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Abstract: This study introduces interpolative contraction mappings in C*-algebra valued partial b-metric spaces
(C*-avpbms) through a-admissible functions. We prove multiple coupled fixed point theorems for these contrac-
tions, supported by concrete examples. The theoretical developments find direct application in solving coupled
Fredholm integral equations and analyzing homotopy continuation problems, demonstrating their utility in nonlin-
ear analysis.
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1. INTRODUCTION

Banach’s contraction principle [1] stands as a cornerstone of fixed point theory, offering
a versatile method to solve problems in diverse mathematical fields. Researchers have since
proposed many extensions in the literature. Coupled fixed points have advanced significantly
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in metric fixed point theory, with Guo et al. pioneering the idea in 1987 [2]. Kannan [3, 4]
extended the Banach principle [1] by removing the need for mapping continuity. Karapinar [5]
later introduced interpolative contractions to encompass both Banach and Kannan types. In [6],
Karapinar et al. provided Example 1 [6] to show that fixed points need not be unique; they
proved that in a complete metric space (¥,d), a self-map T : 4 — ¢ has a fixed point if

constants A € [0,1) andn € (0, 1) satisfy
d(Ts, Te) < Ald(s, Ts)]"[d(e, Te)]' ™

for all s,¢ € ¢\ Fix(T). Building on this, Samet et al. [7] and Popescu [8] developed notions
like a-admissible, a-orbital admissible, and o-y-contractive mappings, paving the way for
further work by Isik et al. [9] and Yamaod and Sintunavarat [10].

In 2014, Ma et al. [11] established fixed point theorems for self-maps satisfying contrac-
tive or expansive conditions in C*-algebra-valued metric spaces. In 2019, Chandok et al. [12]
introduced C*-algebra-valued partial metric spaces (C*-AVPMS) and derived fixed point re-
sults using C-class functions. Mlaiki et al. [13, 14] extended the framework of C*-AVbMS
(C*-algebra-valued b-metric spaces) and C*-AVPMS (C*-algebra-valued partial metric spaces)
by defining C*-avpbms (C*-algebra-valued partial b-metric spaces), applying it to fixed point
theorems in 2021.

This paper develops coupled fixed point theorems satisfying interpolative contractive condi-
tions via o-admissible mappings in C*-avpbms. The results are applied to establish existence
and uniqueness for systems of nonlinear integral equations, with additional analysis of homo-

topy applications supported by illustrative examples.

2. PRELIMINARIES

This section provides a brief introduction to some fundamental aspects of C*-algebra theory
[15, 16]. Let <7 be a unital C*-algebra with the unit element 1,,. Define

oy ={e € .o/ :e=¢*}. Anelement ¢ € o7 is considered positive, denoted as ¢ = 0, if e = ¢*
and its spectrum 1(¢) C [0,00). Here, 0,/ in .o/ represents the zero element in .27, and 1(¢)
denotes the spectrum of ¢ . On .27, a natural partial ordering is defined by s < v if and only if

p—s5=0,. Wedenote &, ={¢e€ o/ :¢>0,}and o' ={e € o/ : 0 =0e V0 € &}
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Lemma 2.1:([15, 17]) Let <7 be a C*-algebra with the identity element /., and v be a positive

element of .« Then

(i) There is a unique element u € .27, such that u> = v.
(ii

(iii

)
) The set o7, = {v*v/v € o/} with a conjugate-linear involution * : .o/ — .
) v,u€ o/, and 0,y < v < uthen ||v]| <|[u]l.
(iv) If v € @, with ||b|| < J then (I —b) is invertible and |[o( —v) ~!|| < 1.
Definition 2.2:([13, 14]) Let ¢ be a nonempty set and v € 7 such that v = 1. If the following

conditions are satisfied for each &, &;, &3 € ¢, then a C*-algebra valued partial b- metric is

defined as a function ¢p : 4 x Y — 7

(6p1) Gp(V1,v2) = O and vi = Vo iff G (Vi, V1) = Gp(V1,V2) = Gp(V2,V2);
(6p5) Sp(V1,v1) 2 6p(vi,v2)s

(6p3) Sp(v1,Vv2) = 6p(Vv2,V1);

(6ps) Sp(V1,v2) =0 [6p(V1,v3) +6p(v3,Vv2)] — 6 (v3,V3).

A C*-algebra valued partial b-metric space is the pair (¢,.%7,¢p).

Remark: Observe that, a C*-avPbms (¢, 7, ¢p) is a generalization of both C*-avbms as well
as C*-avpms. Obviously, every C*-avbms is a C*-avpbms with zero self distance and every
C*-avpms is a C*-avpbms with ||v|| = 1, but converse is not true in general.

