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1. INTRODUCTION

The Banach Contraction Principle (BCP) [3] which is known as Banach‘s Fixed Point Theo-

rem is one of the most powerful tool in the history of fixed point theory. Its aim is to establish

the existence of solutions for nonlinear operator equations and integral equations. Since then,

because of simplicity and usefulness, it has become a very popular tool in solving a variety of

problems such as control theory, economic theory, nonlinear analysis and global analysis. Later,

a large number of literature is witnessed on applications, generalizations and extensions of this

theorem. They were carried out by several authors in different directions, e.g., by weakening
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the hypothesis, using different setups. A huge number of generalizations of metric spaces have

thus appeared in several papers, such as 2-metric spaces, G-metric spaces, D∗-metric spaces,

partial metric spaces and cone metric spaces. These generalizations were then used to extend

the scope of the study of fixed point theory. For more discussions of such generalizations, we

refer readers to [1, 2, 4, 5, 6, 7, 8, 9].

In 2006, Mustafa and Sims [10] introduced the notion of G-metric and characterized some

celebrated fixed point results in the context of G-metric spaces. Later, a number of authors have

proved so many fixed point results on the setting of G-metric spaces (see [11, 12, 14, 15, 16]

for examples). Later, Sedghi et al. [17] introduced a D∗-metric space which is a modification

of D-metric spaces introduced by Dhage [18] and proved some basic properties in D∗-metric

spaces, (see [17, 19]). We note that every G-metric is a D∗-metric, but in general the converse

is not true, (see Example 1.4 in [20], for example). Recently, Sedghi et al.[20] have introduced

the concept of an S-metric space, a modification of D∗-metric and G-metric spaces, and have

given some of their properties. Some recent interesting results in S-metric spaces can be found

in [21, 22]. In 2014, A.H. Ansari [23] introduced the concept of C -class functions which can

be used to generalalize many fixed point theorems in the literature(see [24, 25] for examples).

Also, A.H. Ansari [26, 27] introduced the notion of the pair (A ,h) called an upper class of type

I, which can also be used to generalize fixed point results.

In 2008, Suzuki [35] and Kikkawa and Suzuki [13] generalized BCP by introducing Suzuki-

type contractions on metric spaces. Note that Suzuki-type contractions characterize the com-

pleteness of underlying metric spaces. Moreover, Suzuki-type contractions are in the form

of implication which allow many discontinuous mappings of metric spaces to be Suzuki-type

contractions, while Banach contractions are necessarily continuous mappings of metric spaces.

Recently, M. Shashraki et al. [28] obtained some fixed poit results by using a general form of

the Suzuki type function on S-metric spaces.

The purpose of this paper is to establish new fixed point results in S-metric spaces via the

pair (A ,h) (the upper class of type I), and the pair (A ,h′)( the upper class of type II), together

with the idea proposed by M. Shashraki et al. [28].
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2. PRELIMINARIES

We collect some necessary definitions and results in this direction.

Definition 1. [20] Let U be a nonempty set. Let S : U×U×U → [0,∞) be a function that

satisfies the following conditions, for each x,y,z,a ∈ X :

(i) S(x,y,z)≥ 0;

(ii) S(x,y,z) = 0 if and only if x = y = z;

(iii) S(x,y,z)≤ S(x,x,a)+S(y,y,a)+S(z,z,a).

Then the function S is called an S-metric on U, and the pair (U,S) is called an S-metric space.

Remark 1. This notion is a generalization of a G-metric space [10] and a D∗-metric space

[17].

Example 1. [28] Let U ̸= /0 and d is the usual metric on U, then

S(x,y,z) = d(x,z)+d(y,z)

is an S-metric on U. This S-metric is called the usual S-metric on U.

Example 2. [32] Let U= Rn and ∥.∥ a norm on U, then

S(x,y,z) = ∥y+ z−2x∥+∥y− z∥

is an S-metric on U.

Note that every S-metric on U induces a metric dS on U defined by

dS(x,y) = S(x,x,y)+S(y,y,x) ,

for all x,y ∈ U.

Lemma 2.1. [20] Let (U,S) be an S-metric space. Then S(x,x,y) = S(y,y,x) for all x,y ∈ U.

