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Abstract. In this article, we investigate a new financial model with interest rate, investment demand and price
index. The proposed model is developed by fractal-fractional differential equations (FFDEs) including Hattaf
mixed fractal-fractional (HMFF) derivative. Firstly, we prove that our fractional model is mathematically and
financially well-posed by means of fixed point theory. Additionally, a numerical scheme is implemented to generate
system trajectories. Finally, numerical simulations are presented, providing a detailed discussion of how variations
in the fractal and fractional parameters influence the system’s behavior.
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1. INTRODUCTION

In recent years, fractional differential equations (FDEs) have become an indispensable tool
for describing the dynamics of various complex phenomena incorporating memory effects in
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the fields of science and engineering. These FDEs allow for the accurate modeling of systems
where the future state depends on past history, an aspect that integer-order models often fail
to capture. To give these models more flexibility, several types of operators have been intro-
duced. For instance, Hattaf [1] developed a new definition of a fractional derivative that mixes
the definitions of fractional derivatives with singular and non-singular kernels, along with its
application in biology. In 2026, Toufiq et al. [2] modeled the dynamics of financial system
by formulating a nonlinear system of FDEs with the new generalized Hattaf fractional (GHF)
derivative [3].

In parallel, the emergence of fractal-fractional calculus (FFC) has made it possible to asso-
ciate the memory of fractional derivatives with the self-similarity and scale invariance of fractal
geometry. These unified frameworks have found fruitful applications in modeling several real-
world phenomena in many fields, such as ecology [4], chemistry [5] and epidemiology [6, 7].

Recently, Mamouni et al. [8] made a further advance by introducing the HMFF derivative.
This innovative operator combines the advantages of singular and non-singular kernels within
a structure that includes a weight function and a generalized fractal measure. This formulation
has been successfully applied to model the complex dynamics of HIV/AIDS, and the authors
have rigorously established the existence and uniqueness of solutions through the fixed-point
theory. However, despite the theoretical robustness of this mixed operator, the complexity of the
resulting equations often makes obtaining analytical solutions impossible. Although, numeri-
cal schemes have been developed for classical fractal-fractional derivatives such as, Atangana-
Baleanu fractal-fractional derivative [9], fractal-fractional Caputo derivative [10], and for the
new fractal-fractional derivative introduced by Hattaf in 2023 [11], there is currently no numer-
ical method specifically dedicated to solving equations involving the HMFF derivative.

The original contribution of this article is to study the dynamics of a nonlinear financial
system modeled by mixed fractal-fractional differential equations in the sense of Hattaf. Fur-
thermore, we propose a new explicit numerical method, based on Lagrange polynomial interpo-
lation, to solve nonlinear FFDEs with the HMFF derivative. To do this, the paper is organized

as follows. Section 2 provides the formulation of the model and some interesting concepts
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needed to the elaboration of this study. Section 3 presents the existence and uniqueness of solu-
tion by means of Banach contraction mapping principle as well as, it discuses the existence of
equilibrium points. Section 4 focuses on the new numerical method. Finally, some numerical

simulations are given in Section 5.

2. PRELIMINARY RESULTS AND MODEL FORMULATION

In this section, we first recall the definition of Hattaf fractal derivative. After, we present the

HMFF derivative and integral operators.

Definition 2.1. [11] Let I be an open integral of R. The Hattaf fractal derivative of function

u(t) with respect to the fractal measure g(€,t) is defined as follows:

dg L u(t) —u(t)
M @D = e g 70

When C%iu(t) exists for all t € I, we say that u is fractal differentiable in the interval I with order

E.

Note that when g(€,¢) = ¢, Definition 2.1 reduced to the Hausdorff fractal derivative intro-
duced by Chen [12]. Furthermore, if g(&,t) = h(¢) with #'(z) > 0 and u(¢) is differentiable, then
we find the general derivative proposed by Yang [13] and Definition 2.1 becomes

d 1 du(t)
Tiu(t>_h’(t) dr

2)

Next, we introduce the definition of the new Hattaf mixed fractal-fractional derivative in the

sense of Caputo and Riemann-liouville.

