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Abstract. In this article, we investigate a new financial model with interest rate, investment demand and price

index. The proposed model is developed by fractal-fractional differential equations (FFDEs) including Hattaf

mixed fractal-fractional (HMFF) derivative. Firstly, we prove that our fractional model is mathematically and

financially well-posed by means of fixed point theory. Additionally, a numerical scheme is implemented to generate

system trajectories. Finally, numerical simulations are presented, providing a detailed discussion of how variations

in the fractal and fractional parameters influence the system’s behavior.

Keywords: finance; Hattaf fractal derivative; mathematical modeling; fractal-fractional calculus; fixed point the-

ory; numerical method.

2020 AMS Subject Classification: 91G15, 26A33, 34A08, 65L05, 91B50, 47H10.

1. INTRODUCTION

In recent years, fractional differential equations (FDEs) have become an indispensable tool

for describing the dynamics of various complex phenomena incorporating memory effects in

∗Corresponding author

E-mail address: khadija.toufiq@gmail.com

Received July 01, 2026
1



2 KHADIJA TOUFIQ, KHALID HATTAF, KHALID ADNAOUI

the fields of science and engineering. These FDEs allow for the accurate modeling of systems

where the future state depends on past history, an aspect that integer-order models often fail

to capture. To give these models more flexibility, several types of operators have been intro-

duced. For instance, Hattaf [1] developed a new definition of a fractional derivative that mixes

the definitions of fractional derivatives with singular and non-singular kernels, along with its

application in biology. In 2026, Toufiq et al. [2] modeled the dynamics of financial system

by formulating a nonlinear system of FDEs with the new generalized Hattaf fractional (GHF)

derivative [3].

In parallel, the emergence of fractal-fractional calculus (FFC) has made it possible to asso-

ciate the memory of fractional derivatives with the self-similarity and scale invariance of fractal

geometry. These unified frameworks have found fruitful applications in modeling several real-

world phenomena in many fields, such as ecology [4], chemistry [5] and epidemiology [6, 7].

Recently, Mamouni et al. [8] made a further advance by introducing the HMFF derivative.

This innovative operator combines the advantages of singular and non-singular kernels within

a structure that includes a weight function and a generalized fractal measure. This formulation

has been successfully applied to model the complex dynamics of HIV/AIDS, and the authors

have rigorously established the existence and uniqueness of solutions through the fixed-point

theory. However, despite the theoretical robustness of this mixed operator, the complexity of the

resulting equations often makes obtaining analytical solutions impossible. Although, numeri-

cal schemes have been developed for classical fractal-fractional derivatives such as, Atangana-

Baleanu fractal-fractional derivative [9], fractal-fractional Caputo derivative [10], and for the

new fractal-fractional derivative introduced by Hattaf in 2023 [11], there is currently no numer-

ical method specifically dedicated to solving equations involving the HMFF derivative.

The original contribution of this article is to study the dynamics of a nonlinear financial

system modeled by mixed fractal-fractional differential equations in the sense of Hattaf. Fur-

thermore, we propose a new explicit numerical method, based on Lagrange polynomial interpo-

lation, to solve nonlinear FFDEs with the HMFF derivative. To do this, the paper is organized

as follows. Section 2 provides the formulation of the model and some interesting concepts
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needed to the elaboration of this study. Section 3 presents the existence and uniqueness of solu-

tion by means of Banach contraction mapping principle as well as, it discuses the existence of

equilibrium points. Section 4 focuses on the new numerical method. Finally, some numerical

simulations are given in Section 5.

2. PRELIMINARY RESULTS AND MODEL FORMULATION

In this section, we first recall the definition of Hattaf fractal derivative. After, we present the

HMFF derivative and integral operators.

Definition 2.1. [11] Let I be an open integral of R. The Hattaf fractal derivative of function

u(t) with respect to the fractal measure g(ε, t) is defined as follows:

(1)
dg

dtε
u(t) = lim

τ→t

u(t)−u(τ)
g(ε, t)−g(ε,τ)

, ε > 0.

When dg
dtε u(t) exists for all t ∈ I, we say that u is fractal differentiable in the interval I with order

ε .