Lemma 2.2. [29] Let (U,S) be an S-metric space. Then

S(x,x,z)≤ 2S(x,x,y)+S(y,y,z) and S(x,x,z)≤ 2S(x,x,y)+S(z,z,y)

for all x,y,z ∈ U.
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Definition 2. [20] Let (U,S) be an S-metric space.

(i) A sequence {xn} ⊂ U is said to converge to x ∈ U if S(xn,xn,x)→ 0 as n → ∞. That is,

for each ε > 0, there exists n0 ∈ N such that for all n ≥ n0 we have S(xn,xn,x)< ε . We

write xn → x for brevity.

(ii) A sequence {xn}⊂U is called a Cauchy sequence if S(xn,xn,xm)→ 0 as n,m→∞. That

is, for each ε > 0, there exists n0 ∈N such that for all n,m≥ n0 we have S(xn,xn,xm)< ε .

(iii) The S-metric space (U,S) is said to be complete if every Cauchy sequence is a conver-

gent sequence.

Throughout this manuscript, let R+ = [0,∞), i.e.the set of non-negative real numbers and

N=the set of positive integers.

Definition 3. ([26, 27]) We say that the function h : R+×R+ → R is a function of subclass of

type I, if x ≥ 1 =⇒ h(1,y)≤ h(x,y) for all y ∈ R+.

Example 3. ([26, 27]) Define h : R+×R+ → R by:

(a) h(x,y) = (y+ l)x, l > 1;

(b) h(x,y) = (x+ l)y, l > 1;

(c) h(x,y) = xny, n ∈ N;

(d) h(x,y) = y;

(e) h(x,y) = 1
n+1

(︁
∑

n
i=0 xi)︁y, n ∈ N;

(f) h(x,y) =
[︁ 1

n+1

(︁
∑

n
i=0 xi)︁+ l

]︁y
, l > 1, n ∈ N

for all x,y ∈ R+. Then h is a function of subclass of type I.

Definition 4. ([26, 27]) Let h,A : R+×R+ → R, then we say that the pair (A ,h) is an upper

class of type I, if h is a function of subclass of type I and:

(i) 0 ≤ s ≤ 1 =⇒ A (s, t)≤ A (1, t),

(ii) h(1,y)≤ A (s, t) =⇒ y ≤ st for all s, t,y ∈ R+.

Example 4. [26, 27] Define h,A : R+×R+ → R by:

(a) h(x,y) = (y+ l)x, l > 1 and A (s, t) = st + l;

(b) h(x,y) = (x+ l)y, l > 1 and A (s, t) = (1+ l)st;
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(c) h(x,y) = xmy, m ∈ N and A (s, t) = st;

(d) h(x,y) = y and A (s, t) = t;

(d) h(x,y) = 1
n+1

(︁
∑

n
i=0 xi)︁y, n ∈ N and A (s, t) = st;

(e) h(x,y) =
[︁ 1

n+1

(︁
∑

n
i=0 xi)︁+ l

]︁y
, l > 1, n ∈ N and A (s, t) = (1+ l)st

for all x,y,s, t ∈ R+. Then the pair (A ,h) is an upper class of type I.

Definition 5. ([26, 27]) We say that the function h′ : R+ ×R+ ×R+ → R is a function of

subclass of type II, if x,y ≥ 1 =⇒ h′(1,1,z)≤ h′(x,y,z) for all z ∈ R+.

Example 5. [26, 27] Define h′ : R+×R+×R+ → R by:

(a) h′(x,y,z) = (z+ l)xy, l > 1;

(b) h′(x,y,z) = (xy+ l)z, l > 1;

(c) h′(x,y,z) = z;

(d) h′(x,y,z) = xmynzp,m,n, p ∈ N;

(e) h′(x,y,z) = xm+xnyp+yq

3 zk,m,n, p,q,k ∈ N

for all x,y,z ∈ R+. Then h′ is a function of subclass of type II.

It is to be noted that h′(1,1,z)≤ h′(1,y,z), for 1 ≤ y.

