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Abstract. This paper introduces the concept of probabilistic b-suprametric spaces (PbSMS). We conduct a sys-
tematic investigation of the fundamental topological properties inherent to these spaces. A key result is the proof
of a fixed point theorem for nonlinear Banach-type contractions within the PbSMS framework, which is supported
by illustrative examples. Finally, we demonstrate the practical utility of our main result by applying it to the theory
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1. INTRODUCTION

Stefan Banach laid the foundation for the metric fixed-point theory in 1922. His Banach Con-
traction Principle [3] plays a vital role in many mathematical applications and inspired a major
research effort to find fixed points for contractive mappings. This has resulted in numerous new
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theorems, achieved by either weakening the original contraction conditions or by defining new
types of generalized metric spaces.

Among these generalizations is the probabilistic metric space, a concept introduced by Karl
Menger in [23]. Menger’s innovation was to substitute nonnegative real numbers with distri-
bution functions as metric values and to replace the standard triangle inequality with the more
general notion of triangle norms. The principal advancement and refinement of this theory,
however, is credited to Schweizer, Sklar, and their associates.(see [30],[27],[28],[29]).

In [4], Czerwik used a relaxed triangular inequality governed by a real coefficient b > 1, to
introduce b-metric spaces equipped with a distance satisfying such an inequality. Moreover,
He established a fixed point theorem within the framework of b-metric spaces. Given the sig-
nificance of this distance function, it has since been generalized in multiple ways and applied
across diverse fields, such as Multivalued fractals and fractional differential equations, (see [9],
(2], [20]).

Mbarki and Oubrahim [22] introduced probabilistic b-metric spaces by modifying the trian-
gle inequality in probabilistic metric spaces and subsequently developed a fixed point theory
that incorporates both topological and geometric properties (see [1] ,[13], [15] ,[22] for more
details). As a result, a significant portion of existing fixed point theorems originally formu-
lated for classical metric and b-metric spaces can now be extended to probabilistic metric and
probabilistic b—metric spaces, provided a sufficiently small triangular norm is used.

Recently Berzig proposed in [6] the idea of a modified triangle inequality which lead to new
generalized spaces called suprametric spaces. Later on Panda et al [25] extended on this idea to
prove the existence of solutions to stochastic integral equations of the Ito-Doob type. Moreover,
Panda et al [26] proved the utility of the suprametric notions in studying the stability as well as
the existence of equilibrium points in complex valued, fractional-order neural networks.

Unifying the two concepts of b-metric spaces and suprametric spaces lead to the introduc-
tion of the b-suprametric spaces in [7], merging the advantages of both the b-metric and the

suprametric spaces. Berzig established a fixed point theorem for mappings satisfying nonlinear



PROBABILISTIC »-SUPRAMETRIC SPACES AND NONLINEAR CONTRACTIONS 3
contractions via Matkowski functions [7]. The Banach contraction principle has been success-
fully extended to both suprametric and b-suprametric spaces, with demonstrated applications in
solving nonlinear integral equations and matrix equations (see [6], [7], [8]).

This paper is structured as follows:

In Section 2, we present the foundational results in metric probabilistic spaces, which will be
utilized in the subsequent sections. In Section 3, we define probabilistic Menger b-suprametric
spaces and explore the key topological principles governing them. In Section 4, we establish
a fixed point theorem for nonlinear contractions in Menger probabilistic b-suprametric spaces.
Section 5, We extend the foundational definitions of ({, §)-decomposable mesure and (NSA;)-
type measures (see Definitions 12 and 13) to incorporate a pair of z-norms coherent with our
generalized triangle inequality, we construct a bridge to our main theorem and subsequently
prove the existence of fixed points for a class of random operators in this enriched measurable
setting.

First, for the sake of the readers, we will state some basic definitions and expressions that

will be used throughout the study.

2. PRELIMINARIES

Throughout this paper, we respectively denote by R, R and N the sets of all real numbers,
all nonnegative real numbers and all nonnegative natural numbers.

In 1993, Czerwik formally defined the b-metric space as follows:

Definition 1. Let X be a non empty set and s € [1,+o0). A functiond : X x X — R is called a
b-metric on X if for all u,v,w € X, we have
(i) d(u,v) =01iff u=y,
(i) d(u,v) =d(v,u),
(iii) d(u,v) < s(d(u,w)+d(w,v)).
The pair (X,d) is called a b-metric space. If s = 1, the pair (X ,d) is called a metric space.
We can find the notion of h-metric space introduced in [5] and [4]. Fixed point theorems in

b-metric spaces can be found in [6] and [7]. Recall now the concept of b-suprametric spaces

introduced in [6] by Berzig.
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Definition 2. Let us consider that X is a nonempty set, 1 € Ry and dy : X x X — [0,4+0) is a

functional, satisfying the following:
(i) dy(u,v)

(ii) dy(u,v)
(iii) dy(u,v) < s(dy(u,w)+dy(w,v))+ 1 dy(u,w)dy(w,y), forallu,v,we X, wheres> 1.

0, iff u=v,

dy(vyu), forall u,veX,

Then, d,, is a b-suprametric on X, and (X ,dy,) is a b-suprametric space.

If s =1, dy is a suprametric on X, and (X ,dy) is a suprametric space.

o0
Example 1. [7] Let (,(R) := {(tn)n>1 C R such that Z |un||p < oo}, with 0 < p < 1,
n=1

equipped with a b-metric ||.||, : £,(R) x £,(R) — R is given by

n=1

1
+oo p
| () n=1— (Vn)n>l||p = <Z |un _Vn|p> for all (un)n=1,(Va)n=1 € EP(R)v

1
with s = 27r.