Note that when g(ε, t) = tε , Definition 2.1 reduced to the Hausdorff fractal derivative intro-

duced by Chen [12]. Furthermore, if g(ε, t) = h(t) with h′(t)> 0 and u(t) is differentiable, then

we find the general derivative proposed by Yang [13] and Definition 2.1 becomes

(2)
dg

dtε
u(t) =

1
h′(t)

du(t)
dt

.

Next, we introduce the definition of the new Hattaf mixed fractal-fractional derivative in the

sense of Caputo and Riemann-liouville.

Definition 2.2. [8] Let (α,β ) ∈ [0,1]2, r,m > 0, and u(t) be a differentiable in the interval

(t0,T ) and fractal differentiable on (t0,T ) with order 0 < ε ≤ 1. The Hattaf mixed fractal-

fractional derivative of the function u(t) of order α in Caputo sense with respect to the weight

function ω(t) is defined as follows:

(3) FFCDα,β ,r,m,ε
t0,t,ω,δ

u(t) =
N(α +β −1)

2−α −β

1
ω(t)

∫︂ t

t0

(t− τ)β−1Er,β [−δ µα,β (t− τ)m]
dg
dtε

(ωu)(τ)dτ,

where δ ∈ R∗, ω ∈ C 1(t0,T ),with ω > 0 on [t0,T ]; N(.) a normalization function such that

N(0) = N(1) = 1, µα,β = α+β−1
2−α−β

; and Er,β (t) =
+∞

∑
k=0

tk

Γ(rk+β ) is the Mittag-Leffler function with

two parameters r and β .
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Definition 2.3. [8] Let (α,β ) ∈ [0,1]2, r,m > 0, and u(t) be a continuous in the interval (t0,T )

and fractal differentiable on (t0,T ) with order 0 < ε ≤ 1. The Hattaf mixed fractal-fractional

derivative of the function u(t) of order α in Riemann-Liouville sense with respect to the weight

function ω(t) is defined as follows:

(4) FFRDα,β ,r,m,ε
t0,t,ω,δ

u(t) =
N(α +β −1)

2−α −β

1
ω(t)

dg
dtε

∫︂ t

t0

(t− τ)β−1Er,β [−δ µα,β (t− τ)m](ωu)(τ)dτ.

The Hattaf mixed fractal-fractional derivative introduced in definition 2.3 provides a unified

framwork which contains several existing fractal-fractional derivatives involving both singular

and non-singular kernels. For instance,

1. When g(ε, t) = tε , ω(t) = 1 and β = 1−α , we get the fractal-fractional derivative with

power-law type kernel [9], which is given by:

FFPDα,ε
0,t u(t) =

1
Γ(1−α)

dg

dtε

∫︂ t

0
(t − τ)−α(u)(τ)dτ.

2. When g(ε, t) = tε , ω(t) = 1 and β = r = m = δ = 1, we obtain the fractal-fractional

derivative with exponential decay kernel [9], which is given by:

FFEDα,ε
0,t u(t) =

N(α)

1−α

dg

dtε

∫︂ t

0
exp

(︃
− α

1−α
(t − s)

)︃
u(τ)dτ.

3. When g(ε, t) = t2−ε

2−ε
, ω(t) = β = δ = 1 and r = m = α , we get the fractal-fractional

derivative with generalized Mittag-Leffler kernel [10], which is given by:

FFMDα,ε
0,t u(t) =

N(α)

1−α

dg

dtε

∫︂ t

0
Eα

(︃
− α

1−α
(t − s)α

)︃
u(τ)dτ,

where N(α) = 1−α + α

Γ(α) .

Definition 2.4. [8] If r = m, then the fractal-fractional integral associated with the new Hattaf

mixed fractal-fractional derivative is defined by:

(5) FF Iα,β ,r,ε
t0,w,δ

u(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2−α −β

N(α +β −1)

[︂
RLI 1−β ,ε

t0,ω u(t)+δ µα,β
RLI 1+r−β ,ε

t0,ω u(t)
]︂
, if β ̸= 1,

1−α

N(α)

(︃
∂g(ε, t)

∂ t

)︃
u(t)+

δα

N(α)
RLI r,ε

t0,ωu(t), if β = 1.
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where RLI α,ε
t0,ω is the weighted Riemann-Liouville fractal-fractional integral of order α defined

by

(6) RLI α,ε
t0,ω u(t) =

1
Γ(α)

1
ω(t)

∫︂ t

t0
(t − τ)α−1

(︃
∂g(ε, t)

∂ t

)︃
ω(τ)u(τ)dτ.