Definition 6. ([26, 27]) Let h′ : R+×R+×R+ → R and A : R+×R+ → R, then we say that

the pair (A ,h′) is an upper class of type II, if h′ is a function of subclass of type II and:

(i) 0 ≤ s ≤ 1 =⇒ A (s, t)≤ A (1, t),

(ii) h′(1,1,z)≤ A (s, t) =⇒ z ≤ st for all s, t,z ∈ R+.

Example 6. ([26, 27]) Define h′ : R+×R+×R+ → R and A : R+×R+ → R by:

(a) h′(x,y,z) = (z+ l)xy, l > 1,A (s, t) = st + l;

(b) h′(x,y,z) = (xy+ l)z, l > 1,A (s, t) = (1+ l)st;

(c) h′(x,y,z) = z,A (s, t) = st;

(d) h′(x,y,z) = xmynzp,m,n, p ∈ N,A (s, t) = spt p

(e) h′(x,y,z) = xm+xnyp+yq

3 zk,m,n, p,q,k ∈ N,A (s, t) = sktk

for all x,y,z,s, t ∈ R+. Then the pair (A ,h′) is an upper class of type II.
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Definition 7. [30] A function ψ : [0,∞) → [0,∞) is called an altering distance function if the

following properties are satisfied:

(i) ψ is non-decreasing and continuous,

(ii) ψ (t) = 0 if and only if t = 0.

Lemma 2.3. [32] Let (U,S) be an S-metric space. If sequence {xn} in converges to x ∈U, then

x is unique.

Lemma 2.4. [28, 32] Let (U,S) be an S-metric space. If there exist sequences {xn} and {yn}

such that lim
n→∞

xn = x and lim
n→∞

yn = y, then lim
n→∞

S(xn,xn,yn) = S(x,x,y).

Definition 8. [31, 33] Let U be a nonempty set, a b-metric on U is a function η : U2 → [0,∞) if

there exists a real number b ≥ 1 such that the following conditions hold for all x,y,z ∈ U,

(i) η(x,y) = 0 ⇐⇒ x = y;

(ii) η(x,y) = η(y,x);

(iii) η(x,z)≤ b[η(x,y)+η(y,z)].

Then, the pair (U,η) is called a b-metric space.

Proposition 1. [34] Let (U,S) be an S-metric space and let η(x,y) = S(x,x,y), for all x,y ∈U.

Then we have

(i) η is a b-metric on U;

(ii) xn → x in (U,S) ⇐⇒ xn → x in (U,η);

(iii) {xn} is a Cauchy sequence in (U,S) ⇐⇒ {xn} is a Cauchy sequence in (U,η).

Definition 9. [28] Let G be the set of all continuous functions d : [0,∞)4 → R+ satisfying the

conditions:

(i) d(1,1,1,1)< 1,

(ii) d is subhomogeneous,i.e. d(αx1,αx2,αx3,αx4)≤ αd(x1,x2,x3.x4), for all α ≥ 0,

(iii) if xi,yi ∈ [0,∞),xi ≤ yi for i = 1,2,3,4 we have

d(x1,x2,x3.x4)≤ d(y1,y2,y3.y4).

Here, R+ denotes the set of non-negative real numbers.
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Example 7. [28] The following functions d : [0,∞)4 → R+ are elements of G.

(1) d(x1,x2,x3,x4) = k max{xi}4
i=1 for k ∈ (0,1).

(2) d(x1,x2,x3,x4) = k max{x1,x2,
x3

2
,
x4

2
} for k ∈ (0,1).

Proposition 2. [28] If d ∈G and u,v ∈ [0,∞] are such that u ≤ d(v,v,v,u), then u ≤ γv, where

γ = d(1,1,1,1).

Recently, M. Shahraki et al. [28] obtained the following result.

Theorem 2.1. [28] Let (U,S) be an S-metric space. Assume that F is a function. Suppose that

there exists d ∈G and α ∈ (0,1), such that α(h+2)≤ 1 where γ = d(1,1,1,1). Suppose also

that αS(x,x,F x)≤ S(x,y,z) implies

S(A x,F y,F z)≤ d
(︁
S(x,y,z),S(x,x,F x),S(y,y,F y),S(z,z,F z)

)︁
,

for all x,y,z ∈ U. Then F(F ) is non-empty, where F(F ) = {x : F x = x}.

