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Abstract. In this paper, we proposed a system of generalized extended nonlinear variational inequality problem
(SGENVI) involving three different trivariate mappings and six different nonlinear mappings. We also proposed
three steps relaxed parallel projection algorithm for convergence analysis of the approximate solvability of the
SGENVI problem. Further, we propose relaxed parallel projection algorithm, which converges to common element

of solution set of the SGENVI, and the fixed point set of three nonexpansive mappings.
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1. Introduction

Variational inequality theory has appeared as an effective and powerful tool to study and in-
vestigate a wide class of problems arising in pure and applied sciences. Verma [16] introduced

a system of nonlinear strongly monotone variational inequalities and studied its approximate
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solvability. Chang et al. [5] introduced a new system of nonlinear relaxed cocoercive varia-
tional inequalities and studied the approximation solvability of this system based on a system
of projection methods. Shang et al. [13] studied a system of variational inequalities involving
three different relaxed cocoercive mappings and studied iterative methods for finding common
element of the set of the common fixed points of three different quasi-nonexpansive mappings
and the set of solutions of the variational inequalities with three different cocoercive mappings.
Cho et al. [6] introduced a system of general nonlinear variational inequalities with three d-
ifferent relaxed cocoercive mapping and three different nonlinear mappings and studied the
approximate solvability using iterative schemes based on the projection methods.

However, these studies were based on sequential iterative methods, which are only suitable
for implementing on the traditional single-processor computers. To satisfy practical require-
ments of modern multiprocessor systems, iterative methods having parallel characteristics need
to be developed for the system of variational inequalities. Lions [11] has studied parallel al-
gorithms for solution of parabolic variational inequalities. Bertsekas and Tsitsiklis [2, 3] de-
veloped parallel algorithms by using the metric projection. Recently, Yang et al. [18] studied
parallel projection algorithm for a system of nonlinear variational inequalities.

Inspired and motivated by research works in this field, we introduce and study a system
of variational inequalities involving three sets of three different nonlinear operators. Using the
parallel projection technique, we suggest and analyze a parallel iterative method for solving this
system. We also study a general three-step method for the projection methods, which can be
applied to the approximation solvability of the system of variational inequalities and common

fixed point of three different nonexpansive mappings.

2. Preliminaries

LetT;: Hx Hx H — H and g;,h; : K — H be nonlinear mappings for i = 1,2, 3. Consider a

system of generalized extended nonlinear variational inequality problem (SGENVI) as follows
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: Find x*,y*,z* € H such that, for all p,n,0 > 0,
(PTi(y", 2" x") +81(x") = (y"), m(x) —g1(x")) = 0, Vhi(x) €K,
(1) (NT(2",x7,y") +8200%) — ha (), ha(x) —82(07)) = 0, Vh(x) €K,
(0T3(x",y",2") +83(2") —h3(x"),h3(x) —g3(z")) > 0, Vh3(x) €K.
Here p,n, o are constants and play an important part in the studies of the convergence analysis.
If g; = h; for i = 1,2, 3, then the SGENVI problem (1) is equivalent to finding x*,y*,z" € H
such that, for all p,n,0 >0,
(PT1(y" 2" x") +81(x") = 81(b").81(x) —g1(x™)) > 0, Vgi(x) €K,
) (NT2(2",x7,y") + 82(v") — 82(27), 82(x) —£2(¥")) = 0, V ga(x) €K,
(T3 (x",y",2") +83(2") —g3(x"),83(x) —83(2")) =2 0, Vgs(x) €K,
where p, 1,0 > 0 are constants. System (2) is studied by Cho et al. [6].
If g; = h; = identity operator for i = 1,2, 3, then the SGENVI problem (1) is equivalent to
finding x*,y*,z* € H such that, for all p,n,6 > 0,
(pT (", 75, x") +x* —y" ,x—x") >0, Vx€K,
3) M (Z",x"y" ) +y —z",x—y") >0, VxeK,
(6 (x",y*,7")+7" —x",.x—2") > 0, VxeK,
where p, 1,0 > 0 are constants. System (3) is studied by Shang et al. [13].

