prove that U, (na|Si)= P,=La (ua]ti) for 0<i < r. Clearly, p; € U, (1a|si) and La
(Halt). If XE Ug (ualsi) and Ly (uati), then pa(x )=s; and v (X)< t; which implies that x¢ P;, for j>i.
Hence, pa(x )€{sg, S1,..., Si} and v (X )€ {to, t1,..., t,}.and SO XE p,, for some

k<i. as px € p;, Which follows this X€ p; and result, U, (1alsi)= P;=Ly (valti), for 0 <i<r.

4. A-TRANSLATION OF INTUITIONISTIC FUZZY AT-IDEAL IN AT-ALGEBRA
Definition 4,1. Let AT = {(x, (ua)T, (va)1)} be o-translation of intuitionistic fuzzy of AT-algebra
X. AT is said to be a-translation of intuitionistic fuzzy AT-ideal of X if : for all x, y, z €X,
(IFAT1) (1a)5(0) = pa(0) + o = (HA)5(¥) = pa(X) + o and
(Va)a(0) = va(0) — o < (Va)g(®) = va(¥) — .
(IFAT2) (na)e (x * 2) = pa(x * 2) + o= min{pa (x = (v * 2) + o, ua(y) + ajand
(Va,). (x*2) = va(x*2) — a <max{va (x* (¥ *2)) — 0, v, (y) —a}
That mean p, is a fuzzy AT-ideal and v, is an anti-fuzzy AT-ideal.
Theorem 4.2 If A = (uy,Vv,) is an intuitionistic fuzzy AT-ideal of X, then the a-translation of
intuitionistic fuzzy AL = ((up)%, (v4)L) is an intuitionistic fuzzy AT-ideal of X for all « € [0, £].
Proof.
Let A = (ua, va) be an intuitionistic fuzzy AT-ideal of X and « € [0, &]. Then

(1a)e(0) = pa(0) + & = pa(x) + o0 = (a)(x) and
VAE(0) = va(0) —a < va(x) —o=(va)I(x), forall x,y, z € X.
(k) (x % 2) = pa(x * 2) + o = minfps (x * (v *2)), ta ()} + @

= min{p, (x * (y *2)) + o, ua(y) + o

= min{(pa)g (x * (v *2)), (ka)g (v)} and
(V)T (x* 2) = va(x * 2) — o < max{ua(x * (y ¥2)), va(y)} —

= max{vA(x * (y * z)) —o,valy) — oc}

= max{(va)§(x * (y * 2)), (Va)a (M}
Hence, the a-translation of fuzzy intuitionistic fuzzy AL is an intuitionistic fuzzy AT-ideal of X.
Theorem 4.3 Let A = (uu,v,) be an intuitionistic fuzzy subset of X such that the a-translation of
intuitionistic fuzzy AT = ((u)7, (v4)T) is an intuitionistic fuzzy AT- ideal of X. for some