Example 2.3:([13, 14]) Assume that ¢ = [0, 1] and &7 = M, (C), the class of bounded and linear

operators on a Hilbert space C2. Define, Gp Y XY — . as

|s —e[n 0 max{s,e}" 0
Gp(s,e) = + V s5,e€Y9,
0 K|s — e[ 0 kmax{s,e}"

where kK > 0 and 1 > 1. Then, (¢, <, gp) is a C*-avpbms with coefficient v = 2117 However,
it is easy to see that (¢, .27, ¢p) is neither a C*-avbms nor C*-avpms.
Note: Let (¢,47,¢p) is a C*-avpbms. Afterwards, open and closed ball of center v € ¢ and

radius 0,/ < € € &7 are defined by:

B, (v,e) ={n€G:6p(v,1) < (v, v)+e}, and B, [v,e] ={p€F : Gp (v, 1) 2 6p(V, V) +€}.
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The family of open balls (for all v € ¢ and € > 0.)
S = {ng(v,s) veY e 041,

forms a basis of some topology 7., on ¢.
Definition 2.4:([13, 14]) Assume that (¢,.%7,¢p) is a C*-avpbms. According to </ a sequence
{s¢} in & is defined as:

(i) C*-algebra valued gp-convergent to a point s € ¢ if, given 0,/ < &, there exist x € N
such that ||¢y(s¢,5) — 6p(5,5)|| < € V ¢ > x. We can also use different presentations for

that as follows:
lim G, (s¢,5) = Gp(5,5).
C_mgp( (»8) =¢p(s,5)
ii) C*-algebra valued ¢,-Cauchy sequence, if lim; ;o Gy (S¢, 5y ) exists and it is finite.
Sp ¢m p 8¢5 5n
iii) It is referred to as being complete when a C*-avpbms (¥, .7, ¢,) is present. If each
0
Cauchy sequence in ¢ converges to a point in ¢ such that

lim 5¢,5n) = lim Gy (s¢,5) = Gp(5,5).
m_mgp(c n) ngp(c ) =6p(5,5)

Lemma 2.5:[13, 14] Let (¢, 1.,) be a topological space and T : ¢4 — ¢. If T is continuous,
then every sequence {s;} C ¢, such that s; — s implies T's; — T's .The converse holds if ¢ is
metrizable.

Now we prove our main result.

3. MAIN RESULTS

For convenience, we set: A = {/: o/, — </, } be a family of functions that satisfy the

following properties:

(i) gois continuous, monotonically non-decreasing;

(ii) go(¢e) =0, if and only if e = 0.

Definition 3.1: Let (¢,.27,¢,) be a C*-avpbms and a pair (&,ce) € 4 x ¥ is called a coupled
fixed point (CFP) of mapping T : 4% — ¥ if & = T(z,ce) and ce = T(ce, ).
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Definition 3.2: Let (¢,.7,¢,) be a C*-avpbms, T : 9> — ¢ and o, : 9 — o7/, be a functions

then T is called a y-adm, if for all 5,¢ € ¥4
op(s,¢) = 1oy = oy (T(s,¢), T(e,5)) = 1.

Definition 3.3: Let (¢,.7,¢,) be a C*-avpbms, T : 4% — & and &, : 9% — </, be a functions

then T is called a o,-orbital admissible, if for s € ¢
“p(ﬁ,T(ﬁ,Q)) = 1427 = Oép(T(S,2>,T2(S,2)> = 1%

Example 3.4: Let ¥ = [0, 1] with C*-avpbMS (¥, .7, ¢, ) where o/ = M>(R),

Gp(x,y) = (r(nax{x,y})zlz + |x —y|?h. Define T(s,e) = 233” and
20
|s—e| <04,
0 2
op(s,e) = For s = 0.2, ¢ = 0.5, premise holds
1.5 0
otherwise.
0 1.5

(op(s,T(s,¢) } b). Also |T(s,e) — T?(s,e)| = 0.0667 < 0.4 so conclusion holds. Generally
T (s,e) — T%(s,e)| = |s —e|/3 < 0.4. Thus T is o,-orbital admissible.

Definition 3.5: The mapping T on the C*-avpbms (¥,.27,¢,) with coefficient v € .7 such
that v = 1, is designated as an o-interpolative contraction if there occurs a function @ € A
and a mapping o, : 9 — o/, with k,n € (0,1) and a € &7 with ||av|| < 1 such that for all

s,e,1,3€9—F(T),
K

gp (573),
gp (673)

;I'(s,¢)),
(D) oxp(s,x)op(e,3)2 (6o (T(s,0), T(x,3))) < 2 o max Sp (5, T(s,e)) a]

a* max

Qp (2, T(e75)>
Sp (&T(F,Zﬁ)) )
6 (3, T(3,0))

Here, F('T') will denote the collection of all fixed points of T'.
Theorem 3.6: Let T : ¢4 x ¢ — ¢ be a mapping defined on the complete C*-avpbms (¢,.%7, ¢p )

with coefficient v = 1., that follows the subsequent circumstances:
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(a) T is continuous,

(b) T is x,-orbital admissible,

(c) There exist vo, Ho € ¢ that gives &, (vo, T'(Vvo, 1o)) = 14 and (1o, T(1o, Vo)) = 1oy,
(d) T is xp-interpolative contraction.

Then a coupled fixed point of T exists in ¢.

Proof Let vo,lp € ¢4 be a point that corresponds to oy (vo, T'(vo,Hp)) = 1o and
o (10, T(po,v0)) = 1. Let {v¢} and {p} be the sequences defined by v, = T%(vo, 1)
and p; = T(po, vo) for ¢ > 1. If for a certain (o, Vi, = Ve 41 and pe, = Hegt1 then (v, He,)
becomes a coupled fixed point of I, otherwise, v; # V¢4 and pg # pe4g forall ¢ > 1. We

have o, (vo, V1) = 1 and ot (1o, 1) = 1. Since T is orp-orbital admissible,

o (v, v2) = 0 (Tvo, Tvy) = 1oy = xp(v2,v3) = xp(Tvy, Tva) = 1

o (1, H2) = ap(Tho, Ty) = 1oy = p(p2, 13) = o (Ty, Tp) = 1.