The existence and uniqueness of the solution for our fractal-fractional finance model, we require

the following lemma.

Lemma 2.5. (Krasnoselskii’s fixed point theorem [14, 15]) Let M be a nonempty closed convex

subset of a Banach space (C, ||.||). Suppose that A and B map M into C such that

(i): Aψ1 +Bψ2 ∈ M, for all ψ1,ψ2 ∈ M;

(ii): A is a contraction mapping;

(iii): B is continuous and B(M) is contained in a compact subset of C.

Then A+B has a fixed point ψ ∈ M.

Now, we propose the following financial model involving the new Hattaf mixed fractal-

fractional derivative: ⎧⎪⎪⎪⎨⎪⎪⎪⎩
FFRDα,β ,r,r,ε

0,t,ω,δ x(t) = z(t)+(y(t)−a)x(t),

FFRDα,β ,r,r,ε
0,t,ω,δ y(t) = 1−by(t)− x2(t),

FFRDα,β ,r,r,ε
0,t,ω,δ z(t) =−x(t)− cz(t),

(7)

where x(t), y(t) and z(t) denote the interest rate, the investment demand and the price index

at time t, respectively. Further, the positive parameters a, b and c are, respectively, the saving

amount, the cost per investment and elasticity of the demand of the commercial markets.

It is important that our financial model presented by system (7) improves and generalizes

numerous financial models existing in the literature. For example,

• When ω(t) = 1 and β = r = δ = 1, we get the fractal-fractional model presented in [16]

with fractal-fractional derivative involving a generalized Mittag-Leffler kernel type.

• When ω(t) = 1 and β = 1−α , we obtain the model proposed by Agathiyan et al. [16]

using fractal-fractional derivative with power law kernel type.

For simplicity, we denote FFRDα,β ,r,r,ε
t0,t,ω,δ by Dα,β ,r,ε

0,ω,δ and FF Iα,β ,r,ε
t0,t,ω,δ by I α,β ,r,ε

0,ω,δ .
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3. THE EXISTENCE OF SOLUTION AND EQUILIBRIUM POINTS

In this section, we first investigate the existence and uniqueness of solutions of system (7) by

means of fixed point theory.

Let C = C([0,T ],R3) be the Banach space of continuous functions f from [0,T ] into R3

equipped with the sup-norm

∥ f∥= sup
t∈[0,T ]

| f (t)|.

Let I = [0,T ]. System (7) can be rewriting as

(8)

⎧⎨⎩ Dα,β ,r,ε
0,ω,δ h(t) = G(t,h(t)), ∀t ∈ I,

h(0) = h0,

where h(t)= (x(t),y(t),z(t))T , h(0) = h0 =(x(0),y(0),z(0))T and the vector function G is given

by G =

⎛⎜⎜⎜⎜⎜⎝
G1

G2

G3

⎞⎟⎟⎟⎟⎟⎠=

⎛⎜⎜⎜⎜⎜⎜⎝
z+(y−a)x

1−by+ x2

−x− cz

⎞⎟⎟⎟⎟⎟⎟⎠ .

By applying the Hattaf mixed fractal-fractional integral to both sides of (8), it follows that:

(9) h(t) =
ω(0)h(0)

ω(t)
+I α,β ,r,ε

0,ω,δ G(t,h(t))

=
ω(0)h0

ω(t)
+

1−α

N(α)

∂g(ε, t)
∂ t

G(t,h(t))+
αδ

N(α)Γ(r)ω(t)

∫︂ t

0
(t−τ)r−1

ω(τ)
∂g(ε,τ)

∂τ
G(τ,h(τ))dτ.

To proceed, we consider the following hypotheses:

(H1): There exist positive constants φ1, φ2 and q ∈ [0,1) such that

G(t,h(t))≤ φ1∥h∥q +φ2.

(H2): There exists a positive constant M1 > 0 for all h, h̃, such that

|G(t,h(t))−G(t, h̃(t)| ≤ M1∥h− h̃∥.