We now discuss some more special cases of the SGENVI problem (1).

Special cases :

(1) If T3, g3,h3 are zero operators, g1,82,h1,hy are identity operators and 7y =T, =T is
a bivariate operator from H x H — H, then the SGENVI problem (1) is equivalent to
system of nonlinear variational inequality problem, studied by Chang et al. [5] and
Verma [16].

(2) If T3, g3, h3 are zero operators, g1,82,h1, h; are identity operators and 77, 7> are bivariate
operators from H x H — H, then the SGENVI problem (1) is equivalent to system of
nonlinear variational inequality involving two different operators, studied by Huang et

al. [9].
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If Tz, g3, h3 are zero operators, g1,82,h1,hy are identity operators and 77,7, are univari-
ate operator from H — H, then the SGENVI problem (1) is equivalent to system of
variational inequality problem, studied by Ceng et al.[4]
If T3, g3, h3 are zero operators, g1,82,h1,h; are identity operators and 71 =7> =T is a
univariate operator from H — H, then the SGENVI problem (1) is equivalent to system
of variational inequality problem, studied by Verma [14, 17].
If 73, g3, h3 are zero operators, g; = g» = identity operator and 77, 7> are bivariate opera-
tors from H x H — H, then the SGENVI problem (1) is equivalent to system of general
variational inequality problem, studied by Noor et al. [12].
It 1>,73,8>,83,hy, h3 are zero operators, g1 = h; = identity operator and 77 is a bivariate
operator from H x H — H, then the SGENVI problem (1) is equivalent to variational

inequality problem studied by Verma [15].

Let us recall the following result, which is frequently used to study the solvability of varia-

tional inequality problem :

Lemma 1. [10] For an element 7 € H, we have x € K and (x —z,y —x) > 0 for all y € K if and

only if x = Px(z).

Using Lemma 1 we can see, that the SGENVI problem (1) is equivalent to the following

projection problem : Find x*,y*, z* € H such that

)

g1(x") = Pe[m(y") —p (T (V"2 x)], p >0,
82(y") = Px [ (2") = (Ta(z",x",y"))], m >0,

g3(7") = P [h3(x*) — o (T3(x",y",2"))], 6 >0.

3. Algorithm

In this section, we consider the general three-step parallel algorithms, which can be applied

to the convergence analysis using projection methods in the context of the approximation solv-

ability of the SGENVI problems. We can rewrite relation (4) in the following way : Find
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x*,y*,z" € H such that
X =x"—gi(x) + Pe [ (y) —p (Ti(y", 2" x"))], p>0,
%) Y =y =80 + Pk [ha() —n(Ta(z",x",y))], n >0,
7 =7 —g3(z") + P [h3(x") — o (I3(x",¥",2%))] , 0>0.

Using the formulation (5), we now suggest following general iteration method for approxima-

tion solvability of system of generalized extended variational inequalities (1):

Algorithm 1. For any xo,y0,z0 € H, compute the sequences {x, }, {y,} and {z,} by the iterative

process
1 = (1= Y)zn + Ya{zn — 83(2n) + Pk [h3(xn) — 0 (T5(Xn, Yy 20))]}
(6) Ynt = (1= Bu)yn + Bu{vn — 82(¥n) + P [h2(2n) — N (T2 (zn, %n, yn))]}
Xt = (1= 00)xn + 0 {2 — 81 (xn) + Px [ (vn) — P (T1 (Y, Zn,%0)) 1}
where {an},{By} and {y,} are sequences in [0,1] for all n > 0.