We consider the fonction d,; : {,(R) x £,(R) — R defined by

du(”=V) = [[(un)nz=1— (Vn)nz1 Hp ([(un)nz=1 = (Vn)nz1 ||p +1), forall u,v € KP(R)-
Then, (EP(R),d“) is a b-suprametric, with s = 4% and 1L = 8%.

We begin by briefly recalling some definitions and notions from probabilistic metric spaces

theory that we will use in the sequel. For more details, we refer the reader to [30].

A distance distribution function is a nondecreasing function 4 defined on R U{e} such
that
(i) h(0) =0 and h(e) =1,
(ii) A is left continuous on (0, ).
The set of all distribution function will be denoted by A, and the set of all # € AT such

that lim A(f) =1by DT.

t—r+o0

A simple example of a distribution function is the Heaviside step function, also known as the

unit step function, which is a commonly used example of a distribution function in D*. It is
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defined as:

1 ifr>0,
H(r) =
0 ifr<o0.
The first field where triangular norms (z-norm briefly) played a major role was the theory of

probabilistic metric spaces (see [19]).

Definition 3. (See [15].) A fonction T :[0,1] x [0,1] — [0,1] is a t-norm if for every u,v,w €
[0, 1], the following requirement are verified:
(i) t(u,v) = 1(v,u);
(ii) T(u,7(v,w)) = 7(T(u,v),w);
(iii) (v <w= 1(u,v) < T(u,w));

(iv) T(u,1) =7(l,u) = u.

A t-norm 7 is said to be continuous if 7 is continuous at each point (u,v) € [0,1] x [0,1].
Typical continuous #-norms are
(a) The minimum #-norm Tys(u,v) = min{u,v}.
(b) The product 7-norm Tp(u,v) = uv.

(c) The Lukasiewicz t-norm 7z (u,v) = max{u+v—1,0}.

Definition 4. [15] The mapping { : [0,1]> — [0,1] is a triangular conorm (briefly t-conorm) if,
for all u,v,w € [0, 1], the following conditions are satisfied:
(i) C(u,v) = C(v,u);
(ii) E(u,S(v,w)) = C(E(u,v),w);
(iii) (v<w=(u,v) < {(u,w));

(iv) T(u,0) =1(0,u) = u.

The connection between triangular norms and triangular conorms is given by the following

result.

Proposition 1. [15] The function { : [0,1]> — [0,1] is a triangular conorm if and only if there

is a triangular norm T such that for each (u,v) € [0,1]?,

C(uv)=1—1(1—u,1-v).
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The opposite statement is also true.
Basic examples of triangular conorms are the following ones:
Cm(u,v) = max{u,v}, Cyp(u,v)=u+v—uv, §(u,v)=min{u+v,1}.

Definition 5. [15]

e At-conorm § (resp. t-norm) will be called Archimedean if it’s continuous and £ (a,a) >
a (resp. t(a,a) < a), forall a € (0,1).
e An Archimedean t-conorm § will be called strict if § is (strictly) increasing in (0,1) x

0,1).

Theorem 1. [15] A function 7 : [0,1)> — [0,1] is a continuous Archimedean triangular norm
if and only if there exists a continuous, strictly decreasing function t : [0,1] — [0, 4-oc0] with

t(1) = 0 such that for all x,y € [0, 1],

T(xy) =¢" (min {#(x) +1(y),2(0) }) =V (1(x) +1()),

where V) is the pseudo-inverse of t, defined by

t'(a) ifac(0,t0)],
t~(a) =

0 ifac(t0),+oo].
The function t is then called an additive generator of T, it is uniquely determined by T up to a

positive multiplicative constant.

Triangular norms of H-type (see [15]) represent a very important class, especially in the

theory of fixed point.

Definition 6. Let T be a triangular norm and ©" : [0,1] — [0, 1] a mapping defined in the fol-

lowing way:
ol (u) = t(u,u), T (u) = t(u, 7" (1)), ne N\ {0}, ucl0,1].

A triangular norm is H-type if the family (”L’”(u))n>1 is equicontinuous at the point u = 1, that

is, for all € € (0,1), there exists A € (0,1) such that

u>1-12 = v"(u)>1—¢, foreveryn>1.
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Definition 7. [30]. A Menger space is a triple (Q,F, 1), where Q is a nonempty set, F is a
function from Q x Q into DT, T is a t-norm and the following conditions are satisfied for all

u,v,w € Qand x,y > 0,

(i) Fuy=H ifandonlyif u=v,
(11) 9:u,v = Jvuw
(i) Ty (x4+y) = (T (), T ().

In the sequel, we denote by ¥ the set of Matkowski functions [21], v : R, — R, that satisfy

(i) yisincreasing on R,

(ii) ngl—li-loo y"(x) =0, for all x > 0.

Theorem 2. [30]. Let (X,F,7) be a complete probabilistic metric space under a continuous
t-norm T of H-type such that RanF C D,. Let f : X — X be a y-probabilistic contraction,

where y € W i.e. for all u,v € X,

F ), ) (W(X)) = Ty (x).
Then, f has a unique fixed point uy and, for any u € X, lﬁnlel fn(u) = ug.
n 1)

Here we present an H,-type definition of two f-norms 7; and 7, (see [11]).
Let 7; and 7, be two t-norms. Let u,v € [0, 1] and n € N. We defined the fonction A : [0,1] —
[0,1] by
T (u,'ﬁ (v, ’L‘z(u,v))) ifn=1,

hu(v) =
T (u,‘L’l (hﬁfl(v),fz(u,hzfl(v)))) ifn>2.