a € [0,¢].Then A = (uy,v,) is an intuitionistic fuzzy AT-ideal of X.
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Proof.
Assume that AT = ((ua)7%, (va)?) is an intuitionistic fuzzy AT-ideal of X for some o € [0,£].
Let x,y, z€ X,
1a(0) + a = (1a)g(0) = (Ha)e(®) = pa(x) +
va(0) — o = (v4)3(0) < (va)a(®) = va(x) —
which implies pa(0) = pa(x) and va(0) < va(x). Now, we have
ma(x* 2) + a = (ua)g (x * 2) = min{(ua)g (x * (v * 2)), (ka)g ()}
= min{pa(x * (v *2)) + o, ua(y) + o} = min{pu(x * (y * 2)), ma ()} + o and
va(x*2) —a = (Va)§(x *2) < max{(va)g(x * (y ¥ 2)), Va) i ()}
= max{va(x * (y * 2)) — o, va(y) — a} = max{vo(x * (y * 2) ), va(y)} —
which implies that pa(x *z) = min{uA(x * (y * z)), ua(y) and
va(x *z) < max{va(x* (y xz)), then A = (pa,v,) is an intuitionistic fuzzy AT-ideal of X.
Theorem 4.4 If the a-translation of intuitionistic fuzzy A%, = ((ua)?%, (v4)%) of Ais an intuitionistic
fuzzy AT-ideal of X for all « € [0, £], then it must be an intuitionistic fuzzy subalgebra of X.
Proof.
Let the a-translation of intuitionistic fuzzy AT = ((na)ZL, (v4)T) of A be an intuitionistic fuzzy
AT-ideal of X. We have, forall x,y,z € X
(a)d (x* 2) 2 min { (a)g (x * (v * 2)), (Ra)E(¥)} and
(va)e(x* z) < max{(va)§(x * (y * 2)), (Va)g ()}, then
(1a)d (x * 2) = min{(pa) (x * (v * 2)), (na)3 (1)}
= min{(pa)o(x * 0), (a)s (M} = min{(pa)s (), (ka)a ()} and
(va)a(x* z) < max{(va)§ (x * (v * 2)), (va)) ()}
= max{(va)g(x * 0), (va)a (¥)} = max{(va)s(x), Va)a(y)
then AL is intuitionistic fuzzy AT- subalgebra of X .

Theorem 4.5. If A = (uu,v,) is an intuitionistic fuzzy subset of X such that the a-translation of
intuitionistic fuzzy AT = ((u)%, (v,)) of A is an intuitionistic fuzzy AT-ideal of X for « € [0, €],
then the sets I, = {x|x € X and (ua), (x) = (ma)5(0)}and I, = {x| x € X and (vo)j (x) =
(v.)T (0)} are AT-ideals of X.
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Proof.
Let AL = ((ua)Z, (va)L) is an intuitionistic fuzzy ideal of X. so (u)X

and (v4)? are fuzzy AT-ideal of X. clearly 0 € 1 A+ Suppose X, Yy, Z € X such that

nar v
(x* (y*2)) €1, andy € I,. hence (a)5 (x * (v * 2)) = (1a)s (0) = ()& (¥) and
(kade (x*2) = min{(pa)g (x * (v * 2)), (Ma)& (0} = (1adg (0). Since, (a)g is fuzzy AT-ideal of
X, then (ua)I(x*z) = (ua)l (0).Hence pua(x *z) + o = pa(0) + o,
= ua(x*2z) = pa(0) and (x*z) €1, then I, is AT-ideal of X,

Also, suppose that u, v, w, € X such that (u = (v+w)) € I,,andv € I,,. Hence
(va)s (u* (v+w)) = (va)g (0) = (va)3 (v) and
(VAT (uxw) < max{(va)T (u* (v+w)), va)T (W} = (va)T (0).Since, (va)T is anti-fuzzy
AT-ideal of X, then (v4)I (u* w) = (v4)Z (0). Hence vy (u * w) + o = v, (0) + a,

va(u*v) =va(0) and (u=*v) €l,,, then I,,is AT-ideal of X.

va?
Proposition 4.6 Let the a-translation of intuitionistic fuzzy AT = ((ua)T, (va)T) of A be
intuitionistic fuzzy AT-ideal of X for a. € [0,E]. If x <y, then (uy)T (x) = (ua)? (y) and
VAT < (va)I(y), that is, (ua)T is order-reversing and (v,)T is order-preserving.
Proof.