If g = h; fori =1,2,3, then the Algorithm 1 reduces to the following

Algorithm 2. For any xq,y0,z0 € H, compute the sequences {x,}, {yn} and {z,} by the iterative

process
in+1 = (1 - Yn)zn + Y {Zn _g3<Zn) + Px [g3(xn) - G(T3(xn7ynazn))]} )
(7) Ynt1 = (1= Bu)yn+ Bu {yn —82(yn) +Px [g2(zn) -1 (TZ(vaxnvyn))]} )

Xn1 = (1= 0)xy + 0y {xn —81(xn) +Px [gl (vn) —p (Th (yn,zn,xn))]} )

where {, } ,{ B} and {y,} are sequences in [0, 1] for all n > 0.
If g; = h; =identity operator, for i = 1,2, 3, then the Algorithm 1 reduces to the following

Algorithm 3. For any xy,y0,z0 € H, compute the sequences {x, }, {y,} and {z,} by the iterative

process
In+l1 = (1 - Yn)Zn + %Pk [xn —0 (T3(xn7ynazn))] )
(8) Yn+1 = (1 - ﬁn))’n + BuPx [Zn -1 (T2(Zn7xn7yn))] )

Xn+1 = (1 - an)xn + o, Pk [)’n —p (Tl (yn,Zn,xn))] )
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where {, } ,{ B} and {1} are sequences in [0, 1] for all n > 0.

One of the attractive features of above Algorithms is, its suitability for implementing on com-
puter having three different processor. Assume that x,, y, and z, are given in Algorithm 1, in
order to get the new iterative points, we can set one processor of computer to compute x,,. 1, set
second processor to compute y, 1 and set the other processor to compute z,,+1. In other words,
Xn+1, Yn+1 and z,,41 are solved in parallel. Algorithm 1 is called parallel projection method. The
sequential iterative methods introduced in [5, 6, 13, 16] are only suitable for implementing on
the traditional single-processor computer. That is, assume that x,, y, and z,, are given, in order
to get the new iterative points, we need to solve x,. 1, y,+1 and z,+1 in sequence. Therefore, in
order to satisfy practical requirements of modern multiprocessor systems, the parallel iterative
methods are more attractive with respect to the sequential iterative methods. We refer the inter-
ested reader to the papers [1, 2, 3, 7, 8] and references therein for more examples and ideas of

the parallel iterative methods.

We now recall some definitions:

Definition 2. A mapping T : H — H is said to be :

(1) strongly monotone, if for each x € H, there exists a constant v > 0 such that

(T(x)=T(y),x—y) > v|x—y|

holds, for all y € H;

(i1) @ —cocoercive, if for each x € H, there exists a constant ¢ > 0 such that

(T(0)=T(y),x=y) 2 ¢ |T(x)-T()|?

holds, for all y € H;

(ii1) relaxed ¢ —cocoercive, if for each x € H, there exists a constant ¢ > 0 such that

(T(x) =T (), x=y) > =9I T(x) =TI’

holds, for all y € H;



GENERALIZED EXTENDED VARIATIONAL INEQUALITIES 635

(iv) relaxed (¢, y)—cocoercive, if for each x € H, there exists constants ¢ > 0 and y > 0

such that

(T)=T)x=y) = =0 IT) = TO)I* + -y

holds, for all y € H;

(v) u—Lipschitz continuous, if for each x,y € H, there exists a constant |1 > 0 such that
IT(x) =TI < pllx=yl,
(vi) nonexpansive, if for each x,y € H,
1T (x) =T W) < [lx =yl -

A mapping T : Hx H x H— H is said to be

(vii) relaxed (¢,w)—cocoercive in the first variable, if for each x,x' € H, there exists con-

stants ¢ > 0 and y > 0 such that
<T(X,y,Z) - T<xlvylazl)=x_xl> > _¢ ||T()C,y,Z) - T(xl7yl7Z/)H2+ II/Hx_lez

holds, for all y,y',z,7 € H;
(viii) p—Lipschitz continuous in the first variable, if for each x,x' € H, there exists a constant

u > 0 such that

I7Grya) =T D) <=+

forally,y',z,7 € H.

We now recall a lemma useful to prove the next result :

Lemma 3. [19] Let {a,} be a non negative sequence satisfying a,+1 < (1 —cp)a, + by, with

cn €10,1], Yo ycn =00, by = 0(cy). Then lim,_sea, = 0.