Continuing as above, we obtain that

o (Ve, Vig1) = 1z and oy (e, Her1) = 1y Vo 020,

From, Eq.(1), we have

2(6p (v, vesn)) = 2(p (T(ver,me—1), T(ve ue)))

=< op(Vee1, Vo) ot (e—1, 1) 82 (6p (T (Vi1 be—1), T(ve, 1e)))

K

\ S (Ve-1,ve),
a" max
gp (qulvp'C
Vi1, T(v
< ol o max 6o (Ve—1, T(ve—1,He—1))
Sp (g1, T(pe—1,ve-1)
fon
GP (VC7 T(VQ HC)) 3
max

Sp (HCJT(HQVC))
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K

. o (Ve-1,ve),
a* max
Sp (He—1,1¢)
= @ n 1—k—n
% gp (chl,\/(‘) ; gp (VC7VC+1) ;
a* max a max
gp (u(ﬁlau(,) gp (HC;HCH)
By the definition of £, we have that
K+1 1—k—
V - 7V Y -\/ 7‘V )
o (veves) =< | a*max Sp (Ve-1,ve) . . S (Ve,ver1)
Sp (He—151¢) Sp (HesMett)
()
Similarly, we can prove that
K+1 1—k—
Vi—1,V() s Vi, Vit+1),
S (Ko Her1) = a* max S (V-1 ve) a max S (Ve verr)
Sp (He—1,He) Sp (Kes Her1)
3)
Combining Eq. (2) and Eq.(3), we get
( ) K+m 1-k—
g VC7VC 1) V- 7V b v 7V Y
maxd P + = o max S (Ve-1,v¢) . ax S (Vo Vest)
Sp (K> Met1) Sp (He—1,He) Sp (Has Met1)
We derive
K+m K+m
V 7V 9 V — 7V )
- S (Vo Ver) < o max Sp (Ve—1,V¢)
Sp (Mg, Her1) Sp (He—1,1¢)
Therefore,
Ve, Virl)s Vi-1,V¢)s Vi-2,Vi-1);
5, — max S (Ve Vert) X o*max S (Ve-1,V¢) o < ()2 max ¢ (Ve-2,Ve—1)
Sp (s Her1) Sp (K15 He) Sp (Me—2,1¢-1)

PN

(a")58(a)¢ — 0, as ¢ — oo.
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Sp (Ve Vert)s

Sp (Mey Mett)
Clg{}o Sp (K¢, Heq1) = 047. Since 6y (v, ve) 2 6p (v, Ver1) and Gp (g, He) = 6p (Kes Met1), then

we have lim ¢, (v¢,v¢) =0, and lim ¢p (e, 1e) = 0.
(—o0 (oo

That is lim max

=04 sotat lim ¢y (v¢,Veq1) =0, and
(oo Croo

Now, for any (, & € N, we have

6o (Ve, Vere) 20 [0 (Yo, Vert) + 6o (Vert, Vere) | — Gp (Ver1, Ves1)

A

06 (Ve, Ver1) + v’ [Gp (Ve Vi) + 6 (Vero, VC+£)] —6p (Ver1,Ver)

—6p (Veig2,Ves2)

A

06p (Ve, Vert) + Uzgp (Vir1,Ves2)
—1
o0 o (Veye 2 Vare 1) F 6o (Vere-1,Vere)]

—Sp (Vert, Vo) — Sp (Veg2,Vig2) o — Sp (Vepe—15Veyre—1)

U(u*)C&)(a)C—I-Uz(a*)CH&)(a)CH—I—-'-—I—Dafl(a*)Ga*z&)(a)(}E*z

PN

_i_néfl(a*)CJréfl(SO(a)CnL&fl B (a*)C+150(a)C+l _ (a*)é+26o(a)é+2

_(a*)C-i-E,—l So(a)@ri—l
+&—-1

éilnr(u*)(:—o—t—lao(a)m-t—] +U£—l(a*)c+£—150(u)é+£—l i Z (a*)t60<a)t
=1

rt=(+1

¥ <(a*)¢+t_105505) (Séni(a)m_l) —Cf_l ((“*Y(SO;) (Sé(a)t)

t=C+1

PN

PN

PN
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&—1 )
b _ &1 _
< HSOH (Z anaCth IHzld_ Z HatHZL@fﬂLHU 3 aC+E 1H21Jz{)
=1

t=C+1

&-1 oo
2 - 2 — 2 —
= H%H(Z‘,Hvtl\\la (D)1, — Y |02 Ly + |08 |||[a3(EFE l)Hlﬂ>
=1 v=CH1
L=(llo[[[[al®»5" [la?|*! ) )
= 1 (o — e
4) —0as (,& — oo.