Suppose thatx,y € Xand x < y. Thenx* y = 0 and
(1a)d (0 = (ua)d (x * 0) = min{(pa)g (x * (v * 0)), (a)g ()}
= min{(pa)e (x * y), (a)e (N} = min{(pa)g (0), (ma)s (M} =(ua)e (v) and
(va) T(x) = (va)T (x * 0) < max{(va)I(x* (y * 0)), (va)i(y)}
= max{(va)g(x *y), (Va)g(y) = max{(va)g(0), va)a ()} = (va)a (y).
Theorem 4.7. The a-translation of intuitionistic fuzzy AL = {(x, (us)% (v4)))} of A isan a-
translation of intuitionistic fuzzy AT-ideal of AT-algebra X if and only if , for all t € [0,1], the set
U, (g, t) isan AT-ideal and L, (vy, s) is an anti-AT-ideal of X.
Proof.
Let AT = {(x, (ua)L, (va)2)} be a-translation of intuitionistic fuzzy AT-ideal of X and
Uo(ua,t) # @ # Lg(va,s).Sincepy (0)+a =t andvy (0) —a < s,
letx,y,z € X be such that (x * (y *z)) € Ug(pa,t),y € Uyg(pa,t), then
Ha(x* (y*z)) +a =tand pa(y) + a = t, it follows that
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Ha(x*Z) + o = min {pa(x* (y*z) + o, pa(y) +a} = t,sothat (x*z) € Uy(na,t).
Hence Uy (14, t) is an AT-ideal of X.
In a similar way, we can prove that L, (va, s) is an anti- AT-ideal of X.

Conversely, assume that for each ,t € [0,1] , the sets U, (pa,t) is an AT-ideal and Ly (v,, s) isan
anti- AT-ideal of X. Forany x € X , let ua(x) + a = tand vqa(x) —a =s. Then x € U,(pa,t) N
Le(va,s) and so U, (na,t) #= @ # Lo(va,s). Since Uy (pa, t)and Ly (vp, s) are AT-ideals of X,
therefore 0 € Uy (pna, t) N Ly(va,s). Hence py (0) + a0 =t = pa(x) and vy (0) —a < s = vy (x).

If there exist x’,y’,z" € X be such that pa(x’ *z") + o < min{ pa (X" *'(y' *z") + o, ua (") + a}.
Then by taking t, = %{ HaX %z )+ o + min{ pa(x" *'(y' *2') + o, us (y") + a}}, we get

Ha X' *z2) + o <ty < min{pa(x' *'(y' *z") + a,us (v) + o } and hence

(x"x2) € Ug(pa,to), (X' *'(y' x2') € Ug(pa,to), ¥y € Ua(a,to), i-€. Ug(pa, to), isnotan
AT-ideal of X, Leading to contradiction.

Finally assume that there exist x',y’,z" € X such that
va (X' * z") —a > max {va(x' *'(y' *z") —a ,pua (y) — a }. Then by taking
So = 3(Va('*2) —a + max {va (&' ' *2) — a ,ua (¥') = J}, we get
max { va(x' *'(y' *Z2) —a ,up (') —a } > 50 > v, (x' * 2') and hence
(x"* z") & Ly(va,Sg), (X' *'(y' *2") € Lg(va,S0),y" € La(Va,Sp), i.e. Ly(Va,Sp), is not an anti-
AT-ideal of AT-algebra X, Leading to contradiction.

As aresult AT = {(x, (ua)Z, (va)D)} is a-translation of intuitionistic fuzzy AT-ideal of X.
Theorem 4.8. Let A;and A,be two a-translation of intuitionistic fuzzy AT-ideals of AT-algebra X.
Then A; N A,is a-translation of intuitionistic fuzzy AT-ideal of X.

Proof.

Letx,y,z€ A; NA,, thenx,y, ze A;and A,. Now,
(HAlnAz)z(O) = (UAlnAz)z(X *X) = min{(UAlnAz)Z(X)r (UAlnAZ)Z(X)}: (UAlnAZ)Z(X) and
(VA1nA2)Z(O) = (VAlﬂAz)Z(X *X) < max{(VAlnAz)Z(X): (VAlnAZ)Z(X)}: (VAlnAZ)Z(X). Also,
(hasna,), G 2) = min{(pa,), (x* 2), (a, ), (x* 2)}
> mingmin{(pa,). e * 7 * 2), (ta,). )}, min{(a,). G (7 * ), (a,). OB