4. Main results
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Theorem 4. Let K be a closed convex subset of a real Hilbert space H. Let T; : H X H X
H — H be a relaxed (9;, y;)-cocoercive and L;-Lipschitz continuous in the first variable, g;
K — H be a relaxed (&;, @;)-cocoercive and T;-Lipschitz continuous mapping, h; : K — H be
a relaxed (0, A;)-cocoercive and v;-Lipschitz continuous mapping. Suppose that x*,y*,z* € H
are solutions of the SGENVI problem (1) and { &, }, {Bn}, {1} are sequences in [0,1]. Assume

that the following conditions are satisfies:

(1) 63, 66, 69 <1,
(i) ®1p = otu(1— 63) — (687 + 65) > 0, O = Bu(1— B5) — (61 + 65) > 0, and O3, =
Ya(1—60) — Bu(64+ 65) >0,
(i) Y O1n =00, Y0 O2p =00 and } ;7 (O3, = oo,

where
91:\/1—2pt//1+2p¢1u12+p2u%, 922\/1—2/11+261v12+v12,
93=\/1—20)1+2C1T12+712, 94=\/1—2711I/2+277¢2H22+712H227
95:\/1—212+252v22+v22, 96=\/1—2a)2+2C2r22+1:22,
6= \/1 -20ys 12003 + 0203, By =1/1- 243 +26vE V2,

0y = \/1—2(03—1—24’3'53?4—’532.

Then the sequences {x,}, {yn} and {z,} generated by Algorithm 1, converges strongly to x*,y*

and 7*, respectively.

Proof. Since x*, y* and z* are solution to the SGENVI problem (1), we have from (5) that

=1 =)+l -8 (") + Pk [h3(x") — o (T3(x",y",27))]}
Vo= (1=B)y" +Budy —g200") +Px [h2(2") —n (T2(25,x",y")]}
X" = (1= 04)x" + 04 {x* — g1 (") + P [l () — p (T1 (0", 25, %)) ] } -
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In view of (6), we obtain that

11— = [[(1 = &n)xn + & {20 — 81 (xn) + P [y (V) — P (T2 V2 %) )]} — X7
= [|(1 = @) xn + O {oxa — 81(xn) + P [A1 (n) = P (T1 (s 2n,%0)) ]}
— (1= o)x™ + an {x" — g1 (x") + P [ (") —p (L1 (", 27, x7)) ]|

< (1= ) [l = x| + 0 [ xn —x" — {g1(x0) — g1 (x") }|

+ 0 || P [ (vn) = P (T1 (Y 205 Xn))] = Pr [ (V) — p (Th (v", 27,x7)) ]|
< (L= o) [lxn = X" + 0 [0 — X" — {81 (xn) — g1 (x") }

+ & (|71 (yn) = i (V") = PATL (V205 Xn) = T1 (", 27, x7) B
< (1= ) [l — x| + 0 [|xn —x™ — {g1(xn) — g1 (x") }|

+ 0 [lyn =y = {h1(ya) = (y*) }]

9) + 0 [lyn =" = p {11 (n 20, ) — T (", 2%, X°) H|

By the assumption that 77 is relaxed (¢, W )-cocoercive and p;-Lipschitz continuous in the first

variable, we obtain

Iyn =" =P {71 O 20y ) — T (", 25 )}
= lyn =1 =20 (T1 (ns 20y %) — T1 (3", 25, X" ) 0 — )
+ P2 T (ns 2ns ) — TH (0, 25 x7) |2
< [lyn—y**—2p {—¢1 171 (Vs 2 Xn) = T (0%, 255 |12 + Wi [y —y*\lz}
+p2ud yn =y I
<y =y 1P +200117 lyn = Y"1 = 2091 [y —¥*11> + P15 [ — |
= (1-2py1+2p¢1uf +p2ud) lyn —y*II?

(10) =67 |lyn—y*|I%,

where 0; = \/1 —2py; +2p¢1u12+p2u12.
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Also, since A is relaxed (01, A1 )-cocoercive and v;-Lipschitz continuous, we have

lyn =¥ = (1 (yn) = I ()
= {lyn =Y 1> =2 (A1 () = 1 (5 )30 — ) + 121 () — I (%) >
< lyn =312 =2 =80 1 ) = (") 2+ 2a v —5* 12}
+ Vi [y =y
< (1241 428V + Vi) [y — "I

(11) =67 |lya —¥*|1?,

where 6, = \/1 -2 +261v12 + Vlz.