Similarly, we can prove ¢, (H¢, Hetg) — 07 as (, & — co. Consequently, the series {v;} and
{u¢} are Cauchy sequences. Concerning the completeness of the C*-avpbms (¥,.47,¢,), we
conclude that there exists an element v, L € ¢ such that

lim V¢, Ve) = lim Ve, V) =G (V,V lim , = lim JU) = JU).
QE%OOGp(C £) HMGp(C )=¢p(v,v) “HMG;)(HC He) GMGp(HC ) = ¢p (1, 1)

By employing Eq.(4), we have

(5) lim ¢, (ve,v) = Sp (v,v) =04 Cli_g}ogp (Mg, 1) = Sp (M, 1) =0y

(o0

Given that T is continuous, we obtain

v=lim =vyy; = lim T (ve,u) =T (lim V¢, lim UC) =T (v,n)
(oo (o (oo 7 (oo

and

p=lim = pryq = lim T(pe,ve) =T (lim e, lim VC) =T (w,v).
(o (oo (oo T (e

Hence, (v, 1) is coupled fixed point of T in ¥.
Theorem 3.7: Let T : ¢4 x ¢ — ¢ be a mapping defined on the complete C*-avpbms (¢,.%7, ¢p )

with coefficient v = 1., that follows the subsequent circumstances:

(a) T is x,-orbital admissible,

(b) There exist v, 1o € ¢ that gives ot (vo, T (vo, Ho)) = 17 and o (po, T(Ho, Vo)) = 1.7,

(c) If{v¢},{uc} €4 suchthat oy (ve, vey1) = 1oy and (e, Mey1) = 17 for each ¢ and
V¢ —VvEY and g — L€ Y as { — oo, then there exists {v¢(,) } from {v} and {p¢()}
from {1} such that oy, (v, v) = 1o and o (ke (r), 1) = 17 for each &,

(d) T is xp-interpolative contraction.
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Then a coupled fixed point of T exists in ¢.

Proof According to the proof of Theorem 3.6, we deduce that the sequence {v;} and {p;} are
Cauchy and that Eq.(5) is satisfied. Assume that condition (c) is satisfied. We employ proof by
contradiction by presuming that v # T'(v, u) and p # T(, v). Note that vy # T'(vk)s Her))
and ey # T(Kek), Vo) for every k> 0. As a result of (c), there exists a partial subse-
quence { V¢t of {v¢} and {pg } of {1e} such that oy (i), V) = Loy and o (pee)s ) = 1o
for all k. Since, ¢p (Vew),V) = 0urs 6p (e 1) = Oars o (Vewys T(Vew)s Mer))) — Ours
Sp (Meer)» T(Her)» Vew))) = O and Gp (v, T(v, 1)) = 0.7, Gp (1, T(11,V)) = 0y

There occurs n € N such that, for every k > n,

S (Ve V) <6 (v, T(v, 1), 6 (e i) < 6p (1, T (1, v))

and

Sp (VC(k)uT(VC(k)7 UC(k))) =G (V7T(V7 ”’)) y Sp (”’C(k)?rlr(u(:(k)?\lﬂ(k))) = & (”’7 T(H,V)) :

Then, from Eq.(1), we have

2 (60 (Vewr1, Tv,1)) = @ (6 (T(vewy Hewy), TV, 1))

=< o (Ve)s V) ot (e, 1082 (6o (T (Veqwys ewy), T(v, 1))
[a* max { P (Vc(k)’v) 7 } aj|
So (Meqwy 1) :
7T ) )
p [a*max { o (Ve T(Vewy o)) }a]
Sp (e T (Her)» Vew)))
1—k—
Qp (VvT(Va H)) ’
max
gp (H7T(H7V)>
Since g is nondecreasing, it emerges from Eq.(6) that
n
[ * { 6 (v.T(v.). 6 (v T(v. 1))
a* max a® max a
gp (HaT(HW)) €P }‘L7 W,v )
) = en .
Gp (v, T'(v,n))
max
gp I»l; K,V

(6)

A

Sp (Ve +1, T(v, 1
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Letting k — oo, we find that

K+m 1—k—1
G (v, T(v,n)) = |:a* max{ S (v Tv. ). } a] |:max{ S (VT ), }]
QP (u7’]I‘(u7y)) gP (H,T(H,V))
(7

Similarly, we get that

K+n 1—k—
o (b T(k,v)) = |:a*max{ & (VT 1), }a] [max{ & (VI }:| n .
Sp (1 T(1,v)) ¢ (1, T (11, v))
(®)

Combining Eq.(7) and Eq.(8), we have

K+M K41
GP (VaT(Vvu))7 % gp (V,T(V,H)),
max = a* max a
Qp (M,T(H,V)) GP (HaT(IVL?-V))
Therefore,
v, T(v, , v, T(v, ,
o< mad 10T L Ll (T

[I6p (1, T (e, v)) | [I6p (1, T, v)) |

llgp (v, T(v, i) I,
16 (1, T, v)) |
which is a contradiction. Thus T'(v,pn) = v and T(w,v) = p.
Corollary 3.8: Let T : ¥ x ¥ — ¢ be a mapping defined on the complete C*-avpbms

(¢, ,¢p) with coefficient b > 1, such that

K n
% Sp (5=;)7 % Sp (57T(576))7
a”" max a a max a
Gp (e,3) cp (¢, T(e,s))
g (T(s,¢), T(x,3)) < g ey

S (5, T(x:3)),

Sp (3, T(3,1))
YV s,e,1,3 € 4 —TF(T) where k,n € (0,1) and a € & with ||av|| < 1. Then T possesses a
coupled fixed point in ¢.
Proof Invoke Theorem 3.6 with the assignments o, (s,1) = 17, otp(e,3) = 1o/, and @(t) = t.