Definition 8. [11] Let 7| and 1) be two t-norms. We say that a pair (T1,T2) is of Hy-type if

the family (h(u))n>0 is equicontinuous at u = 1. It means that for all € € (0,1), there exists

A € (0,1) such that

u>1—A = hij(u) >1—¢, foralln > 1.

The coupled t-norms (Ty, Ty ) is a trivial example of Hp-type.
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3. MAIN RESULTS

3.1. Probabilistic b-suprametric space (briefly PbSMS).
The notion of the probabilistic b-suprametric space, which is larger than the class of proba-

bilistic b-metric spaces, is introduced in this section.

Definition 9. Let Q be a nonempty set, T| and T, be continuous t-norms, and F be a mapping
from Q x Q into DT, with D being the set of Menger distance distribution functions, such that
Fuv is the value of F at (u,v). Then the quadruple (Q.,F,(71,72), L) is called a probabilistic
b-suprametric space (briefly PbSMS) if for every u,v,w € Q and x,y € (0, 4o0),
(i) Fuu(x)
(ii) Fyv(x) = H implies u = v;
)
(

(iii) Fyp(x) = ( );
(iv) F, V(S x+y)+u xy) (97,47W(x), T (S"Wy(y), () (?uvw(x),ﬁrw(y)))), with s > 1.

We call the condition (iv) of the definition 9, the generalized triangular inequality. If s = 1,

then the quadruple (Q,F, (11, 1), i) is called a probabilistic suprametric space (see [11]).

Example 2. Let Q = {0,1,2,n,---} = N and u = 2. Define the application F: Q x Q — D

as follows:

;

H(x) fu=wv,
H2x—=7) ifu,ve{0,1} anduv,
H(x—(1 —e"“_v|)) if u,v € {0}U{2n:n e N\ {0}} and u # v,

H(x—2) otherwise.

\

Actually, we only need to demonstrate the probabilistic triangle inequality since that (i), (if)
and (iii) of Definition 9 are trivially verified. Let u,v,w € Q and x,y € R, \ {0}.
Proving the triangle inequality comes down to proving the following:
gju,v (S(x+y) +Uu xy) =T (?u7w(x)» L <?w,v(y)7 7P(5tu,w(x)v ?wy(y)))
Z T (H’Hmw(x)» TL (gjw,v()’% ffu,w(x) X \rfw,v(y))

> max{ﬂ’u./w(x) +TL<$w,v(y),gju,w(x) X ?W,V(y)) - 1,0}.
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e If (u,v) = (0,2n) and w = 0, where n € N\ {0}, then
Fup 2(x+y) +xy) = I (2(x+y) +pay— (1 —e7)),
Fuw(x) =H(x) =1 and F,,,(y) = H (y— (1 —e_zn)) :
Case 1:y>1—e 2" 502(x+y)+uxy>1—e2" and then
H2x+y)+pxy—(1—e ) =1.
thus,
Fuw (sCe+y) + pt xy) = max { T (%) + 72 ( Ty (), Fuugw (%) X Ty (v)) — 1,0}

Case2: y<1—e 2, 50F,,(y) =H (y— (1—e ")) =0.

then
max { Fw (%) + 7L (Fuw (), Fuw (6) X Furn(v)) — 1,0} = max{1+1,(0,0) — 1,0} = 0.
Thus,
Fuw QM +y) + 1 xy) = 10 (Fuw (6), T2 (Fan (9), T (Fu (), Funn ()
o If (u,v) = (0,2n) and w = 2m + 1, n,m € N\ {0}, then
T (2(x+y) + 1 xy) =320 +y) +pay— (1—e™))),

Fuw(x) =H(x—2) and F,,,(y) = H(y—2).
Case 1: x <2 ory <2, in this case we either have F,,,(y) = H(y—2) =0 or T ,(x) =
H(x—2)=0.
Suppose that F,, ,,(x) = H(x—2) = 0, then we have
max{ Fuuw () + L (Fwp (9), Fupo (¥) X Frp (v)) = 1,0} = max{0 + 7.(Fv (), 0 x Fury (y)) — 1,0}
= max{7.(Fw,(y),0) — 1,0}
= max{max{J,,,(y) — 1,0} — 1,0} =0.

thus the generalized triangular inequality is verified; the case where J,,,(y) = 0 is treated

similarly.
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Case 2: x> 2 andy > 2. We have 2(x+y) + 1 xy > 8 > 1 —e ", we obtain the generalized
triangular inequality. Since
Fuy2x+y)+puxy)=1.
o If (u,v) = (0,2n) and w =1, n € N\ {0}, then
Fup 2(x+y) + pay) = I (20 +y) + pay = (1-e7)),
Stu,W(x) = 5{(2)6—7) and Stwy(y) = j‘f(y—Z).

Case 1: x < % or y < 2, we obtain the generalized triangular inequality. Since weither

Fuw(x) =0o0rF,,(y) = 0 we have
max { Fy .y (x) + T2 (Fry (), Fuw(x) X Fun(y)) — 1,0} = 0.

Case 2: x > % andy > 2. We have 2(x+y) + 1 xy > 8 > 1 —e ", we obtain the generalized
triangular inequality. Since
Fuy (2(x+y)+pxy) =1
o If (u,v) = (0,2n) and w = 2m, n,m € N\ {0}, then
Fuw (20x+y) + pxy) = I (2(x+y) + gy — (1—e™))),
Fuw(x) =H (x— (1 —6*2")) and F,,,(y) = H(y — <1 —e*2|”*m|>).

2

Case I: x<1—e 2" or y < 1—e 2"l we obtain the generalized triangular inequality.