(H3): There exists a positive constant M2 > 0 such that for all ε > 0 and t ∈ [0,T ], we

have ⃓⃓⃓⃓
∂g(ε, t)

∂ t

⃓⃓⃓⃓
≤ M2.
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Furthermore, we define the following operator K : C([0,T ],R3)−→C([0,T ],R3) such that

K h(t) = K1h(t)+K2h(t),

where

(10)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
K1h(t) =

ω(0)h0

ω(t)
+

1−α

N(α)

∂g(ε, t)
∂ t

G(t,h(t)),

K2h(t) =
δα

N(α)Γ(r)
1

ω(t)

∫︂ t

0
(t − τ)r−1 ∂g(ε,τ)

∂τ
ω(τ)G(τ,h(τ))dτ.

Consequently, (9) can be written as

(11)
K h(t) =

ω(0)h0

ω(t)
+

1−α

N(α)

∂g(ε, t)
∂ t

G(t,h(t))

+
δα

N(α)Γ(r)
1

ω(t)

∫︂ t

0
(t − τ)r−1 ∂g(ε,τ)

∂τ
ω(τ)G(τ,h(τ))dτ.

Theorem 3.1. Suppose that (H1), (H2) and (H3) hold such that M1M2(1−α)
N(α) < 1. Then model

(7) has at least one solution.

Proof. Firstly, we prove that K1 is a contraction. Consider

M = {h ∈ C : ∥h∥ ≤ L ,L > 0},

which is closed and convex set. For all h, h̃ ∈ M, we have

|K1h(t)−K1h̃(t)| ≤ M1M2(1−α)

N(α)
∥h− h̃∥.

Then

∥K1h−K1h̃∥ ≤ M1M2(1−α)

N(α)
∥h− h̃∥.

Since M1M2(1−α)
N(α) < 1, we deduce that K1 is a contraction.

Secondly, we prove that K2 is compact. We have

∥K2h∥ ≤ max
t∈[0,T ]

⃓⃓⃓⃓
δα

N(α)Γ(r)
1

ω(t)

∫︂ t

0
(t − τ)r−1 ∂g(ε,τ)

∂τ
ω(τ)G(τ,h(τ))dτ

⃓⃓⃓⃓
≤ δαM2T r

N(α)Γ(r+1)

(︃
φ1∥h∥q +φ2

)︃
.
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Thus, for all h ∈ M, K2 is bounded. For equicontinuity, let t1, t2 ∈ [0,T ] such that t2 < t1, then

|K2h(t1)−K2h(t2)|=
δα

N(α)Γ(r)

⃓⃓⃓⃓∫︂ t1

0

(t1 − τ)r−1

ω(t1)
∂g(ε,τ)

∂τ
ω(τ)G(τ,h(τ))dτ

−
∫︂ t2

0

(t2 − τ)r−1

ω(t2)
∂g(ε,τ)

∂τ
ω(τ)G(τ,h(τ))dτ

⃓⃓⃓⃓
.

Therefore, lim
t2−→t1

|K2h(t1)−K2h(t2)| = 0. Hence, K2 is equicontinuous. It follows from

Arzela-Ascoli theorem that K2 is compact. Consequently, K2 is continuous since h is con-

tinuous.

Finally to verify the item (i) of Lemma 2.5, we notice that K1 is a contraction, then

∥h∥ ≤ ∥(I −K1)h∥.

As K2(M) is contained in a compact subset of C , we deduce by appropriate construction of the

subset M that for fixed h in M the contraction h ↦→K1h+K2h has a fixed point in M. According

to Lemma 2.5, we conclude that model (7) has at least one solution. □

Theorem 3.2. If
(︂

1−α

N(α) +
δαT r

N(α)Γ(r+1)

)︂
M1M2 < 1, then model (7) has a unique solution.

Proof. Let h, h̃ ∈C([0,T ],R3). We have

∥K h−K h̃∥ ≤ ∥K1h−K1h̃∥+∥K2h−K2h̃∥

≤ (1−α)M2

N(α)
max

t∈[0,T ]

⃓⃓
G(t,h(t))−G(t, h̃(t))

⃓⃓
+

δαM2

N(α)Γ(r)
max

t∈[0,T ]

⃓⃓⃓⃓∫︂ t

0
(t − τ)r−1 ω(τ)

ω(t)
G(τ,h(τ))dτ

−
∫︂ t

0
(t − τ)r−1 ω(τ)

ω(t)
G(τ, h̃(τ))dτ

⃓⃓⃓⃓
≤

(︃
1−α

N(α)
+

δαT r

N(α)Γ(r+1)

)︃
M1M2∥h− h̃∥.