The desired result follows immediately.
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Corollary 3.9: Let T : ¥ x¥ — ¢ be a mapping defined on the complete C*-avpbms

(¢, 4 ,6p) with coefficient v = 1, such that

6 (T(5.0). T(x.3)) X a"max{ ¢, (s,2),p (e3) } -

Vs,er,3€9—F(T) where a € & with ||av|| < 1. Then T possesses a coupled fixed point in
9.

Proof Setting k = 1 and 1 = 0 in Corollary 3.8 yields the result directly.
Example 3.10: Consider the C*-algebra of = .#,(R) equipped with the operator norm and
partial order a < b whenever b — a is positive semi-definite. Consider 4 = [0,) equipped with
the C*-algebra valued partial b-metric

lx—y|? 0 12 0

Qp(xa)’): , b= EIZ
0 2lx—y? 0 1.2

The space (¢, %7, ¢p) is complete C*-avpbms.

Define the continuous mapping T : ¥ x4 — 4 as T(s,e) = 0.255+0.35¢, with (1) =t € A,
op(s,x) =h, k=0.3,1=0.2, a=0.65.

Then clearly,av = 0.61, - 1.2, = 0.72, ||av||=0.72 < 1.

For(a): T is affine (linear combination), hence continuous on ¥.

For(b): Since & (s,x) =L = I, for all s,x, the implication holds trivially.

For(c): Take vo = pp = 0.5. Then T'(0.5,0.5) = 0.25(0.5) 4+ 0.35(0.5) = 0.15. Then

0,(0.5,0.15) =L = b.

0.25(s —x) +0.35(e — )| 0

For(d): gp (T(S7 6), T(X,Z)) =
0 2(0.25(s — x) +0.35(e — 2) |2

By triangle inequality:
|0.25(s —x) +0.35(e — z)| < 0.25|s —x| +0.35|e — z| < 0.6 max{|s — x|, |e — z|}.

Thus LHS = (0.6)? = 0.36 times reference metrics.
RHS: [a*Ma]?3 = (0.72)%3 ~ 0.90 > 0.36, so inequality holds.
Hence, all conditions of Theorem 3.6 satisfied. The system T'(s,e) = s, T(e,s) = e gives

s = e =0, confirming coupled fixed point (0,0).
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Example 3.11: Let .of = .#,(R) with operator norm and positive semi-definite partial order.
Consider & = [0, 0) equipped with the C*-algebra valued partial b-metric
lx—y|? 0 1.5 0

gp<x>y): , b= =D
0 2x—y)? 0 1.5

The space (¢, %7, ¢p) is complete C*-avpbms.

03(s+e) ifs+e<l,
Define the piecewise mapping T : ¥ x4 — ¥ as T(s,e) =

0 ifs+e>1,
with o(t) =t € A, otp(s,x) =h, k=0.4,1=0.3, a =0.4Dh.

Then clearly,

ab =0.45-1.5L =0.6L, |lav] =0.6 < 1.

For(a): Since ot (s,x) = I, = I for all s,x € ¢, the implication holds trivially.
For(b): Take vo = pg = 0.3. Then s+e=0.6 < 1, so T(0.3,0.3) = 0.3(0.6) = 0.18. Then
0,(0.3,018) =5 = ), (0.3,0.18) =1, = .
For(c): Let {v¢},{p¢} converge to v, with oy (ve, Ve 1) = L. Since oy = I, every sub-
sequence satisfies o (Vi) V) =h = b.
For(d): Case 1: s+e<1,x+z<1. Then T(s,e) =0.3(s+e¢), T(x,z) =0.3(x+z). Compute:
|s+e—x—z[? 0

6p(T(s,e), T(x,2)) =0.09
0 2s+e—x—z|?

By triangle inequality |s +e —x —z| < |s — x|+ |e —z|, LHS < 0.09¢,(s,x). RHS starts with
(0.6)%4 =~ 0.802 > 0.09, so inequality holds.

Case 2: s+e>1,x+z> 1. Then T(s,e) = T(x,z) =0, so LHS =0, < RHS.

Case 3: s+e>1,x+z<1. Then T(s,e) =0, T(x,z) =0.3(x+z). LHS:

0.3(x+2))? 0
¢(0,0.3(x+2)) = 03 +2)] =0.09¢,(0,x+2).
0 2[0.3(x+2)]?
: 1oy . : .
RHS contains £/(G(s,0)) = ¢, (s,0) = 52 . Since s > 1 — e > 0, this dominates LHS.
0 2

Case 4: Symmetric to Case 3.
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Hence, all conditions (a)-(d) satisfied. By Theorem 3.7, a coupled fixed point exists. Indeed,
(0,0) satisfies T'(0,0) = 0.3(040) = 0.

4. APPLICATIONS

4.1. Application to the existence of solutions of integral equations.

In this part, we demonstrate how to prove the existence and uniqueness of a solution to a
system of non-linear Fredholm integral equations using the coupled fixed point results obtained
in our Corollary 3.9.