Since weither F,,,,(x) =0 or F,,,(y) = 0, we have
max { Fypy (x) + T2 (Foy (), Fuw(x) X Fyon(y)) — 1,0} = 0.
Case2: x>1—e andy>1— g 2n=ml g,
20x+y)+paxy>2(2—e 2 —e 2y Ly (1—e?) (1 — efz‘"*m‘>
—2(2—e 2 e 2Anmly 4y <1 _ e 2ln—m| _ o=2n +e—2|n—m|—2n> .
Since U =2, we have
20x4y) +pxy>2(2— o2 _ e—z\n—m\) 12 <1 _ o 2ln—m| _ o=2n +e—2|n—m|—2n>

—6—_de 2 _ 2672|n7m| ) (_672|n7m| _'_efZ\nfm\on) '
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Suppose n < m. We have
20x+y)+ 1 xy > 6—4de 2" —2e7 21 1) (—efz(m*”) + efz(m*")’z’“)
=6—de 2m) 2 (2e7 — 7).
Then
206 +y)+puxy—(1—e ) >6—4e 2" 2 (272 —e ") — ] 42"

=5 —4e 2T _3e72 | pe =M
> 54 2mn) _3e=2n
>5_4—e=1-¢">0.

Hence, F,, (2(x+y) +pu xy) = L.
And we obtain the generalized triangular inequality.

o If (u,v) = (2n,2m) and w = 0, n € N\ {0},m € N\ {0},and n # m then
Fuw (2(x+y) +pxy) =H (2(x+y) U xy — (1 —e*2|"*m|)> ,

Fuw(x) =H (x— (1 —e_Z”)) and Fy,,(y) = .‘H(y— (1 —e_zm) )

Case 1: x < 1—e > ory < 1 —e~ 2", we obtain the generalized triangular inequality. Since

either F,,.,,(x) =0 or F,,(y) = 0 we have
max { Fy (%) + 7L (Frn (), Fuw(x) X F(y)) — 1,0} =0.
Case2: x>1—e andy>1—e 2" So

2(x+y)+uxy— (1 — e_2|”_m|> >22-e M —e M) 4 u(l—e M —e e e )

~ (12,

Since U =2, we have

2(x+y) +pxy - (1 — e*2|"*’”|) >6—2e 2 —2e 42 (—e M —e M e e )

- (1 - e—z\"—m\) .

2(x+y) +uxy— <1 — e_z‘”_m‘> >5—4(e e M) 420 M2 g A,
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Suppose n < m. We have

2(x+y)+ M xy— (1 - e*z‘"*ml) >5-8e X142 Mmpe2m ) 55 _8e 2 >5_8e 23,

Hence, I, (2(x+y) +pu xy) = L.
we obtain the generalized triangular inequality.

It is easy to verify the condition (iv) for all other cases of (u,v) and w. Thus,
‘rfu,v (S(X—Fy) + Hu xy) 2 L (Sru,w(x)v TL(?w,v(y)a TP(gju,wOC)v gw,v(y))) )

forall u,v,w € Q and x,y € Ry \ {0}, where s = 2.
Hence, (Q,F,(t1,7p), 1) is a PbSMS.

However, we cannot use the results from [6] in this case as (Q,F, Ty) and (Q,F, 1p) are not
standard probabilistic metric spaces since the triangle inequality is not satisfied:

If (u,v) =(0,1) and w =2, and (x,y) = (1,%), then Fy(x) = H (x—(1—e?) =1 and
Fwy(y) =H (y—2) = 1. We have

Fuy(r+y) =H2x+y) =7) = H(0) = 0 < Tp(Fupw (%), Fun (),
and F v (x+y) < T (Fuw(x), Fp (y).
Remak 1. (@) If (Q,F,(11,72), 1) is a PDSMS, then for every u,v,w € Q and x,y € (0,+o0),
Fup(s(x+y)+pxy) > 1 (Tl (Fu (), Fron (), 2 (Fruw (%), ’fw,v(y))) :
(b) If also Ty = Tty and Tp = Tp, then for every u,v,w € Q and x,y € (0,+c0),
Fup(s(x+y)+ 1 xy) = Tp(Fuw(x), Fun ().
In particular, if 4 = 0, then (Q, F, (v, Tp), 9) is standard probabilistic b-metric space.
Let (Q,F,(71,%), 1) be a PbSMS, then the neighborhoods family
X ={R,(e,1):ueQ, 0<eand A >0}, where
R(eA)={veQ:TF,,(e)>1—-A1},

is a topology in (Q,F), for all u € Q.
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Lemma 1. Let (Q,S" (T, ™), ,u) be a PbSMS. If the t-norms T| and T, are continuous, then

the (g,1)-topology is a Hausdorff topology.

Proof. Let u,v € Q such that u # v. Since F € DF, we put F,,,,(¢) = A for some A € (0,1)
and € > 0. There exists € > 0 such that € = s¢ + i (%/)2 By the uniform continuity of 7j,
we observe that for any A9 € (4, 1), there exists % € (0,1) satisfying 7 <2,(/),7L(/)> > Ao. Given
this /'L(;, there exists A; € (0,1) such that 7 (4;,4;) > ),(/). Furthermore, for A;, there exists
Ay € (0,1) such that 7, (A2,42) > Ay.

Suppose that there exists w € R,, (%/,1 — n) NR, (%/, 1— n), where 1 = max { A9, A1, }.

Then, we have

8/ gl
?M,W(E) >1- (l_n) =1 andg‘w,v(a) > 1—(1—7'[) =1.

Applying the generalized triangle inequality, it follows that

et oz (1 () (5 (5) 2 (5 () 9 (5)))

> 1 (/l(l),rl (A1, 2 (/12,12))) > (A{),rl (Al,)Ll)>
ZT (%,%) > Ao

> A.