= min{min{(ta,). (x * (v *2)), (a,). G * (v * 2} min{(pa, ). ), (a,) . )}
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. T T
= min{(ia,na, ), (< (v ¥2))., (Mayna,), ()3
And

(Vasnap), G x ) = max {(va,). (x*2), (va,), (x* )}
< max{max {(va,). Gc* (v * 2)) , (va,), )} max{(va,). x* (v * 2)), (va,). )}
=max{max{(va,). (x* (v *2)), (va,)_ (x * (v * 2))}, max{(va,), ), (Va,). 5)})

= max {(Va,na,). (% (7 £2)), (Va,na,). ()
Hence, A; N A, is a-translation of intuitionistic fuzzy AT-ideal of X.
Corollary 4.9. Let{A;[i=1,2,3,....}be a family of intuitionistic fuzzy AT-ideals of AT-algebra X,
then N A; is a-translation of intuitionistic fuzzy AT-ideal of AT-algebra X, where

N A; =(Min(pa;)g (%), Max(vai)g ()

Theorem 4.10. the o-translation of intuitionistic fuzzy AL = ((ua)Z, (va)T) of A is a-translation of
intuitionistic fuzzy AT-ideal of AT-algebra X if and only if, the fuzzy sets () and (v,)? are fuzzy
AT-ideals of X.
Proof.

Let AT = ((a)T, (va)D) be a-translation of intuitionistic fuzzy AT-ideal of X. Cleary, p, is a
fuzzy AT-ideal of X. For every x,y, z €X,we have
(Va)a(0)=1-(v)5(0) 21-(va) 5 (x)=(Va)5 (%) and
(Ao (x* 2)=1-(va)g(x * 2) = 1 — max{(va)i(x * (v * 2)), (va)a (")}

=min{1-(va)s(x * (v * 2)),1 — (vA) e M}=min{(Ta) s (x * (v * 2)), (Va) o (1)}-

Hence, (V)T is a fuzzy AT-ideal of X.

Conversely, assume that(j,)E and (vV,)Xare two intuitionistic fuzzy AT-ideals of X. For every X,
Y,z €X, we get (1ta)g (0)=(ka)s(X) and (Va)g(0)=(Va)¢ (), this implies,1-(va)g (0)=1-(va)g (X).
That is ,(va)g (0) < (va)g (X).

Also, (Va)g (x*z) 2min{(Va)g (x * (y *2)) ,(Va)g (¥)}and
1=(va)a(x * 2) = (Va)g (x * 2) = min{(Va)g (x * (¥ * 2)),(Va)&(Y)

=min{1 — (Va)a(x * (¥ * 2)), 1 = (va)g ()} =1-max {(va)s(x * (v * 2)), (Va)5(y)}. That i,
(Vada(x * 2) < max{(va)g(x * (y * 2)), (Va)a ()}
Hence AL = ((ua)Z, (va)T) be a-translation of intuitionistic fuzzy AT-ideal of X.
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Theorem 4.11. Let AT = ((ny)?, (v4)T) be a-translation of intuitionistic fuzzy of A. Then
AT = ((u)T, (v)D)) is a-translation of intuitionistic fuzzy AT-ideal of X if and only if,
0A= ((ua)?, (i)7) and AA= ((v,)?, (7,)7) are a-translation of intuitionistic fuzzy AT-ideals of X.
Proof.
If AT = ((na)T, (va)D) is a-translation of intuitionistic fuzzy AT-ideal of X, then

(1a)T and (V)T are intuitionistic fuzzy AT-ideals of X, and ((v4)L and (jiy)Y)) are
intuitionistic anti-fuzzy AT-ideals of X, by Theorem (4.3).
Hence, 0A= ((ua)L, (Ha)D) and AA= ((va)L, (WA)TY)) are a-translation of intuitionistic fuzzy AT-
ideals of X.