In this manuscript, inspired and motivated by the works of M. Shahraki et al. [28], we estab-

lish new fixed point results for a new class of S-(A ,h,d,ψ)-Suzuki type contraction mappings,

where the pair (A ,h) is an upper class of type I, and a new class of S-(A ,h′,d,ψ)-Suzuki type

contraction mappings, where the pair (A ,h′) is upper class of type II, in the setting of S-metric

spaces. Our results extend and generalize the results by M. Shahraki et al. [28] and some other

related results in the existing literature.

3. MAIN RESULTS

In this section, we introduce the following new definition.

Definition 10. Let (U,S) be an S-metric space and let F : U→ U be a function. Suppose that

there exists d ∈ G and α ∈ (0,1). We say that F is an S-(A ,h,d,ψ)-Suzuki type contraction

mapping, if for all x,y,z ∈ U, such that

αS(x,x,F x)≤ S(x,y,z)
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implies

h
(︁
1,S(F x,F y,F z)

)︁
≤ A

(︃
1,ψ

(︂
d
(︁
S(x,y,z),S(x,x,F x),S(y,y,F y),S(z,z,F z)

)︁)︂)︃
,

(3.1)

where ψ ∈ Ψ and the pair (A ,h) is an upper class of type I.

Theorem 3.1. Let (U,S) be a complete S-metric space and F : U→ U be a function. Assume

that F is an S-(A ,h,d,ψ)-Suzuki type contraction mapping, where the pair (A ,h) is an upper

class of type I. Suppose that there exists d ∈ G and α ∈ (0,1) such that α(γ + 2) ≤ 1, where

γ = d(1,1,1,1). Then there exists a unique point x ∈ U such that F x = x.

Proof. For arbitrary x0,x1 ∈ U, let x1 = F x0. Since

αS(x0,x0,F x0)≤ S(x0,x0,x1),

by Definition 10 and (A ,h) is an upper class of type I, we have

h
(︁
1,ψ(S(F x0,F x0,F x1))

)︁
≤ A

(︃
1,ψ

(︂
d
(︁
S(x0,x0,x1),S(x0,x0,F x0),S(x0,x0,F x0),S(x1,x1,F x1)

)︁)︂)︃
,

which implies, by Definition 4 (ii), that

ψ
(︁
S(F x0,F x0,F x1)

)︁
≤ ψ

(︂
d(S(x0,x0,x1),S(x0,x0,F x0),S(x0,x0,F x0,S(x1,x1,F x1))

)︂
.

By the property of ψ , we get

S(F x0,F x0,F x1)

≤ d
(︁
S(x0,x0,x1),S(x0,x0,F x0),S(x0,x0,F x0),S(x1,x1,F x1)

)︁
.

(3.2)

Equivalently,

S(x1,x1,F x1)

≤ d(S(x0,x0,x1),S(x0,x0,x1),S(x0,x0,x1),S(x1,x1,F x1)).
(3.3)
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Then, from (3.3) and by Proposition 2, we have S(x1,x1,F x1) ≤ γS(x0,x0,x1). Next, let x2 =

F x1 for x1,x2 ∈ U. Since αS(x1,x1,F x1)≤ S(x1,x1,x2), we have

h
(︁
1,ψ(S(F x1,F x1,F x2))

)︁
≤ A

(︃
1,ψ

(︂
d(S(x1,x1,x2),S(x1,x1,F x1),S(x1,x1,F x1),S(x2,x2,F x2))

)︂)︃
,

(3.4)

which implies, by Definition 4 (ii), that

ψ
(︁
S(F x1,F x1,F x2)

)︁
≤ ψ

(︂
d(S(x1,x1,x2),S(x1,x1,F x1),S(x1,x1,F x1),S(x2,x2,F x2))

)︂
.

By the property of ψ , we get

(3.5)
S(x2,x2,F x2)

≤ d(S(x1,x1,x2),S(x1,x1,x2),S(x1,x1,x2),S(x2,x2,F x2)).