This yields a contradiction. Therefore, R, <‘%, 1— n) NR, (%, 1— n) = (. Consequently, the
(g,A)-topology is Hausdorff. O

The notions of a Cauchy sequence, completeness and convergence can all be applied to the

case of a PbSM S as shown below.

Definition 10. A sequence (uy), in a (Q,5,(T1,72), 1) is

(i) Convergent to u € Q if for any given A > 0 and € > 0, there exist no(€,A) € N that
satisfies Fy, ,(€) > 1 — A, whenever n > ny(€,1);

(ii) A Cauchy sequence if for any A > 0 and € > 0, there exist no(€,1) € N that satisfies
Ty (€) > 1 —A, whenever n,m > no(€,1);

(iii) A PbSMS is complete if each Cauchy sequence in € is convergent in L.
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Lemma 2. Let (Q,ff (11, ™), ,u) be a PbSMS with the continuous t-norms T, and T,. Then,

every convergent sequence is a Cauchy sequence.

Proof. Letx >0and € € (0,1). There exists x' > 0 such that x = sx’+ u (%)2 By the continuity
of 7; and 1y, there exists € € (0,1) that satisfies 7,(1 —&,1 —€) > 1 — g, and there exists
& € (0,1) that satisfies 7 (1 —€;,1 — &) > 1 — &. For &, there exists & € (0, 1) that satisfies
T1(1—&,1—&)>1—¢;.

We put € = min{¢, g;,& }. Take a sequence (u,), in Q that converges to u € Q. Then, there
exists ng € N, which satisfies ”J'“umu(%) > 1— ¢, for each n > ny.

For all n,m > ng, we have

/

Fopitn (¥) = Fuya (5 + 11 (5)?)
(e () (e (2) (5 () 5 ()
>1(l—g,1(l—¢n(l-¢1-¢)))
>1(l—&,1(l—&,n(l —¢,1-¢)))
>1(l—&,7(l—¢g,1—¢))
>1(l-&,1-&))

>1—g;.
Therefore, &, ,, (x) > 1 — &3, which completes the proof. O
Lemma 3. Letr (Q,dy) be a b-suprametric space. We define F : Q x Q — DT by

0 fx<du(u,v),
(1) Fuv(x) =H (x—du(u,v)) = < dylu)

’

1 ifdy(u,v) <x.

Then, (Q,F,(11,70),1) is a PbSMS.

Proof. 1t is obvious that J, , satisfies conditions (i),(ii) and (iii) of Definition 9. Let us now

prove the following inequality for every u,v,w € Q and x,y € (0, +eo):

2) Stu,v (s(x+y) —H,lxy) ZT (Stu,w(x)yfl (gw,v(y% (7] (?u,w(x)agw,v(y)>)) .
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Since F,,,(s(x+y) + p xy) € {0,1}, then (2) holds if

T (?u.,w(x)a 71 (?w,v(y)a (7] (?M,W(x)agw,V(y)))) =0.

Suppose that 1 (Fyuw(x), 71 (Fu(s), 2 (Fuw(x), Fur(y)))) = 1. Then, dy(u,w) < x and

dy(w,v) < y. Since (Q,dy) is a b-suprametric space, one has
dy (u,v) < s(dy (u,w) +dy(w,v)) + p dy (u,w) dy(w,v) < s(x+y) + 1 xy.

Hence, F, ,(s(x+y)+ u xy) = 1, which proves that (2) also holds. Therefore, (Q,F, (71, 72), 1)
is a PbSMS.
However, it is straightforward to confirm that (Q,F, (7}, 72), ) is complete if and only if

(Q,dy) is complete. O

3.2. Fixed point theorem in probabilistic »-suprametric space.
For this section, we represent by W the class of all function y : R, — R, such that y is

nondecreasing, and EIE y"(x) =0, forall x € R,
n oo

Remak 2. If y € W, then y(0) =0 and y(x) < x, for all x € R, \ {0}.

Definition 11. Let (Q,F,(11,7),1) be a PbSMS. A mapping f : Q — Q is called a prob-
abilistic y-contraction if there exists a Yy € ¥ such that for every u,v € Q and x € R, we

have
Frupo(W(x)) = Fuv(sx),

where s > 1.

Theorem 3. Let (Q,F,(71,T2), ) be a complete PbSMS with RanF C 2 and continuous t-
norms (71, 7o) of Hy-type. Let f : Q — Q be a probabilistic y-contraction, where y € V. Then,

f admits a unique fixed point.
Proof. Let ugp € Q, and define a sequence (up),>0 by

up = f(up—1) = f"(ug), foralln>1.
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Step 1: For each n € N\ {0} and x > 0, we have x > y(x) and y is nondecreasing, then

x > y"(x), by using the monotonocity of F and the contractivity condition, we obtain

Ftptnir (%) > Tyt (W' ()
> Fo (Y () = Ty, (W' ()
> Fuy i (SY"2(0)) = Ty sy (W2))
> > Fugu (%) = Fypu, (X).
Next, we shall prove that ngTw Tttty (x) = 1, for all x > 0.
Since RanF C 27, then there exists a xo € (0,x) such that for any A € (0,1], we have

Fugu; (x0) > 1 —A. As y € W, then there is a ny € N such that y"(xg) < A, for each n > ny

Using the monotonicity of I we get

F st (%) = T (W' (x0)) = Fuguy (X0) > 1 =4,  foralln > ny,
which implies that
3) ngrfw?un sy (x) =1, forallx > 0.

Step 2: For an element x > 0, we can find x; > 0 such that x = s(x; + y/(x)) + px; y(x).