Similarly, since g; is relaxed ({;, ®;)-cocoercive and T;-Lipschitz continuous, we have

[t —x* — {g1 (xa) — g1 (x*) HI*
= [0 — x> = 2(g1 (xa) — &1 (x"), 20 — x7) + [|g1 (6n) — g1 (x|

* (|2 *\ (|12 %112
<l =212 = 2{ =1 g1 () = g1 () P+ 00 [l — ) |

2

+ 77 o — x|
< (1—2ay +28 7 +77) [|xe — x|

(12) = 07 ||x, —x*||*,

where 63 = \/1 -2 +2C1T12~|—T12.

Substituting (10), (11) and (12) into (9), we get

et = X" < (1= 0+ 06,603) [lo6n — x7[ + 04 (61 + 62) [lyn — 7|

(13) = (1= 0 (1=63)) [0 — x"[| + (61 + 62) [lyn —y"|
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Again, using (6), we obtain
Y1 =¥ < L= Ba)yn+ Bu{yn — 82(0n) + P [12(2n) — 11 (T2(2n, %0, y0))]} = Y7
= [[(1 = Bn)yn + Bn{yn — 82(¥n) + Px [h2(zn) — 1 (T2 (zn, X0, yn))] }
= [(1=Bu)y" + By = 8200") + Px [n2(z") — n (T2 (2", 2",y )11
< (L=Ba) lyn ="+ Bullyn —y* — {82(vn) — 82(:") }|
+ BullPx [h2(zn) = N (Ta(zn Xn, yn))] — P [h2(27) — 11 (T2 (2", %", y"))]|
< (=B yn =Yl + Ballyn =" = {8200n) — 820"}
+ Bullh2(zn) = h2(2") = N {T2(2ns X0, yn) — T2(2", %, y7) |
< (L=Bu) lyn =Y+ Bullyn —y* = {82(vn) — 82(*) }|
+ Bullzn — 27— {ha(zn) = a2 () }|

(14) +[3n HZn -7 - n {TZ(Znaxny)’n) - Tz(Z*,X*,y*)}H .

By the assumption that 75 is relaxed (¢, y» )-cocoercive and p,-Lipschitz continuous in the first

variable, we obtain

(15) |20 — 2 = N {T2(zn, %, yn) — T2(2", X",y ) H| < 04 ||za — 27|

where 6, = \/1 — 2Ny + 2N l3 + 1323 .

Since hj is relaxed (0,,A;)-cocoercive and v,-Lipschitz continuous, we have

(16) 12n =2 = {ha(zn) = ha () H| < O5 [lza — 27|,

where 05 = \/1 —2MA +262v22 + v22.

Similarly, since g is relaxed ({;, @;)-cocoercive and 1,-Lipschitz continuous, we have

(17) lyn =" —{g20m) —&20") H < 66 llyn — ]I ,

where 65 = \/1 —2a)2+252r22+722.
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Substituting (15), (16) and (17) into (14), we have

(18) a1 =yl < (1= Ba(1 = 66)) llyn =" || + Bu(64 + 65) [|zn — 27| -

Again, using (6), and the similar argument as above, we get that

(19) 1zn1 =27 [ < (1= %(1 = 60)) [|zn — 2" [ + 12(67 + 68) [lxa —x7|[ ,

where

6, = \/1 —20y;3+20¢313 + 022,

65 = \/1 — 275 +28;v3 + 3,

6y = \/1 —2(1)34—2531%—1—’1’%.
From (13), (18) and (19), it follows that

1 =2 4 yner =Y [+ lzner — 27|
< [T —{o(1—63) = %(67 + 68) }] [lxa — x|
+[1={Ba(1 — 66) — (61 + 62)} [lyn — ¥"|
+[1={%(1 — 69) — (64 +65)}] [|zn — 2"]|

(20) < max {(1=01,),(1=021), (1 = O3,) } [[|xn = x| + [lyn = y" [ + [lzn = "[I]

where

O, = {O‘n(l - 93) - '}’n(97‘|‘ 98)} )
0y, = {ﬁn(l - 66) - (Xn(el + 92)} >

O3, = {Yu(1—69) — (64 +65)} .