Definition 2.2. [8] Let (o, ) € [0,1]%, ,m > 0, and u(t) be a differentiable in the interval
(t0,T) and fractal differentiable on (ty,T) with order 0 < € < 1. The Hattaf mixed fractal-
fractional derivative of the function u(t) of order o in Caputo sense with respect to the weight

function @(t) is defined as follows:

a.f.rme N -1) 1 t _ m; d
3) FFCDtO’f,’a)is’ u(t) = 7(2014;‘{!3 )W(/&) (t—0)P 1B, [~ Suep(t—1) }d%(w“)(f)dfv

where § € R*, @ € € (to,T),with @ > 0 on [ty,T]; N(.) a normalization function such that

) T)7
~+o0
NO)=N(1)=1, ugp = g‘:f:é ;and E.g(t) = ¥ H%I;m is the Mittag-Leffler function with
k=0

two parameters r and .
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Definition 2.3. [8] Let (o, B) € [0,1]%, r,m > 0, and u(t) be a continuous in the interval (t,T)
and fractal differentiable on (ty,T) with order 0 < € < 1. The Hattaf mixed fractal-fractional
derivative of the function u(t) of order o in Riemann-Liouville sense with respect to the weight

function (t) is defined as follows:

FFR 0. B,r.m,e _N(OH’ﬁ*l)ig/t _ \B-1 _ _\m
“ Dyins "O="3"0"F wmate f, 7 Erpl-Otap(t=1)"](@u)()dr.

The Hattaf mixed fractal-fractional derivative introduced in definition 2.3 provides a unified
framwork which contains several existing fractal-fractional derivatives involving both singular

and non-singular kernels. For instance,

1. When g(e,t) =1%, o(r) =1 and B = 1 — &, we get the fractal-fractional derivative with

power-law type kernel [9], which is given by:

1 dy [!
FFPy0L.€ _ g —a
Dy u(r) = mﬁ/o (t—17)"%(u)(r)dr.
2. When g(e,t) =t* , o(t) =1 and B =r=m = 8 = 1, we obtain the fractal-fractional
derivative with exponential decay kernel [9], which is given by:
N(a) dy [! o
FFE 0.€ _ 8
DOJ I/t(t) = mﬁ/o exp (-m(t—S)) M(T)df.

1278

3. When g(g,t) = 5—, o(t) =B =6 = 1 and r = m = «, we get the fractal-fractional

derivative with generalized Mittag-Leffler kernel [10], which is given by:

FFMD(?,;SL‘(t) _ Na) dg /OlEa <—L(t—s)a) u(t)dr,

T 1—adt

where N(o) = 1—06—}-%.

Definition 2.4. [8] If r = m, then the fractal-fractional integral associated with the new Hattaf

mixed fractal-fractional derivative is defined by:

2—(1—[3 1-8, 14+r—P, .
N pot | )+ O™ AT )| i1,

5) FErePre, ) =

lo,w,5
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where RLﬂtgf’f) is the weighted Riemann-Liouville fractal-fractional integral of order o defined
by

1 1

© ) = o | 00 () e(eu(eas

The existence and uniqueness of the solution for our fractal-fractional finance model, we require

the following lemma.

Lemma 2.5. (Krasnoselskii’s fixed point theorem [14, 15]) Let M be a nonempty closed convex

subset of a Banach space (C,||.||). Suppose that A and B map M into C such that
(1): Ay + By, € M, for all y,y, € M;
(i1): A is a contraction mapping;

(iii): B is continuous and B(M) is contained in a compact subset of C.

Then A + B has a fixed point y € M.

Now, we propose the following financial model involving the new Hattaf mixed fractal-

fractional derivative:

FFRDaaﬁar7r7£x(t)

2(1) + (v(t) — a)x(r),

0,,0,0
) FIRD sy (1) = 1= by(0) =2 (1),
PRRDSPISER(r) = —x(1) = cz(o),

where x(t), y(¢) and z(¢) denote the interest rate, the investment demand and the price index
at time ¢, respectively. Further, the positive parameters a, b and c are, respectively, the saving
amount, the cost per investment and elasticity of the demand of the commercial markets.