Conversely,if 0A= ((ua)Z, ()T and AA= ((va)T, (W4)T) ) are a-translation of intuitionistic
fuzzy AT-ideals of X, then (pa)T and (V)L are intuitionistic fuzzy AT-ideals of X, and
((vA)T and (11x)Y) ) are intuitionistic anti-fuzzy AT-ideals of X, hence AT = ((ua)L, (va)d) ) is
a-translation of intuitionistic fuzzy AT-ideal of X.

Theorem 4.12. Let {I;|te A}be collection of AT-ideals of AT-algebra X such that

() X=Utealt

@i) s> tifandonlyif, Iy c I, forallste A.

Then a-translation of intuitionistic fuzzy AL, = ((u)%, (v4)L) ) of A defined by

(na)?:=sup{te A|lx € I} , (vy)T:=inf{te A|x € I,}., for all x€ X is a-translation of intuitionistic
fuzzy AT-ideal of X.

Proof.

According to Theorem(4.7) ,it is sufficient to show that U, (ua,t) and L, (va,s) are AT-ideals
of X, forevery t € [0, (na)X(0)]and s€ [(v4)L(0),1]. In order to prove that U, (ps,t) isan
AT-ideal of X, we divide the proof into the following two cases:

(i)  t=sup{q€ Alg<t}
(i) t#sup{q € A| g< t}

For the case(i),implies that X€ Uy (pa,t) & X € I, Vq <t & X € Ngelq, SO that

ql
Ua(pa, ) = Ng<tlg, Which is an AT-ideal of X.
For the case (ii),we claim that Uy (na, t) = Ug<elg. 1 XE Ugeclgthen x€ I, for some g>t.

It follows that(pa)g (x) = g>t, S0 that X€ U, (pa, t). This shows that Ugselq € Ug(pta, t).
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Now, assume that X & Ugs¢lq. Thenx & I, for all that q > t. Since t#sup{q € A| q<t}, there
exists € >0 such that (t - ¢,t)NA = @. Hence x ¢ I, forall that g > t- &, which means that if
X € I, theng>t-e. Thus(ua)g(®) = q<t-e<t, x& Uy(pa, t). Therefore Ug(pa,t) € Ugaelq, and
this  Ug(a, ) = Ugsilq, Whichisan AT-ideal of X.
Next, we prove that Ly (v,,s) isan AT-ideal of X. We consider the following two case:
@i)  s=inf{r € A| s<r}
(iv)  s=Inf{r € A| s<r}
For the case(iii),we have X€ Ly (v, t) © x € [.Vs <r & X € NI, and hence
La(Va, ) = Ng< I, which is an anti-AT-ideal of X.
For the case (iv) there exists € > 0 such that (s,s + €)NA = @. We will show that
Lo(va,t) = Ugsplp, then x€ 1., forsomer <s. It (va)I(x) <r <s,sothat X € Ly(va,s).
Hence, Ug I € Ly (Va,S).
Now, assume that x& Us., I, then xé& I, for all that r <'s, which implies that x¢ 1., for all that
r < s+ g, thatis, if X€ I, then r>s+¢. This (VA)E(X) > s+ &> s,thatis, X & L,(va,s) Therefore,

La(Va,t) = Ugs I, and consequently L, (va,s) = Ugsp I which is an anti-AT- ideal of X.

5. HOMOMORPHISM OF A-TRANSLATION OF INTUITIONISTIC FUZZY AT-IDEAL IN AT-
ALGEBRA
Definition 5.1.[7].Let (X;*,0) and (Y;*',0") be two nonempty sets. A mapping f: X — Y is said to be a
homomorphism if f(x xy) = f(x) = 'f(y) forall. x, y € X.