We demonstrate by induction that for any m > 1

(4) ?M117un+m( ) h’;unlu ( l) (?anunwtl (x1>) .

n+1 X

Inequality (4) is satisfied for m = 1. Case where m = 2.

gjunuun-‘rZ (X) = gjunaun-‘rZ (S(Xl + W(X)) + tu“xl ll/(X))

2 T (T (1) T (Tt (W), 2 (Tt (51) Tty 02 (W()))))
2 T (Futr1 (1) T (Ta i (%)% (Tt (41)s Tty (55))))

2 0 (Tt (0905 T (Tt 1 (s 2 (Fut 1 (1) Frtg 1 (%)) ))

> hsmn 1 (X1) (%n,unH (xl)) .

Now suppose that (4) holds for m > 1
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Using the contractivity condition and the monotonicity of 7; and 7,, we have

F

sttt () = Tyt e (SCe1 + W (X)) + pxg y(x))
> T (Fuains 1) T (Fonit atwimrs (W), T2 (Frpits %1, Fr st (W()))))
> T (Tt 05 T (Tt (%) T2 (Tt (1) s Tttt (5%)) ))
> T (Fut1 60)s T (Tt )5 T2 (T2 (1) Tt 1. (%))

> 1 (?Mmunﬂ(xl), T (hg—l ) (Tt (m)))) )

Untp 41

(%] (?Mn,um-l (xl)’ hg?_l (x1) (?M"’M”H (X1))> >>

n ity 4|

= hg (xl) (gjunaun-ﬁ—l (‘xl)) .

Uity g |

Hence, (4) is proved for all m > 1. Thus,

(5) ?”n:uner (X) 2 hgun,u xl) (‘rf“n,urﬁl ()Cl)) .

Step 3: We show that (u,),>0 is a Cauchy sequence.

Let € € (0,1), since (71, 7) is of Hp-type, there exists A € (0, 1) such that
u>1-A2 = h)(u) >1—¢, forallm>1,

then by ET Finttns: (x1) = 1, there is a N € N such that F, . (x1) > 1—24, foralln > N.
n oo
Hence,
S:anun-&-l (X) 2 hr;un.umkl (xl) (gjunvurwl (.Xl))
>1—¢, foraln>Nand m > 1.
Thus, (u,),>0 is a Cauchy sequence. From the completeness of Q, the sequence (u,),>0 con-

verges to an element u € Q.

Step 4: We shall now prove that u is a unique fixed point of f.

Leta>0anda; = 16:#”1/;52)' The generalized triangular inequality and (2) implies that

Fupu(a) = 11 (Fuu, (@), 71 (Fu, (W (@), T (Fuu, (@1), Fu, u(W(a)))))
> 10 (Fuy (@), T (Fpuy (W (@), 2 (Fui (@), Fpuyy pu(W(a))))

Z T (?u,u,l ((ll), 71 (Sjun,l,u(sa)y (7] (gu,un (al );f_fun,l,u(sa))))
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Z T (gju,u,, (Cll), 71 (Srun_l,u(a)a (%] (gju,u,, (611), Sru,,_l,u(a)))) .

Letting n — +oo, we get

Fupula) =1, foralla >0,

this implies that fu = u and u is a fixed point of f.
We now establish the uniqueness of u. Assume that there exists another element v € Q, with

v # u, satisfying fv =v. Let x > 0, we have

Fuw (W(x)) = Fru o (W(x)) Z Fup (5x) 2 Fup (1),
and since y/(x) < x, then J,, (y(x)) < F,,(x). Therefore F, , (y(x)) = F(x).
Using (6), we can easily show, by induction, that

(6) Fuy (W' (x)) =Fy(x), forall n>1andx>0.

Since EIE y"(x) = 0, we conclude that u = v, which is absurd. Thus, u is the unique fixed

point of f. 0
Example 3. Let p € (0,1) and Q := L,([0,1],R), where

L,([0,1].R) == {f X—>R/!f )IP < oo},

Define d, dy, : Qx Q — R, as

o= ([ vo-sor)’ " 1,9 = o101, 9)+1).

where f,g € Q. Then (Q,d,) is a b-suprametric space [1-9), with coefficient 2'/?, and (Q,dy)
is b-suprametric space, with s = 4% and L = 8% (see [7), Example 2.9). Let F be defined by
Frox) = H(x—du(f.g)), for all f,g € Q. By Lemma 3, the space (Q,F,(tp,T.),1t) is a
complete PbSMS.

Let T : Q — Q be the function defined by T(f)(t) := sin (
(f,g) € Q2, we have

) forallt € [0,1]. For each

'E\I\)

4
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1
< 4—;dp<f,g>(dp<f,g>+ )
1 1
= —;du(fag) = W(_ld“(f’g))’
47 47

where y(x) = -x, for all x € R... We have w € ¥ Let us show that

T
47

?q(f);‘y(g) (l//(x)) > EF_ﬂg(sx), forallx e R,.

If sx < dy(f,g), then the inequality is true.

If sx > d,(f,g) and since Y is nondeaccreasing on R, then

W) > Y du(7.8) > du (T06). T(s)).

Thus, Ty ) 7(r) (W (X)) = Fre(sx), for all x € R

Hence, T is probabilistic y-contraction, by Theorem 3, T has unique fixed point that is 0.

As a corollary we give the result of Chaira and El Harmouchi [11] concerning Probabilistic

suprametric spaces (PSMS):

Corollary 1. Let (Q,F,(71,72), L) be a complete PSMS with RanF C 2 and continuous t-

norms (71, T2) of Hy-type. Suppose f is a self-mapping of Q into itself satisfying
T pu po(kx) = Fyp(sx),
with k € [0,1] and s > 1. Then, f admits a unique fixed point.