It is important that our financial model presented by system (7) improves and generalizes

numerous financial models existing in the literature. For example,

e When (z) =1 and B =r = 8§ = 1, we get the fractal-fractional model presented in [16]
with fractal-fractional derivative involving a generalized Mittag-Leffler kernel type.

e When o(f) = 1 and B = 1 — a, we obtain the model proposed by Agathiyan et al. [16]
using fractal-fractional derivative with power law kernel type.

1 11 FFR (X,BJJ,S aaﬁvrag FF OC,B,V,S a,B,r,s
For simplicity, we denote Dlo’t’a)’s by .@07@5 and Izo,t.,w,a by f()’w’s .
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3. THE EXISTENCE OF SOLUTION AND EQUILIBRIUM POINTS

In this section, we first investigate the existence and uniqueness of solutions of system (7) by
means of fixed point theory.
Let ¥ = C([0,T],R?) be the Banach space of continuous functions f from [0, 7] into R?

equipped with the sup-norm

1l ="sup [f(r)].

t€[0,T]

Let I = [0,7T]. System (7) can be rewriting as

® .@gfﬁ’g’gh(t) = G(t,h(t)), Vtel,

h(o) = h07

where h(t) = (x(¢),y(t),z(t))T, h(0) = ho = (x(0),y(0),2(0))” and the vector function G is given

el z+(y—a)x
byG=|G, | = 1 —by+x?
Gs —x—cz

By applying the Hattaf mixed fractal-fractional integral to both sides of (8), it follows that:
9) h(t) = =2 4 7EPEEG (1 n(1))

®(0)hy 1—oadg(e,r) od ! . dg(e, 1)
= a)(t)o N(a)  or G(t’h(t))_l_N(a)F(r)a)(t)/o(t_f) () =50

To proceed, we consider the following hypotheses:

G(t,h(7))dr.

(747): There exist positive constants ¢, ¢ and ¢ € [0, 1) such that
G(t,h(t)) < ¢1[|n]|? + ¢2.
(7%5): There exists a positive constant M; > 0 for all A, h, such that
|G(1,h(1)) = G(t.h(1)| < My ||h—h]).

(74): There exists a positive constant M, > 0 such that for all € > 0 and z € [0,T], we

have

dg(€,t)
ot

<M.
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Furthermore, we define the following operator .# : C([0,T],R3) — C([0,T],RR?) such that
Hh(t) = H0h(t) + Hah(1),

where

o(0)hy 1—adg(e,t)

Jh(t) = o) T Na) o1 G(1,h(1)),

(10)

Hoh(r) = N(Of)oli(r) wtr) [ o 125D ae)G(e ).

Consequently, (9) can be written as

®(0)hy 1—adg(e,t)

Hh(t) = o) T Na) o G(t,h(t))

Y

i N(‘f)oli(r) wto [ e=er 15 D aciaar,

Theorem 3.1. Suppose that (747), (76) and (#3) hold such that %;)_a) < 1. Then model

(7) has at least one solution.
Proof. Firstly, we prove that %] is a contraction. Consider
M={he¥: |h|<ZL,Z >0},

which is closed and convex set. For all h,h € M, we have

= M1M2(1—O€) ~
Jh(t) — h()| < ————~||h—h|.
Hi(e) = HH(0)| < S |
Then
= M1M2(1—OC) ~
JGh— 0 h| < ————Z2||h—h].
A= A < e
Since MMy (1) < 1, we deduce that .#] is a contraction.

N(a)
Secondly, we prove that .#; is compact. We have

oa 1/ ~108(&,7)
Ao < max | s o | =0 R o(w)6(z,he)dr

506M2Tr
< W (‘PthHq + ‘Pz)-
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Thus, for all 1 € M, %, is bounded. For equicontinuity, let #,#, € [0, 7] such that 7, < 1, then

5] =1
)~ Hinte) = e [ = ()6 )
15} _ \r—1
_/O (tzw(;)) agéi’r)w(f)G(f,h(r))dr_

Therefore, tlim | 5h(t) — #2h(ty)| = 0. Hence, %, is equicontinuous. It follows from
21

Arzela-Ascoli theorem that .%; is compact. Consequently, .%> is continuous since /4 is con-

tinuous.