Note that:- If f:X - Y is a homomorphism of sets, then f(0) = 0’
Definition 5. 2.Let f : (X;*,0) — (Y;+',0") be a homomorphism of AT-algebras, for any
AT = {5, (), Wa)T (1)) |y € Y}in Y, and o € [0, E] we define new
(AT =(x, (LD, (VD] x € X} in X by
(D) = MDIFF)  and (VD ) = Wa)I(F), forallx X .
Theorem 5.3. Letf : (X;*,0) —» (Y;+’,0") be a homomorphism of AT-algebras. If
BT = ((up)?, (vg)T) is a-translation of intuitionistic fuzzy AT-ideal of Y, then the pre-image
F7YBDH = (F Y ((wp)D), 1 ((vp)D)) of BL under f in X is a-translation of intuitionistic fuzzy
AT-ideal of X.

Proof.
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Forall x,y,z € X, then
f7H (B () = (Mp)o (F (%)) < (kp)a(0) = (B ) (F(0)) = £ ((1p))(0) and
FHERINE = (p)a(f(0) = (ve)e(0) = (ve)§ (F(0)) = £~ ((ve)5)(0).
FHMID6cr2) = (e)E(FGer ) 2 min{(ua)? (GO +(FO) * (@), (ue)EF D))

> min{(u)s (f(x * (v *2)), (mp)a(f )} = min{f " ((up)D) x * (v * 2)), f " ((e)2) (¥)}
And

FH NG *2) = (R)I(fx2) < mafp)T (f0) + (f&) * 'f@)), V)T (F 3D}
> max{(vg)g (f(x* (v *2)), (vp)g (f ()} = max{f " ((vp)d) x * (v * 2)), f ™ ((vg) D) ()}.

Then f71(B)L = (F 1((up)D), F1((vp)D)) is a-translation of intuitionistic fuzzy AT-ideal of X.
Corollary 5.4. Let f : (X;*,0) — (Y;*',0") be a homomorphism of AT-algebras. If
B = ((up)?, (vg)Y) is a-translation of intuitionistic fuzzy AT-subalgebra of Y, then the pre-image
FABH = (F 1 ((p)D), F71((vg)D)) of BT under £ in X is a-translation of intuitionistic fuzzy
AT- subalgebra of X.
Theorem5.5. Let f: (X;*,0) — (Y;x',0") be an epimorphism of AT-algebras. If

AT = ((we)?, (v)D) is a-translation of intuitionistic fuzzy AT-ideal of X, then
FUAD=(f((u)D), fF((w)D)) of AL is a-translation of intuitionistic fuzzy AT-ideal of Y.
Proof.

For any a€ X, there exists y € Y such that f(a) =y. Then
FRDH) = fF((DD @) = fFHF (D)@ = (1p)g (@) = (18)e(0)
=f 1 (F ((1a)D)(0) = fF((ka)D(F (D) = f((1a)$)(0") and
FDDE = F(DDF@) = FHF(VaDI@) = (va)a(@) = (va)g(0)
= fHFADI0) = F((vAD(f(0)) = f((va))(0) .

Letx,y,z€Y,then f (a)=x and f (b)=y and f (c) =z for some a, b, ¢c € X. Thus
(NG *2) = F(DDF@ * £() = FF (D@ * ) = (kg (@ * )
= {(ka)i(ax (b)), (A} = {fT1F((Ra)II(a* (b * ), f 7 (f ((1a)e)) (B}
= (D) (f@* (F®) * F(©)), FD(FD)}
= {f((ma)e) (x * 'y * '2)), f ((Ha)a) ()} and
FIVDDE*2) = F(vAD(f@ * () = FHF((VaA)DI(@* ) = (Va)i(a*©)
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<{ai(ax(*0), (va)eM} = {f UV (@* (b*0)), f(F((va)D)(b)}
= {f((Va)d) (f(a) +'(f(b) * 'f(C))) S (DD (1))}
= {f((DND(x*'y*'2)), F((VAD M)}
Then £(AD=(f ((ua)D), F((va)D)) is a-translation of intuitionistic fuzzy AT-ideal of Y.
Corollary 5. 6. Let f: (X;x,0) - (Y;*',0") be an epimorphism of AT-algebras. If

AT = ((u) T, (va)Y) is a-translation of intuitionistic fuzzy AT-subalgebra of X, then
FAD=(f (L)), F((va)E)) of AT is a-translation of intuitionistic fuzzy AT-subalgebra of Y.