Let 4 = L=(&) be the space of essentially bounded measurable functions on & and
H = Lz(éa ) where & is a Lebesgue space. The set of bounded linear operators on Hilbert
space 7, denoted by L(J7), is a C*-algebra with operator norm [|A[| = supj ), — [[Aal .
We equip & with ¢, : 4 x4 — L(), defined by ¢y (p,q) = M,_qp4; forallp,qe 4,1 € o,
t > 1, where My : L(J¢) — L() is defined by M (a) = ¢ o o (operator composition) for
o € and ¢ € L(S€). Therefore, (4,L(7),¢p) is a complete C*-avpbms.

The following system of non-linear Fredholm integral equations is now examined:

r(o) = f(n)+/%(n,u,x(u),n(u))du, bUEE
&

)
o) = §(0)+ [ (0,900 5(0)) du, v,u e &
&

where % : &2 x R? — R and { : & — R are continuous.

Define the operator T : 9% — ¢ by T (x,9)(v) = f(v) + /Ji/(t),u,}:(u),t)(u))du.

&
Note that Eq. (9) has a coupled solution if and only if T has a coupled fixed point (CFP).
Theorem 4.1.1:  Suppose that, for all 3,10,z,5 € ¢,

(a) there exist a continuous function ¢ : &2 — [0,0) and & € (0,1) such that

L (o113, 10 00) — (0,0,£8) (1)) | < Elp (o) [ maxd 200 TEO Loy

[to(u) —n(u)]
for all b,u € &,

(b) supt,eggaﬂd)(n?uﬂdu <.
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Then the system of integral equations (9) has a unique solution.

Proof This proof will be carried out using Corollary 3.9. Because the function .2 is continuous,

s0 is the operator T : 4% — & defined above.

Let k = &I, then k € 7. For any £ € 7# and t > 1, we have

lI6p (T'(3,10), T(x,n)) || = Hs\l\lgl (M (3 0) - T (e.) 185 B)

— swp [ || / (0,1, 3(18), o (1)) — (0,10, 1(t), (u >>>duf]e<><>dn+sup (0)E(0)dv.1

El=te | lle[l=1+

IN

sup / [ (0,1, 3(18), w0 (w)) — (0,1, (1) <>>du] £(o 2dn+sup/ HORDY,
=ty | et

sup /E,\cb(n,u)! (max{ o) =2l }+1511> du] €(0)|2do+1
1El1=1 | & o (u) —p(u)|
. ! /d)(w)du] o) o { 15() — (]l }+1

I [[ro(u) —n(u)|[L,

£sup [ [ (v,u)ldu sup e<u>2dn.max{ 3() = ()] }+1

IN

IN

IN

ved g I1Ell=1 2 [[ro(u) —n(w)]l5

e { 5w~ }+1
() =9 )1

= [Ilimax { {1, (5.0)I1 g (w.m)I| }

AN

This shows that T satisfies the contraction with ||k|| < 1. We thus infer that T has a unique
coupled solution in ¥ to the integral equation (9) since all the requirements of the Corollary 3.9
are met.

Example 4.1.2:Consider the symmetric coupled system of nonlinear Fredholm integral equa-

tions on & = [0, 1]:

1
(10) x(v)z/o K(v,u,x(u),y(u))du,

1
(11) y(v) = /0 K (v,u, (1), x(u))
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where the kernel is defined by
_vu r/2 s/2
K(v,u,r,s)—? e+t 7), vuel0,1], nseR.

Define the space &4 = L*([0, 1]) equipped with the C*-algebra valued partial b-metric

So(p.q) =My,_g241, P.9€Y, where o = L(H), H = L%([0,1]), I is the identity opera-
tor, and My (@) = ¢ o & denotes right composition.

Then the System (10)—(11) possesses a unique coupled solution (x,y) € G2,

Let us, consider the operator T : 4% — ¢ by T(x,y)(v) = [y K(v,u,x(u),y(u)) du.

Verify the contraction condition of Corollary 3.9 with & = % For (x,y), (z,w) € 42,
_

5
< ¥ max { |50)/2 _ gx(w)/2) | w2 _ ey(u)/zl}

K (v 10,2(00),w(10)) — K (vt,x(00), (u)) N2 4 P2 )2 2]

1
< 5 5 max{fz(u) —x(u)l, lw(u) —y(u)l},
using the mean value theorem (|e® — €?| < %|a — b| for bounded domain). Thus,
1
K (v,,2(u), w(u) = K(v,u,x(u), y(u) )| < < -vue- max{|zue) —x(u)], jw(u) = y(u)[}.
Set ¢ (v,u) = vu. Then condition (a) holds and
1 1 v
sup |¢(v,u)|du:sup/ vudu=sup—- == <1,
ve[0,1]7/0 v Jo y 22

satisfying (b). With k = &I = %1, we have ||x|| =1 < 1.

Since (¢,L(S),¢p) is complete C*-avpbms and T is continuous, Corollary 3.9 guarantees
a unique coupled fixed point (x,y) € 42, which solves (10)—(11).
Remark: The trivial solution x =y = 0 satisfies the system. Uniqueness follows from the strict
contraction % < 1, excluding other solutions regardless of initial approximation.