Since
(︂

1−α

N(α) +
δαT r

N(α)Γ(r+1)

)︂
M1M2 < 1, we deduce that K is a contraction. Consequently, the

Hattaf mixed fractal-fractional differential finance model (7) has a unique solution. □

Next, we establish the equilibrium points of our model.

Theorem 3.3.
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(i) If 1−ab− b
c
≤ 0, then system (7) has only a trivial equilibrium of the form

E1

(︃
0,

1
b
,0
)︃
.

(ii) If 1−ab− b
c
> 0, then system (7) has besides to E1 two other equilibrium points

E2

(︃√︃
1−ab− b

c
,
1+ac

c
,−1

c

√︃
1−ab− b

c

)︃
,

and

E3

(︃
−
√︃

1−ab− b
c
,
1+ac

c
,
1
c

√︃
1−ab− b

c

)︃
.

Proof. Any equilibrium point of system (7) clearly satisfies the subsequent algebraic equations:

z+(y−a)x = 0,(12)

1−by− x2 = 0,(13)

−x− cz = 0.(14)

From (14), we get z =−1
c x and replacing it in (12), we have x = 0 or y =

1+ac
c

. So, we discuss

two cases.

• If x = 0, then y =
1
b

and z = 0. Hence, the first financial equilibrium is E1(0, 1
b ,0).

• If y =
1+ac

c
, we replace y in (13) and if 1− ab− b

c
> 0, we find two equilibrium

points E2(

√︃
1−ab− b

c
,
1+ac

c
,−z∗) and E3(−

√︃
1−ab− b

c
,
1+ac

c
,z∗), where z∗ =

1
c

√︂
1−ab− b

c . □

4. NUMERICAL METHOD

In this section, we propose a numerical method for our fractal-fractional financial model

with the new HMFF derivative, which is described by system (7).

The system (7) can be expressed as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩
Dα,β ,r,ε

0,ω,δ x(t) = h1(t,x(t),y(t),z(t)),

Dα,β ,r,ε
0,ω,δ y(t) = h2(t,x(t),y(t),z(t)),

Dα,β ,r,ε
0,ω,δ z(t) = h3(t,x(t),y(t),z(t)),

(15)
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where x(t), y(t) and z(t) are the state variables of the system, and⎧⎪⎪⎪⎨⎪⎪⎪⎩
h1(t,x(t),y(t),z(t)) = z(t)+(y(t)−a)x(t),

h2(t,x(t),y(t),z(t)) = 1−by(t)− x2(t),

h3(t,x(t),y(t),z(t)) =−x(t)− cz(t).

(16)

Hence,

(17)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

RDα,β ,r,r
0,t,ω,δ x(t) =

∂g(ε, t)
∂ t

h1(t,x(t),y(t),z(t)),

RDα,β ,r,r
0,t,ω,δ y(t) =

∂g(ε, t)
∂ t

h2(t,x(t),y(t),z(t)),

RDα,β ,r,r
0,t,ω,δ z(t) =

∂g(ε, t)
∂ t

h3(t,x(t),y(t),z(t)),

where RDα,β ,r,r
0,t,ω,δ is the Hattaf mixed fractional derivative operator in the Riemann-Liouville

sense defined in [1].

Substituting RDα,β ,r,r
0,t,ω,δ by CDα,β ,r,r

0,t,ω,δ in order to make use of the integer-order initial conditions.