Now, define the norm ||-||; on H x H x H by

Gy 2 = [l + [y + Izl ¥ (xy,2) € HxH X H.
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Then (H x H x H, ||-||,) is a Banach space. Hence, (20) implies that

| (X1 Yn+1>2n41) — (X, 0", 2|

201 < max{(l - ®1n) s (1 - ®2n) ) (1 - ®3n)} ||(xn7ynyzn) - (x*,y*,z*)H] .

By assumption 0 < ¢, By, % < 1 and ©,0,,03 > 0 such that } ;" | @1, =00, Y | O, = oo
and )" | O3, = co.

By Lemma 3, we get
lim [|(xy, yn,2n) = (x%,3%,27)[[; = 0.
n—yoo

Therefore, sequences {x,}, {yn}, {zn} converges to x*, y* and z* respectively.

This completes the proof. 0

From Theorem 4, we get the following results immediately :

Corollary 5. Let K be a closed convex subset of a real Hilbert space H. Let T; : H x H x H — H
be a relaxed (¢, y;)-cocoercive and p;-Lipschitz continuous in the first variable, g; : K — H be
a relaxed ({;, ®;)-cocoercive and T;-Lipschitz continuous mapping. Suppose that x*,y*,z* € H
are solutions of the problem (2) and { o, }, {Bn}, {w} are sequences in [0,1]. Assume that the
following conditions are satisfies:
(i) 63, 66, 6 <1,
(i) ©1, = (1 —603) — 1,67 > 0, Oy = Bu(1 — O6) — 04,0, > 0, and
O3, = Yu(1— 69) — s > 0,
(iii) Y, @1p =00, Y (O2y =00 and Y7 (O3, = oo,

where
912\/1—2PII/1+2P¢1H12+PZH127 93:\/1—2a)1+2C1r12+112,
94=\/1—2Wz+2n¢2u§+n2u§, 96=\/1—2a>z+262r§+f22,
6= \/1 ~ 205+ 20933 + 0213, 6= \/1 — 205 + 20373 + 12

Then the sequence {x,}, {yn} and {z,} generated by Algorithm 2, converges strongly to x*,y*

and 7*, respectively.
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Corollary 6. Let K be a closed convex subset of a real Hilbert space H. Let T;: H x H x H — H
be a relaxed (¢, ;)-cocoercive and ;-Lipschitz continuous in the first variable. Suppose that
x*,y*,z" € H are solutions of the problem (3) and {o,}, {Bn}, {w} are sequences in [0,1].
Assume that the following conditions are satisfies:

(i) O =ty — 1,67 >0, O, = B, — ,01 >0, and O3z, =¥, — 3,64 >0,

(i) X0 O®in =00, Y, 0O =c0oand Y (O3, = oo,

where

6, = \/1 —2py1 +2p 1+ p2uf 64 = \/1 =20y + 2063 +n2u3

0, = \/1 —20y3+20¢313 + 023 .

Then the sequence {x,}, {yn} and {z,} generated by Algorithm 3, converges strongly to x*,y*

and 7*, respectively.

5. Algorithms for common elements

Now, we consider, based on the projection method, the approximation solvability of a system
of generalized extended nonlinear variational inequality problem with nine different mappings
which is also a common fixed point of three nonexpansive mappings in the framework of Hilbert
spaces.

We propose a general three-step model for the projection methods, which can be applied
to the convergence analysis of the approximation solvability of the SGENVI problem (1) and

common fixed point of three nonexpansive mappings.