6. CARTESIAN PRODUCT OF A-TRANSLATION OF INTUITIONISTIC FUZZY AT-IDEAL

In this section, we will discuss, investigate a new notion called Cartesian product of a-translation of
intuitionistic fuzzy AT-ideals and we study several basic properties which related to a-translation of
intuitionistic fuzzy AT-ideals .
Definition 6.1.[1]. Letp and A be are two fuzzy subsets in the set X. the Cartesian product § X A :
X x X - [0,1] is defined by, B X A(x,y) = {B(x),A(y)} forallx, y €X.

Definition 6.2. Let AT, = {(x,(BA)Z(x), AT ())|x € X} and B =

{(x, (BB)Z(X), Ap)d (x))| X € X} are two a-translation of intuitionistic fuzzy subsets of X, and o €
[0,€] the Cartesian product Al x B = (X x X, (Ba X Bg)L, (Aa X A)Y) such that (B, X
Be)e: X x X = [0,1] is defined by(Ba X Bg)e (% ¥) = { (Ba)a (), (B)a. ()}
= {Ba(x) + 0, Bg(x) + a}and (A, X Ag)T:X x X — [0,1] is defined by
Aa X AB)e®y) = { Aa)e(), Ap)a ()} = A () — o, Ag(x) — 0}, forallx, y €X.
Remark 6.3.[3,4]. Let X and Y be AT-algebras, we define * on X X Y by: For every (x,y),
(W, v)eX XY, (xy) * (u,v) = (x*u,y*v), then clearly (X X Y, (0,0)) is a AT-algebra .
Proposition 6.4.[3] Let AT = {(x, (Ba)2 (%), (Aa)% (X)) | x € X} and
B = {(x, Br)i(x), Ap)E (%)) | x € X} are a-translation of intuitionistic fuzzy AT-ideals of X,
then A X B is a-translation of intuitionistic fuzzy AT-ideal of X x X.
Proof.

Forall x,y,z € X,
(Ba X Br) (0,0) = { (Ba)a(0), (Be)s.(0)} = { (Ba)a (), (Be)5 ()} = (Ba X Br)a (x,y) and
Aa X 28)5(0,0) = { Ma)5(0), Ap)g (0} < { Aa)e (), Ap)a ()} = Aa X Ap)E (X, Y).
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Now, let(xq,x5), (V1,V2), (z1,2,) € X x X, then
(Ba X B)a ((x1,%2) * (21,72)) = (Ba X Br)e (X1 * 21, Xz * 2)={(Ba)e (X1 * 71), (Be)a (X2 * 72)}
>{min{(Ba X Ba)s (X1 * (V1 * 21)), (Ba X Ba)d (1)}, min{(Bg X Bp)a (X2 * (V2 * 22)), (Be X Br)a (v2) }}
= {min{(Ba X Bp)a (X1 * (y1 * 21)), (X * (y2 * 2)))}, min{(Ba X Br)a (y1,¥2)}}
=min{(Ba  Be)T ((x%2) * (1, ¥2) * (21,22)) ), (Ba X Be)E (v1,¥2)} and
(Aa X Ag)g ((X1,%2) * (21,72)) = Aa X Ag)g (X1 * 24, Xz * 25)={(Aa) o (X1 * 21), (M) (X2 * 72)}
<{max{(A, X Aa)g (X1 * (V1 * 21)), (A4 X Aa)g (y1)}, max{(Ag X Ap)g (X2 * (V2 * 22)), Ay X Ag)g (v2) 1}
= {max{(Aa X Ap)g (((x1 * (y1 * 21)), (X2 * (y2 * 22)))}, min{(Ax X Ap)¢ (y1,¥2)}}
=max{(Aa X Ap)% (%1, %2) * ((2,2) * (21,22))), R X AT (71,¥2)} -
Corollary 6.5. Let A = (x, (Ba)a (%), Aa)s (x))|x € X} and B = {(x, (Bp)a(X), (Ap)e (X))Ix € X}
are a-translation of intuitionistic fuzzy AT-subalgebras of X, then A X B is a-translation of
intuitionistic fuzzy AT-subalgebra of X x X.
Definition 6.6. Let AT, = (x, (Ba)2(X), (Aa)% (x))Ix € X} and B = {(x, (Ba)L(X), )T (x))Ix € X}
Bl = {(x, (Br)I (%), X)L (%)) | x € X} are a-translation of intuitionistic fuzzy subsets of AT-algebra
X, fors,t € [0,1] and o € [0,&] the set Uy(Ba X Br,S) = {(x y)eX X X|(Ba X Be(x,¥)) + o = s } is
called a-translation of upper level of U, ( B4 X Bg,s) and
Lo (A X Ag,t) = {(x, y)eX X X|(Aa X Ag(x,y)) — o < t} is called a-translation of lower level of
Ly (Ap X Ag, b).
Theorem 6.7. A7 = {(x, (Ba)a(x), (A4)% (x)) | x € X} and BY = {(x, (Bp)(x), (Ap)5 (x)) | x €
X} are o-translation of intuitionistic fuzzy AT-ideals of X if and only if the nonempty set a-translation
of upper s-level cut U,( 4 X Bg,s) and the nonempty a-translation of t-level cut L, (A4 X Ag,t)
are AT-ideals of X x X for any s,t € [0,1].
Proof.