Then, from (3.5) and by Proposition 2, we have S(x2,x2,F x2)≤ γS(x1,x1,x2)≤ γ2S(x0,x0,x1).

Analogously, let x3 = F x2 we then have

S(x3,x3,F x3)≤ γS(x2,x2,F x2)≤ γ
3S(x0,x0,x1).

By continuing this process, we obtain a sequence {xn}n≥1 in U such that xn+1 =F xn satisfying

S(xn,xn,F xn)≤ γS(xn−1,xn−1,xn)≤ γnS(xo,xo,x1).

So, now we have

S(xn,xn,xn+1)≤ S(xn−1,xn−1,xn).

Thus, the sequence {S(xn,xn,xn+1)} is decreasing sequence in R+ and thus it converges

to t ∈ R+. We claim that t = 0. Suppose, on the contrary, that t > 0. Observe that by the

assumption of the theorem, we have

(3.6)

ψ
(︁
S(xn,xn,xn+1)

)︁
= ψ

(︁
S(F xn−1,F xn−1,F xn)

)︁
≤ ψ

(︂
d(S(xn−1,xn−1,xn),S(xn−1,xn−1,F xn−1),S(xn−1,xn−1,F xn−1),S(xn,xn,F xn))

)︂
= ψ

(︁
d(S(xn−1,xn−1,xn),S(xn−1,xn−1,xn),S(xn−1,xn−1,xn),S(xn,xn,xn+1))

)︁
.

Taking limit as n → ∞ in (3.6), we get

ψ(t) ≤ ψ(d(t, t, t, t)).
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Therefore, we have

t ≤ d(t, t, t, t).

Using the property of d, we get

t ≤ d(t, t, t, t))≤ td(1,1,1,1))< t.

This is a contradiction. Hence, t = 0. That is,

lim
n→∞

S(xn,xn,xn+1) = 0.

We now have a sequence {xn}n≥1 in U such that xn+1 = F xn satisfying

S(xn,xn,F xn)≤ γS(xn−1,xn−1,xn).

That is,

S(xn,xn,xn+1)≤ γ
nS(x0,x0,x1).

If xm = xm+1 for some m ≥ 1, then A has a fixed point. Suppose that xn ̸= xn+1, for all n ≥ 1.

Applying the triangle inequality repeatedly, we have

(3.7)

S(xn,xn,xn+m)≤ 2S(xn,xn,xn+1)+S(xn+m,xn+m,xn+1)

= 2S(xn,xn,xn+1)+S(xn+1,xn+1,xn+m)

≤ 2S(xn,xn,xn+1)+2S(xn+1,xn+1,xn+2)+

S(xn+m,xn+m,xn+2)

≤ 2
[︁
S(xn,xn,xn+1)+S(xn+1,xn+1,xn+2)+

· · ·+S(xn+m−1,xn+m−1,xn+m)
]︁

≤ 2[γnS(x0,x0,x1)+ γ
n+1S(xo,x0,x1)+

· · ·+ γ
m−1S(x0,x0,x1))]

= 2
m−1

∑
k=0

γ
k+nS(x0,x0,x1) =

2γn

1− γ
S(x0,x0,x1).

Taking the limit as n,m → ∞ in (3.7), we get

lim
n,m→∞

S(xn,xn,xn+m) = 0.
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This means {xn}n≥1 is a Cauchy sequence and {xn}n≥1 is a Cauchy sequence in U. Since

(U,S) is a complete S-metric space, there exists x ∈ U such that xn → x as n → ∞. That is,

lim
n→∞

S(xn,xn,x) = 0

One can also see that lim
n→∞

S(xn,xn+1,x) = 0.

Now, we claim that for each n ≥ 1 one of the relations

(3.8) αS(xn,xn,F xn)≤ S(xn,xn,x)

or

(3.9) αS(xn+1,xn+1,F xn+1)≤ S(xn+1,xn+1,x)

holds.

Suppose for some n ≥ 1, we have

αS(xn,xn,F xn)> S(xn,xn,x)

and

αS(xn+1,xn+1,F xn+1)> S(xn+1,xn+1,x),

then

(3.10)

S(xn,xn,xn+1)≤ 2S(xn,xn,x)+S(xn+1,xn+1,x)

< 2αS(xn,xn,F xn)+αS(xn+1,xn+1,F xn+1)

≤ 2αS(xn,xn,xn+1)+αγS(xn,xn,xn+1).