3.3. Application to ({, {;)-Decomposable measures.
In this section (Q, /) always denotes some measurable space. We give a generalization of the

{-decomposable measure which was defined by Weber (see article [31]):

Definition 12. Let &), & be two t-conorms. A (1, §y)-decomposable measure m is a set function

m: o/ — [0,1] such that m(0) =0, m(Q) = 1 and

m(AUB) = §; (cl (m(A).m(B)), cz<m<A>,m<B>>),

whenever A,B € of, with ANB = 0.
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Example 4. Let Q = N, o7 = 2% and m(K) = mm{% 1}, for a fixed non-zero natural
number m, where card(K) is the cardinal number of K. First m(Q) =1 and m(0) = 0. Let A
and B be two elements of </ such that ANB = 0. We have m(AUB) = mm{M 1}.

[fcard(A);-lcard(B) <1, then

m

min{ card(A) + card(B) , l} _ card(A) N card(B)

card(A)
m

:min{min{ 1} +min {c‘”d 1}, 1}

Ifcard(A)Jrcard(B) > 1. then

m

- {card(A)%—card(B)y 1}: 1:mm{mm {car:l(A)’ 1} 4 min {card n 1}

m
We consider the two t-conorms: Gy(x,y) = max{x,y} and {(x,y) = min{x+y, 1}, where x,y €

[0, 1]. We obtain

Cu (G (m(A),m(B)), &.(m(A),m(B))) = max { G (m(A),m(B)), &.(m(A),m(B)) }
= max { max{m(A),m(B)},min{m(A) +m(B),1}}

= min {m(A) +m(B),1}
= min{min{ car]cf](A) , 1} 4+ min{ car]cf](B) 1}, 1}

=m(AUB).

Thus, m is (£, )-decomposable measure.

Definition 13. A measure m is of (NSA),-type if there exist two triangular conorms {; and
$o continuous, not strict, Archimedeans such that 7, om or zy om is a finite additive measure,

where z| and zp are two additive generators for §; and &, resp., and in relation to which m is

(&1, 8>)-decomposable and ((Z](l),zz(l)) = (1, 1))

Property 1. Let m be of (NSA),-type with z) and 2, are two additive generators for the triangu-
lar conorms &) and &, respectively. If m is (81, $)-decomposable measure, then m is monotone
i.e. forall A,B € <,

ACB=m(A) <m(B).
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Indeed, Let A,B € <7, such that A C B. We have
m(B) = m(AU(B\A)) = & (cl (m(A),m(B\A)). L (m<A>,m<B\A>))
>0 (cl (m(4),0).5 (o,o)) — £ (m(4),0) = m(A).

Lemma 4. Let m be of (NSA)y-type. Suppose z) and zp strictly increases. Then for every
A,Be o/, m(ANB) > 1; (”L’l (m(A),m(B)), (m(A),m(B))) where T) and Ty are two t-norms

with two additive generatorst; =1 —z1 andty =1—125.

Proof. Since m is of (NSA),-type, z| om or z; om are two finite additive measures, where z;
and z; are mentioned in the definition 13. We have t| = 1 —z; and t, = 1 — z, are a generators

of t-norm 7 and 7, resp. Suppose z; om is finite additive measure, then
m(ANB) =1 (m(ANB),1) > 1 (m(A ﬂB),Tz(m(A),m(B)))
=1 (zl_l [z1(m(ANB))], Tz(m(A),m(B)))
> 1 (zl_1 (max{z, om(A) +zom(B)—1,0}),7 (m(A),m(B))), ( because z;
is monotone increasing)
=1 (t11 (min{t; om(A) +t; om(B),1}), 7 (m(A),m(B)))
=1 (rl (m(A),m(B)), (m(A),m(B))).
If z; om is finite additive measure, we proceed in the same way using
m(ANB) =1y (1,r2(1,m(AmB))) > (1'1 (m(A),m(B)),m(A ﬂB)).

Hence,

m(ANB) > 1 (Tl (m(A),m(B)), (m(A),m(B))) O

Definition 14. A set function m : o/ — [0, 1] is continuous if m verifies the following properties:

(@) if Aw € & and A, C Ay, for all n € N\ {0}, then m( | ] An) = lim m(Ay);

n—r+oo
n>1



22 KARIM CHAIRA, MUSTAPHA KABIL, MOHAMMED MAHBOUBI
(b) if Ay € o and A1 C Ay, forall n € N\ {0}, with m(A|) < oo, then
m(()An) = lim m(A,).

n—y+oo
n>1

We recall the density and separability which were mentioned in article [12].

Definition 15. Let (M,dy,) be a b-suprametric space and A is a nonempty subset of M.
1) A is dense in M ide“ =M.

2) M is separable if it has a countable dense subset.

Example 5. We continue with the previous example 1. We consider the b-suprametric space

M = (£,(R),dy), with
dy(1,) = =]l (lue =]l + 1) . for all u,v € £,(R),

and s = 47 and U= 87, Since (Lp(R),||.llp) is a separable space, so is (£,(R),dy). Indeed,
there exists a countable subset % dense in (£,(R),||.||p). If u = (un)n=1 € £,(R), there exists a

sequence (Uy)i>1 of H# such that klim |Ux —ul|p = 0, and consequently
—fo0

lim d = li - = 1)=0.
Jm dy(U,u) = Hm [|Ug —allp (| —ullp +1)

Thus, £,(R) = 2.
We follow the same steps as in the proof of Proposition 4 of article [12], except that in the

next proposition we will use b-suprametric.

Proposition 2. Let (Q, /) be a measurable space and (M,dy,) be a separable b-suprametric
space. If for all @ € Q, the map f(®,.) : x — f(w,x) is continuous on M. Then f is a random

operator.