For simplicity, we study the case of β = 1 and operating the Hattaf mixed fractal-fractional

integral on both sides of (17), we have

x(t) =
ω(0)x(0)

ω(t)
+

1−α

N(α)
H1(t,x(t),y(t),z(t))

+
δα

N(α)Γ(r)
1

ω(t)

∫︂ t

0
(t − τ)r−1

ω(τ)H1(τ,x(τ),y(τ),z(τ))dτ,

y(t) =
w(0)y(0)

ω(t)
+

1−α

N(α)
H2(t,x(t),y(t),z(t))

+
δα

N(α)Γ(r)
1

ω(t)

∫︂ t

0
(t − τ)r−1

ω(τ)H2(τ,x(τ),y(τ),z(τ))dτ,

z(t) =
ω(0)z(0)

ω(t)
+

1−α

N(α)
H3(t,x(t),y(t),z(t))

+
δα

N(α)Γ(r)
1

ω(t)

∫︂ t

0
(t − τ)r−1

ω(τ)H3(τ,x(τ),y(τ),z(τ))dτ,

where H j(t,x(t),y(t),z(t)) =
∂g(ε, t)

∂ t
h j(t,x(t),y(t),z(t)) for j = 1,2,3.
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Let tn = n∆t, with n = 0,1, . . . ,N and ∆t is the time step duration. Based in the numerical

scheme [1], we find

x(tn+1) =
ω(0)x(0)

ω(tn)
+

1−α

N(α)
H1(tn)

+
δα(∆t)r

N(α)Γ(r+2)ω(tn)

n

∑
i=0

[︄
ω(ti)H1(ti)An,i +ω(ti−1)H1(ti−1)Bn,i

]︄
,

y(tn+1) =
ω(0)y(0)

ω(tn)
+

1−α

N(α)
H2(tn+1)

+
δα(∆t)r

N(α)Γ(r+2)ω(tn)

n

∑
i=0

[︄
ω(ti)H2(ti)An,i +ω(ti−1)H2(ti−1)Bn,i

]︄
,

z(tn+1) =
ω(0)z(0)

ω(tn)
+

1−α

N(α)
H3(tn+1)

+
δα(∆t)r

N(α)Γ(r+2)ω(tn)

n

∑
i=0

[︄
ω(ti)H3(ti)An,i +ω(ti−1)H3(ti−1)Bn,i

]︄
,

where
An,i = (n+1− i)r(n− i+2+ r)− (n− i)r(n− i+2+2r),

Bn,i = (n− i)r(n− i+1+ r)− (n+1− i)r+1.

5. NUMERICAL SIMULATIONS

In this section, we simulate the new discretization proposed in the previous section, by fixing

a = 0.5, b = 0.2, c = 1.2, g(ε, t) = tε and N(α) = 1−α + α

Γ(α) .

Figures 1-9 demonstrate the dynamics of our financial system (7) for different values of the

fractional order α and the fractal dimension ε order, their effects on the system dynamics were

examined through two-dimensional and three-dimensional phase portraits. These parameters

play a fundamental role in characterizing the memory properties and scaling behavior of the

financial system, in which the numerical results illustrate a significant difference between the

classical and fractal-fractional approaches. In the fractal-fractional framework (α,ε ≤ 1), the

system develops complex dynamics characterized by the appearance of self-similar attractors,

irregular oscillations and multi-turn structures. Furthermore, a progressive decrease in the pa-

rameters α and ε leads to a transition from the chaotic regime to periodic and then stable behav-

ior. This evolution underscores the crucial role of these parameters in controlling the system’s

dynamics and their ability to modulate the intensity of the chaotic behavior.
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FIGURE 1. Phase portraits of our fractal-fractional financial model for α = 1, r = 1 and ε = 1.
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FIGURE 2. Phase portraits of our fractal-fractional financial model for α = 1, r = 1 and ε = 0.95.
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FIGURE 3. Phase portraits of our fractal-fractional financial model for α = 0.95, r = 0.98 and

ε = 1.
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FIGURE 4. Phase portraits of our fractal-fractional financial model for α = 0.95, r = 0.98 and

ε = 0.95.
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FIGURE 5. Phase portraits of our fractal-fractional financial model for α = 0.85, r = 0.94 and

ε = 0.9.
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FIGURE 6. Phase portraits of our fractal-fractional financial model for α = 0.85, r = 0.94 and

ε = 0.85.
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FIGURE 7. Phase portraits of our fractal-fractional financial model for α = 0.92, r = 0.95 and

ε = 0.92.
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FIGURE 8. Phase portraits of our fractal-fractional financial model for α = 0.9, r = 0.95 and

ε = 0.9.
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FIGURE 9. Phase portraits of our fractal-fractional financial model for α = 0.89, r = 0.94 and

ε = 0.89.
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