This implies α(γ +2)> 1, which contradicts the intial assumption. Hence, our claim is proved.

Again, from (3.8) and (3.9) and by the assumption of the theorem, we have either

h

(︃
1,ψ

(︂
S(F xn,F xn,F x)

)︂)︃
≤ A

(︃
1,ψ

(︂
d
(︁
S(xn,xn,x),S(xn,xn,F xn),S(xn,xn,F xn),S(x,x,F x)

)︁)︂)︃
or

h

(︃
1,ψ

(︂
S(F xn+1,F xn+1,F x)

)︂)︃
≤ A

(︃
1,ψ

(︂
d
(︁
S(xn+1,xn+1,x),S(xn+1,xn+1,F xn+1),S(xn+1,xn+1,F xn+1),S(x,x,F x)

)︁)︂)︃
.
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This implies, by Definition 4 (ii), that

ψ

(︂
S(F xn,F xn,F x)

)︁
≤ ψ

(︂
d
(︁
S(xn,xn,x),S(xn,xn,F xn),S(xn,xn,F xn),S(x,x,F x)

)︁)︂(3.11)

or

ψ

(︂
S(F xn+1,F xn+1,F x)

)︂
≤ ψ

(︂
d
(︁
S(xn+1,xn+1,x),S(xn+1,xn+1,F xn+1),S(xn+1,xn+1,F xn+1),S(x,x,F x)

)︁)︂
.

(3.12)

From (3.11)and (3.12), by the property of ψ we obtain

S(F xn,F xn,F x)≤ d
(︁
S(xn,xn,x),S(xn,xn,F xn)),S(xn,xn,F xn),S(x,x,F x)

)︁
and

S(F xn+1,F xn+1,F x)

≤ d
(︁
S(xn+1,xn+1,x),S(xn+1,xn+1,F xn+1),S(xn+1,xn+1,F xn+1),S(x,x,F x)

)︁
,

respectively.

Therefore, one of the following cases holds.

Case (i) There exists an infinite subset K ⊆ N such that

S(xn+1,xn+1,F x) = S(F xn,F xn,F x)

≤ d
(︁
S(xn,xn,x),S(xn,xn,F xn),S(xn,xn,A xn),S(x,x,F x)

)︁
= d

(︁
S(xn,xn,x),S(xn,xn,xn+1),S(xn,xn,xn+1),S(x,x,F x)

)︁
for all n ∈ K.

Case (ii) There exists an infinite subset M ⊆ N such that

S(xn+2,xn+2,F x) = S(F xn+1,F xn+1,F x)

≤ d
(︁
S(xn+1,xn+1,x),S(xn+1,xn+1,F xn+1),S(xn+1,xn+1,F xn+1),S(x,x,F x)

)︁
= d

(︁
S(xn+1,xn+1,x),S(xn+1,xn+1,xn+2),S(xn+1,xn+1,xn+2),S(x,x,F x)

)︁
for all n ∈ M.
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Taking the limit as n → ∞ in both cases, we obtain

S(x,x,F x)≤ d
(︁
0,0,0,S(x,x,F x)

)︁
.

Now, by Propositions 2, we have S(x,x,F x) = 0, and hence F x = x. By Lemma 2.3, x is the

unique fixed point of F . This completes our proof. □

Corollary 3.1 ([28], Theorem 1). Let (U,S) be an S-metric space. Assume that F is a function.

Suppose that there exists d ∈ G and α ∈ (0,1), such that α(h+2) ≤ 1 where h = d(1,1,1,1).

Suppose also that αS(x,x,F x)≤ S(x,y,z) implies

S(F x,F y,F z)≤ d
(︁
S(x,y,z),S(x,x,F x),S(y,y,F y),S(z,z,F z)

)︁
,

for all x,y,z ∈ U. Then F(F ) is non-empty, where F(F ) = {x : F x = x}.