Example 4.1.3: Consider & = [0, 1] with Lebesgue measure and define
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with ¢(v,u) = e * and & = 1. Then

| (vyu, 2(w), w(u)) — A (v, x(u), y ()| = e[ sin(z(u)) cos(w(u)) —sin(x(u)) cos(y(u))]
(I2() = x(u)[ +[w(u) —y(u)])
| max { |z(ue) —x(u)], [w(u) —y(u)| }

<e V.

= E|o(v,u

and
1
sup d(vu)|du=1—e"1 < 1.
ve[0,1]/0
The unique coupled solution is
~1

1—
2 ¢ sin(v?)cos(v?), v e [0,1].

Direct substitution confirms

1 —e !

T(oy)(r) = v+~

e "sin(v?) cos(v?) = x(v).

Thus all conditions of the theorem are satisfied and Corollary 3.9 guarantees existence and

uniqueness of the coupled fixed point solution.

4.2. Applications to Homotopy.

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 4.2.1: Let (¢,.97,6p) be a complete C*-avpbms with coefficient v > 1, E be a open
and E be closed subset of ¢ such that £ C E. Suppose O : & x E x [0,1] — ¢ be an operator
such that the following conditions are satisfying,

(i) v# Oy(v,11,A) & n# Oy(1,v,A) for each v, € dE and A € [0, 1], (here JE denotes the
boundary of E in ¥).

(ii) For all 5,¢,1,3 € Z and a € & with ||av|| < 1 such that

% (O3(5.¢.0), Gy(:3.0) S a'max { g, (s.1).gp (e.5) o

(iii) there exists M € o7, such that

6o (Oh(s,¢,1), Oy (s,e,v)) < |IM[[[]A—|

for every s,¢e € E and A,y € [0, 1].

Then Oy (.,0) has a coupled fixed point if and only if & (., 1) has a coupled fixed point.
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Proof Consider the set
Q={Ae€[0,1]:5=0y(s,e,A) & e=0Op(e,s,A)for somes,ec E}.

Since 0y (.,0) has a CFP in E x &, we have that (0,0) € Q@ x Q. So that @ is non empty set.
We will show that @Q is both open and closed in [0, 1] and so by the connectedness we have that
Q=10,1].

As aresult, Oy (.,1) has a CFP in & x E. First we show that () is closed in [0, 1].

To see this let {A¢}7_; € Q with Az = A € [0,1] as { — oo.

We must show that A € Q).

Since A; € Q for (= 1,2,3,---, there exist ¢, e € E with s; = Op(s¢,¢¢,A¢),

e = Op(eg,5¢,A¢)-

Consider

¢p(5c:5c11) = Gp(Oh (8¢, e Ac), Op(Sct15ec1,A¢+1))
6o (Oh(5c,20,A0), Op(Sc4158c41A0))
+6p (O (5c41,¢011,A0), Op(Sc41,¢041,A¢41))
—Gp(O(sc+1,00+1,A0), Oy (Sc4150+1,A¢))
=065 (Oh(5¢,20,A0), Oy (Sc41,0011,A)) + 0 IM|[[A — A -

A

Letting ( — oo, we get

1
lim — < 1i 0 A¢), O A 0.
Jim - Gp(s¢,5c+1) = Jim 6o (G (scs ec Ac), O (serts et Ad)) +
From (ii) we obtain

lim {Gp(s¢,5¢41) = 1im 6o (Gy(s¢.e0,A0), Oy (Sc415e0+1,A¢)))
(oo

o
Gp (5¢:5¢+1) 5

p(ec,ecq1)

< lim a* max
(—roo

Similarly

Sp (5¢,5¢+1)

lim %gp(ec, ezy1) = lim a*max
(—o0 ¢ ( )
Qp er €41

—>00
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Thus, we conclude that

i 1 Sp (8¢,5¢+1), . Sp (8¢,5¢+1),
im ; max = Clgn a® max
& p (e ec41) p (e ec41)
implies that
. 50,50+1
—>00

16 (ec,ecv1) ||

It follows that
lim =0, = lim .
Cl Sp (5£75C+1) o Cl Qp(e(’,» 9(’,+1)

Since ¢p (5¢,5¢) = 6p (5¢,5¢41) and Gp (ez,ec) = Gp (eg,ec41),

then we have lim ¢, (s¢,5:) =0, and lim ¢y (e¢,¢¢) =04 .
(o0 (o0

6 (50,5c+e) = 0[6p (5¢,5¢+1) +Gp (5ct1,5¢+8)] — Gp (5c41,5¢+1)

A

—Gp (S¢42,5¢+2)

A

vGp (8¢, 5¢+1) +0°6p (5¢41,5¢42)
+e 0 g (she 0,500 1) + 6 (5cre-1,5¢48)]

—Gp (5¢+1:5¢4+1) — Gp (5c42:85¢42) - — Gp (Scre—1,5¢+e—1)

— 0y as (, & — oo.