Let AT and B! are a-translation of intuitionistic fuzzy AT-ideals of X, therefore for any
(xy)eX x X, {(Ba X B)(0,00} + a = {Ba(0) + &, Bp(0) + a = {Ba(x) + 0, Br(y) +a}
= {(BaxBp)xy)}+a and
{(2a x28)(0,00} — a0 = {24(0) — 0, A3(0) — v } < {Ax(X) — o, A (y) — o}
={(Ap X2Ag)(x,¥)} —a, forall s,t € [0,1].

Let (x1,X%2), (V1,V2), (z1,2,) € X X X, such that
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((x1,%2) * ((y1,¥2) * (21,22))) € U (Ba X Bp,s) and (y1,y2) € (Ba X Bg,s) , then

{ (Ba X Bp)((x1,%2) * (21,22))} + = {(Ba X Bp) (X1 * 21,Xz ¥ 2)} + &

> min{{ (Ba X Be)((x1,X2) * ((y1,¥2) * (21,22)))} + o, {(Ba X Be)((y1,y1))} + 0} > min {s, s} =s
Therefore, ((x1,X3) * (21,22))€ Uy(Ba X Bg,s) and

{ (Aa X Ag)((x1,X2) * (z1,22))} + o = {(Aa X Ag) (X1 * 24,%X5 * 25)} + @

< max{{ (A, X Ag)((x1,%2) * ((y1,¥2) * (21,22)))} + {(A, x Ae)((yiyD)}+ o} < min{t, t}=t.
Therefore, ((x1,X2) * (Z1,22))€ Lo ( Ba X Bg, t) .

Hence U, (Ba X Bg,s) is AT-ideal of X X X and L, (Ap X A, t) is anti-AT-ideal of X x X.
Corollary 6.8. Let A7 = {(x, (Ba)a (%), Ra)a ()| x € X} and B = {(x, (Be)a(X), (As)s (X))| x € X} are
a-translation of intuitionistic fuzzy AT-subalgebras of X, if and only if the nonempty set a-
translation of upper s-level cut U,( Ba X Bg,s) and the nonempty set a-translation of lower t-level

cut Ly (Ax X Ag, t) are AT-subalgebras of foranys,t € [0,1].
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