Finally to verify the item (i) of Lemma 2.5, we notice that .#] is a contraction, then
[l < [[(I— 1Al

As J# (M) is contained in a compact subset of 4", we deduce by appropriate construction of the
subset M that for fixed 4 in M the contraction h +— J#1h+ % h has a fixed point in M. According

to Lemma 2.5, we conclude that model (7) has at least one solution. [

Theorem 3.2. If (1{7@% + N(o(?)%(Tr:Ll)) MM, < 1, then model (7) has a unique solution.

Proof. Let h,h € C([0,T],R?). We have

| h— 2Rl < || Hh— SR + || Aok — k||

< BC0™ max [6(.0(0)  G(1 o)
T oo
_/Ot(t_f)’“%G(f,fz(r))dT

< (W) wairrm ) vl

Since ( ]{,(_;‘) + N Ogi‘i(TrrH))M 1M, < 1, we deduce that % is a contraction. Consequently, the

Hattaf mixed fractal-fractional differential finance model (7) has a unique solution. 0

Next, we establish the equilibrium points of our model.

Theorem 3.3.
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b
(1) If 1 —ab— — <0, then system (7) has only a trivial equilibrium of the form
c

1
(oLo).

b
(i) If 1 —ab — — > 0, then system (7) has besides to E| two other equilibrium points
c

1 1
Ez(,/l—ab—é, +“C,——,/1—ab—é),
C C C C
b1 1 b
Eg(—\/l—ab——, +“C,—,/1—ab——).
C C C C

Proof. Any equilibrium point of system (7) clearly satisfies the subsequent algebraic equations:

and

(12) z+(y—a)x=0,
(13) 1—by—x*=0,
(14) —x—cz=0.
1 D 1 +ac .
From (14), we get z = —x and replacing it in (12), we have x =0 or y = . So, we discuss
two cases.
1
o Ifx=0,theny= 5 and z = 0. Hence, the first financial equilibrium is E (0, %,O).
1 b
o If y= ﬂ, we replace y in (13) and if 1 —ab — — > 0, we find two equilibrium
c

c
b1 b1

points E>(y/1—ab——, +ac,—z*) and E3(—y/1—ab——, +ac,z*), where z* =
¢ ¢ ¢ ¢

l,/l—ab—ll. [

c C

4. NUMERICAL METHOD
In this section, we propose a numerical method for our fractal-fractional financial model
with the new HMFF derivative, which is described by system (7).

The system (7) can be expressed as follows:
ToebEx(t) = (1.x(0).5(0),20))
(42 TEBSE(0) = (o, x(0),5(0) (1)),
T 2(t) = (1,0, (1), 1))
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where x(¢), y(¢) and z(¢) are the state variables of the system, and

(16) ho (1, x(2),¥(1),2(1)) = 1 = by(1) — (1),

Hence,
( rr dg(e,t
®pe Bty = 255 by 1 x0),50) 20,
rr dg(e,t
n RpeBray(t) = 2400 e x(0).5(0).0)).
r dg(e,t
Rp&Be(1) = P o 2(e) 5(0).200),

\

where RD(O)i tﬁ wrg is the Hattaf mixed fractional derivative operator in the Riemann-Liouville
sense defined in [1].