If (Q,.7) is a measurable space and (M,d),) is a separable b-suprametric space, by & we
shall denote the set of all the equivalence classes of measurable mappings X: Q — M. An

element from & will be denoted by X if {X ()} € X.

Proposition 3. Let (Q,.o7) be a measurable space and m be a (Cl, Cz) -decomposable continu-

ous measure and of (NSA),-type, where §; and &, are two t-conorms with monotone increasing
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generators z1 and zp respectively. Then (&,.%,(11,72), 1) is a PbSMS, where .% and the t-

norms T| and T are defined as follows:

F(X,Y) = Fy 7(u) :m({w €eQ:dy(X(w),Y(w)) < u}) =m({du(X,Y) <u}),

o Ti(x,y) =z (max {0,21(x) +z1(y) = 1}),
for every XY € G,u € R, and ! ( { }) for every

To(x,y) =z, | (max {0,22(x) +22(y) — 1}),
x,y € [0,1].

Proof. We have to prove that the mapping F maps & x & into 2, such that the following

conditions are satisfied:
(i) (Fg)?(u) =1, for every u > 0;
(ii) (ng(u) = 1, for every u > 0) = X=Y;
(iii) Fgy = Fy 5, for every (X,Y) €6 x6;
(iv) Fy 7 (s(u+v)+puuv) > 1 (Tl (F)?,?(”)’FY,Z(V)> ) (F}?,Y(”)ﬂFf/,Z(V)>>’ for every
X,Y,Ze & and every u,v > 0.

First F; 7 : R — [0, 1] is monotone nondecreasing, because m is monotone. Since Fy 3(0) =
_ . v + . . . v —
m(0) = 0, in order to prove that Fyy € 27 it remains to prove that ugTwavY(u) L.
Let A, = {du(X,Y) <n}, n € N\ {0}. We have {A,},> is an increasing sequence in the

sense of inclusion, and from the continuity of m and U A, = Q, it follows that
n>1

1=m(Q)=m <UAn> = lim Fgy(n) = lim Fgy(u).

XY
n—r4-o0 5 U——+oo

We directly obtain (i) and (iii). We shall prove that (ii) holds. Suppose Fy () = 1, for every
u> 0,50 Fy 5(1) = 1, for every n € N\ {0}. We have that m(A,) = 1, where A, = {d(X,Y) <
11, for all n € N\ {0}. From {d(X,Y) =0} = (") A, and the continuity of m it follows that

n>1

m({d(X,Y)=0}) = ngr}rlw (A,) = 1, and therefore X =Y.

We shall prove that (iv) holds. Let XY ,Z) € & and u,v > 0. We consider the three sets

A={dX,Y)<u}, B={d(Y,Z) <v}and C = {d(X,Z) < s(u+v)+ puv}.
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To prove (iv) means we need to show that m(C) > 7 (71 (m(A),m(B)), 2(m(A),m(B))).

We have AN B C C and since m is monotone, m(ANB) < m(C). Lemma 4 implies that
(€)= m(ANB) > 1 (m().m(B). 22 () m(3) ).
where 7| and 7, are given by

T (xvy) = Zl_l(maX(O,Zl (x) +21 (y) - 1)) and TZ(xvy) = Zz_l(max(()vZZ(x) +Z2(y) - 1))7
for all x,y € [0, 1], which concludes the proof. O

Lemma 5. Let (Q,.o/,m) be as in Proposition 3 and (M,dy) be a complete separable b-

suprametric space. Then ((‘5, F, (11, T), u) from Proposition 3 is complete.

Proof. We follow the same steps as in the proof of Theorem 3 of the article by Pap and Hadzi¢

[15], using z; associated with 7| and z; associated with 7. O

Theorem 4. Let (Q,.47) be a measurable space and m be a ({1, $>)-decomposable continuous
measure and of (NSA),-type, where {| and &, are two t-conorms with monotone increasing
generators z) and 7, respectively, and T, Ty be their dual t-norms continous. Suppose (T1,7,)
is of Hy-type. Let (M,dy) be a complete, separable b-suprametric space and & : Q x M — M
be a continuous random operator such that

(7

m({weQ:dy(é(0,X(),¢(0,Y()) <yu)})=m({oecQ:d,(X(0),Y(w) <su}),

for all measurable mappings X,Y : Q +— M, where @y € V. then there is a random fixed point

for the operator &.

Proof. Since m be a ({1, {)-decomposable continuous, measure of (NSA)>-type and (M, dy)
is complete, then according to the Proposition 3 and Lemma 5, (&,.%, (11, 12), i) is a complete

PbSMS, where .% and the r-norms 7; and 7, are defined as follows:

F(X,Y) = F)f(vy(u) :m({w €eQ:dy(X(w),Y(w)) < u}) =m({dy(X,Y) <u}),
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~ o~ Tl(x,y):Z_l max O,ZI(X)+Zl(y)—1 )
forevery X,Y € G,u € R, and ! ( { }) for every x,y €

TZ(Xay) = ZEI (maX{O,Zz(X) +Z2(y) - 1})7
[0,1]. According to equation (7), the application & : & — & defined by (EX)(0) = & (0, X (w)),

for every @ € Q and X € &, is probabilistic y-contraction. Hence, by Theorem 3 there is a
random fixed point for the operator & i.e. there exists a measurable mapping X, € G such that

¢ (0,X.(0)) =X, (), for all 0 € Q. O

3.4. Conclusion. The probability suprametric space mentioned in the article [11] is a special
case of the probability b-suprametric space. We also find the theorem of the existence and
uniqueness of the fixed point for a probabilistic contraction of a probabilistic b-suprametric
space. This provides us with an application to (&}, §;)-decomposable measures, and highlights

the usefulness of our approach beyond the abstract setting.
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