Proof. Taking h(1,y) = y and A (s, t) = t and ψ(t) = t in Theorem 3.1. □

Definition 11. Let (U,S) be an S-metric space and let F : U → U be a function. Suppose

that there exists d ∈ G and α ∈ (0,1),β ≥ 1. We say that F is an S-(A ,h′,d,ψ)-Suzuki type

contraction mapping, if for all x,y,z ∈ U, such that

αS(x,x,F x)≤ S(x,y,z)

implies

h′
(︁
1,β ,S(F x,F y,F z)

)︁
≤ A

(︃
1,ψ

(︂
d
(︁
S(x,y,z),S(x,x,F x),S(y,y,F y),S(z,z,F z)

)︁)︂)︃
,

(3.13)

where ψ ∈ Ψ and the pair (A ,h′) is an upper class of type II.

Theorem 3.2. Let (U,S) be a complete S-metric space and F : U→ U be a function. Assume

that F is an S-(A ,h′,d,ψ)-Suzuki type contraction mapping, where the pair (A ,h′) is an

upper class of type II. Suppose that there exists d ∈ G and α ∈ (0,1),β ≥ 1 such that α(γ +

2)≤ 1, where γ = d(1,1,1,1). Then there exists a unique point x ∈ U such that F x = x.

Proof. Following the same process as Theorem 3.1, and by using Definition 6 we obtain the

proof of Theorem 3.2.

□
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Example 8. Let U= {3,4,5,6,7,8,9} and d is the usual metric on U, then

S(x,y,z) = d(x,z)+d(y,z)

is an S-metric on U and it is easy to see that (U,S) is an S-metric space.

Let h(x,y) = y,A (s, t) = t,ψ(t) = 3t and d(x1,x2,x3,x4) =
1
2

max{xi}4
i=1.

Define F : U→ U by

(3.14) F (x) =

⎧⎪⎨⎪⎩
6 if x ∈ {6,7,8,9}

x+4 otherwise.

One can see that, for all x,y,z ∈ U such that

αS(x,x,F x)≤ S(x,y,z)

implies

h
(︁
1,S(F x,F y,F z)

)︁
≤ A

(︃
1,ψ

(︂
d(S(x,y,z),S(x,x,F x),S(y,y,F y),S(z,z,F z))

)︂)︃
,

where α ∈ (0,1),β > 1.

For, let x = 3,y = 4,z = 6, we have that

α ·8 = αS(3,3,7) = αS(3,3,F (3))≤ S(3,4,6) = 5,

where α ∈ (0,1). And we have

(3.15) h(1,S(F (3),F (4),F (6))) = h(1,S(7,8,6)) = h(1,3) = 3.

And

A

(︃
1,ψ

(︂
d
(︁
S(3,4,6),S(3,3,F (3)),S(4,4,F (4)),S(6,6,F (6))

)︂)︃
= ψ

(︂
d
(︁
S(3,4,6),S(3,3,F (3)),S(4,4,F (4)),S(6,6,F (6)

)︁)︂
= ψ(d(5,8,8,0)) = 3d(5,8,8,0) = 12.

(3.16)
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From (3.15), (3.16), we have

h(1,S(F (3),F (4),F (6)))

< A

(︃
1,ψ

(︂
d(S(3,4,6),S(3,3,F (3)),S(4,4,F (4)),S(6,6,F (6))

)︂)︃
.

For all other cases, one can easily show that, if for all x,y,z ∈ U, such that

αS(x,x,F x)≤ S(x,y,z)

implies

h
(︁
1,S(F x,F y,F z)

)︁
≤ A

(︃
1,ψ

(︂
d(S(x,y,z),S(x,x,F x),S(y,y,F y),S(z,z,F z))

)︂)︃
.

Hence, F is is a S-(A ,h,d,ψ)-Suzuki type contraction mapping. All conditions of Theorem

3.1 hold true. Therefore, F has a fixed point. Here, x = 6 is the unique fixed point of F .
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Spaces, Acta Univ. Sapientiae Math. 12 (2020), 347–357. https://doi.org/10.2478/ausm-2020-0024.

[29] N.T. Hieu, N.T. Thanh Ly, N.V. Dung, A Generalization of Ćirić Quasi-Contractions for Maps on S-Metric
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