Substituting RDgi tﬁ wrg by CDg’ tﬁ wrg in order to make use of the integer-order initial conditions.
For simplicity, we study the case of B = 1 and operating the Hattaf mixed fractal-fractional
integral on both sides of (17), we have
_ ®(0)x(0) N l-a
o(r)  N(a)

Hy(1,x(1),y(t),2(1))

YO =00 T Ny REO0-¥(0,20)
oo 1t .
@I am b D OO0 (),
z(t) = w(a(:)(f)m) ]1\7(_ )H3(t,x(t),y(t),z(t))
oo 1 .
Nt ) 7 OO D)0 (e
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Let t, = nAt, with n = 0,1,...,N and Az is the time step duration. Based in the numerical

scheme [1], we find
0(0)x(0) 11—«
o) | N@)

+ LG i [w(li)Hl(li)An,i+w(ti—l)Hl(ti—l)B”vi]’

X(thy1) = H(ty)

N(OC)F(I’-I—z)w(tn) i=0
00)y(0)  1-a
o) | N(a)

n Ba(At)’w zn: [a)(ti)Hz(fi>An,i+w(ti—l)H2<ti—1)B"vi]’
i=0

Y(twy1) = Hy(tny1)

Ztny1) = wi())();()O) - llvzao)tl% (tat1)
Sa(At)y &
T N(@T(r+2)0) ZO

o (t;)H3(t;)An,i+ ©(ti—1 ) H3(ti—1)Bp,i

b

where
Api=n+1-0)(n—i+24r)—(n—i)" (n—i+2+2r),

Bri=m—i)"(n—i+14+r)—(n+1—0i)"L

)

5. NUMERICAL SIMULATIONS

In this section, we simulate the new discretization proposed in the previous section, by fixing
a=050=02,c=12,g(e,t)=t*and N(a)) =1 — o+ %.

Figures 1-9 demonstrate the dynamics of our financial system (7) for different values of the
fractional order o and the fractal dimension € order, their effects on the system dynamics were
examined through two-dimensional and three-dimensional phase portraits. These parameters
play a fundamental role in characterizing the memory properties and scaling behavior of the
financial system, in which the numerical results illustrate a significant difference between the
classical and fractal-fractional approaches. In the fractal-fractional framework (ct,€ < 1), the
system develops complex dynamics characterized by the appearance of self-similar attractors,
irregular oscillations and multi-turn structures. Furthermore, a progressive decrease in the pa-
rameters & and € leads to a transition from the chaotic regime to periodic and then stable behav-

ior. This evolution underscores the crucial role of these parameters in controlling the system’s

dynamics and their ability to modulate the intensity of the chaotic behavior.



12

KHADIJA TOUFIQ, KHALID HATTAF, KHALID ADNAOUI

35 15
3l
1t
T 25+
g
£ 2r =< 05
3 <
2 1sf £
@ o 0
E ol :
7] =
3 o5¢ N 0.5
= of
1
-0.5
1 15 . . . . . . . |
-3 3 -1 -0.5 0 0.5 1 15 2 25 3
y (investment demand)
3
2l

X (interest rate)
o

z (price index)

FIGURE 1. Phase portraits of our fractal-fractional financial model for ¢ = 1,r=1and € = 1.
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FIGURE 2. Phase portraits of our fractal-fractional financial model for &« = 1, » =1 and € = 0.95.
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FIGURE 3. Phase portraits of our fractal-fractional financial model for @ = 0.95, » = 0.98 and
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FIGURE 4. Phase portraits of our fractal-fractional financial model for @ = 0.95, » = 0.98 and
€ =0.95.



KHADIJA TOUFIQ, KHALID HATTAF, KHALID ADNAOUI

2 T T 0.6 T T
0.4
=
g 0.2
g1t =
3 $
e g 0
g ‘g 0.2
7 g0
g 1r N
£ 0.4
>
-0.6
0.5 : ! . . 08 | I
0.4 0.6 0.8 1 12 1.4 16 1.8 0.5 1 15 2
X (interest rate) y (investment demand)
1.8 T T T T T
1.6
141
™ 0.5
)
]
s12F
$ 0
L
EY N
X -0.5
08 1
0.6 B -1 2
05
15
0.4 : I . : . i 1 1
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6
z (price index) x 15 0.5 y

FIGURE 5. Phase portraits of our fractal-fractional financial model for o = 0.85, r = 0.94 and
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FIGURE 7. Phase portraits of our fractal-fractional financial model for & = 0.92, r = 0.95 and
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