0Gp (5¢,5¢+1) + 97 [Gp (Sc1,5c+2) + Gp (Sc42,5¢c1e) | — Sp (Sc1,5¢41)

19

Hence {s;} is Cauchy sequence in (¢,47,¢,) and similarly, we prove that {e¢;} is Cauchy

sequence so that lim 5¢,6:) =0, = lim ez, ex).
q Qa%ﬁp( ¢»5¢) =0 Mﬁmgp(c £)

Since (¢, 47, ¢p) is complete, there exists v, u € E with

v,v) = lim ¢ (s¢,v) = lim Gp(5¢4+1,v) = lim 5¢,5¢) =04.
G (v¥) = lim g (50,v) = lim 6p(sc1.¥) = lim_go(s¢,5¢) = O

)

,u) = lim Gy (er, ) = lim Gy (ecag, ) = lim ec,eg) =0
Sp (1, 1) C%mgp( 1) &%mgp( 15 H) 0 E,_m‘:'p( ee) =0y



20 A. BHARGAVI SIVA PRABHA, R.V.G. RAVI KUMAR, B. SRINUVASA RAO

Now,

Sp (8¢, Op (Vi) = 6p(O(sc,ec,A), Op(V, 1, M)
=0 (64 (5,6 M) Oy (50,2, M) + 6 (G (56, 6:0), Gy (v, 1. 0) |
—Gp(Oy(s¢,e0,A), Op(s¢,e,A))
= of[MI[|[Ac = A[+ 065 (T (s, ec,A), Oy (v, 14, A)).

Letting ( — oo, we obtain

%gp(v,ﬁ’b(v,u,A)) j%i_rggp(ﬁh(sc,ec,?\),ﬁb(v,u,A))
s 7V )
=< lim a* max 5 (5v) a=0,.
Gy gp (eﬁu)

It follows that ¢y (v, Oy (v,1,A)) = 0,. So that v = O (v, u,A).

Similarly u = 0y (u,v,A). Thus A € Q. Hence Q is closed in [0, 1].

Let Ag € Q. Then there exists 59, eg € E with 59 = 0y (50, ¢0,Ao) and ¢g = Ty (e0,50,A0)
Since E is open, then there exists r > 0 such that B¢, (so,7) C E and B¢, (¢o,r) C E.
Choose A € (Ag — €,A¢ + €) such that |A —Ag| < # < €.

Then for s € W: {s €9 /5p(s,50) <r+6p(s0,50)} and

e € W ={ec Y /cp(e,e0) <r+¢p(en,e0)}. Now,

¢p(Oh(s,¢,A),50) = Gp(Oy(s,¢,A), Oy (50, ¢0,M))
20| 6(Oy(s,¢,M), Oh(s,¢,A0)) + 6p (O (5,¢,M0), Oy (50, ¢0,A0))
—6p(Oh(s,¢,A0), Oy (5,¢,A0))
= 0| [M[||A — o[ + 06y (T (s,¢,M0), Oy (0, ¢0,A0))
< UW +06p(Oy(s,¢,A0), O (50,0, M0))-

Letting ( — oo, we obtain
%Qp(ﬁh (57 e77\)750) j a* max {GP (5750)7 gp (2, 20)} a.
Similarly

%gp(ﬁh(e7577\)790) <a maX{QP(5750)a GP(ea 90)} a.
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Thus

max{||¢, (T (s,¢,A),50)||; 5p (T (e,5,M), e0) [} < [[o]][[al|* max {|[6p(s,50)1], [IGp (¢, e0) I}
< max{r+|[gp(s0,50)|[,+[Gp (¢0, ¢0) ||}

Thus for each fixed A € (Ao — €,A0 +€), Op(.,A) : Bg, (s0,7) — Bg, (0, 7) and

Oy (-, ) : Bg, (¢0,7) — Bg, (¢, 7). Since also (ii) holds, then all conditions of Theorem 4.2.1
are satisfied. Thus we deduce that &y (.,A) has a coupled fixed point in Z. But this coupled
fixed point must be in E since (i) holds. Thus A € @ for any A € (A9 — €,A0 + €). Hence
(Ao — €,A0+ €) C Q and therefore @ is open in [0, 1].

For the reverse implication, we use the same strategy.

Example 4.2.2: Let 4 = C[0,1] with o = L(¢), 5 = L*[0,1], and ¢,(p,q) = M, g2 41
Consider & = {(x,y) € 92 : ||x]|c, ||V]|e- < 1} and define

Oy(s,N) (1) = 5 sin(s(1) +

For (s,¢) € 9E, |Oy(s,e,A)| < 4 < 1. Let a = 0.61. Then

6p(Oy(s,e,N), Oy (x,2,N)) =M

} %(sin(s)fsin(x))Jr% (e—x) ‘2+I

= 0.36max{g(s,x),6p(e,2)}

Let M = 21. Then, ¢p(Oy(s,e,A), Oy(s,e,7)) <2[A—=7|.
AtA=0, Oy(-,0)(t) = %e(t) has coupled fixed point (e,e). By Theorem 4.2.1,
Oy(-,1)(t) = %sin(s(t)) has unique coupled fixed point (s*,s*) where s*(¢) = sin(s*(¢)). Thus

homotopy connects solutions at A = 0 to solutions at A = 1, exactly as Theorem 4.2.1 guarantees.

5. CONCLUSIONS

In conclusion, this paper establishes coupled fixed point theorems for interpolative contrac-
tions in C*-algebra valued partial b-metric spaces using x-admissible mappings. The results
guarantee unique solutions for coupled nonlinear Fredholm integral equations and homotopy
continuation between trivial and nontrivial fixed points. Future work will explore multivalued

mappings, fractional differential equations, and numerical homotopy algorithms.
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