Algorithm 4. For any xo,yo,z0 € K, compute the sequences {x, }, {yn} and {z,} by the iterative

process
In+1 = (1 - yn)Zn + %3 {Zn _83(Zn) + Px [h3(xn> - 0'(T3(xn,yn,zn))]} )

(22) Ynt1 = (1= Ba)yn+ BuS2 {yn — 82(yn) + Pk [h2(2n) = 0 (T2 (20, Xn,30))]}

X1 = (1= 04)xn + ST {20 — g1 (Xn) + P [11 (Yn) — P (T1 (Y, 205 %n))] }
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where {a,}, {Bn}, {W} are sequences in [0,1] for all n > 0 and S,S,,S3 are nonexpansive

mappings.
If gi = h; for i = 1,2,3 then the Algorithm 4 reduces to the following

Algorithm 5. For any xo,yo,z0 € H, compute the sequences {x,}, {yn} and {z,} by the iterative
process

Znt1 = (1= Ya)zn + %83 {2n — 83(2n) + Pk [83(xn) — 0 (T3(Xn, Y, 2n))]}
(23) Y1 = (1= PBu)yn+ BuS2{yn — 82(yn) + P [82(2n) — N (T2(2n,%n, y0))]} ,

Xn+1 = (1 - an)xn + 0,5 {xn - gl(xn) + Px [gl(yn) —p (Tl (ynyzn;xn>)]} s
where {04, },{Bn}, {1} are sequences in [0,1] for all n > 0 and S1,S>,S3 are nonexpansive
mappings.

If g; = h; =identity operator, for i = 1,2, 3 then the Algorithm 4 reduces to the following

Algorithm 6. For any xq,y0,z0 € H, compute the sequences {x,}, {yn} and {z,} by the iterative

process

in+1 = (1 - 'Yn)zn + YnS3PK [xn — 0 (T3 (xnaynazn))] s
(24) Yn+1 = (1 - Bn)yn +BnS2PK [Zn -1 (TQ(vaxmyn))] )
Xnt1 = (1= 0)xn + uS1Px [y — P (11 (Yns 205 Xn))]

where {0y, } ,{Bn}, {v} are sequences in [0,1] for all n > 0 and S,S>,S3 are nonexpansive

mappings.

Theorem 7. Let K be a closed convex subset of a real Hilbert space H. Fori=1,2,3, let T;, g,
hi be as in Theorem 4 and S; : K — K be a nonexpansive mapping. Suppose that x*,y*,z* € H
are solutions of the SGENVI problem (1) also x*,y*,z* € M3_F(S;) and {a,}, {Bn}, {w} are
sequences in [0, 1]. Assume that the conditions (i), (ii) and (iii) of Theorem 4 are satisfied. Then
the sequence {x,}, {yn} and {z,} generated by Algorithm 4, converges strongly to x*,y* and 7",

respectively.
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Proof. Since x*, y* and z* are common elements of the set of solution to the SGENVI problem

(1) and the set of common fixed points of S1,S5> and S3, we have from (5) that
7 =83{z" —g3(2") + Px [h3(x") — o (T3(x",»",27))]} ,
Y =85{y"—g0") + Pk [h() —n (T2(z",x",y"))]}

X =83 {x" — g1 (x") + Pc [l (") — p (L (", 2%, x))]}

Therefore,
= (1=%)T +mS3{" —g3(") + Px [ (x") — o (T(x",y",2))]}
Y = (1= Ba)y" + BuSa{y" — 82(5") + P [ha(z") — n (Ta (", 2", y))]}
= (1= 0)x" + S " — g1 () + P [ (37) —p (T (7, 2" x7))]} -

Using (22), we obtain

[t = x| = [[(1 = 0n)xn + St {20 — 81 (xn) + Px [11 (yn) = P (T1 (Vs 2n,%n))]} — X7
= [|(1 = 0tw)xn + 0w {xa — g1 (xn) + Pic [1 (yn) — P (T (Y 205 %0)) ]}
= [(1 = 06)x" + 01 {x" — g1 (x™) + Py [ (v*) = p (Ta (y*,2",x7)) ]}
< (1= aw) || = ™[ + & [1S1 {2a — &1 (xn) + Pic [111 () — P (T1 (Vs 25 X)) }
+S{x" =1 (") + P [ (V") —p (T (", 25 X))}
< (1= ) [ln = X" + 0 || {xn — g1 (xn) + Pic [t () — P (T (Y, 20, X)) }
+ " =1 (&) + Pe [ (V") —p (T (3", 27, x)) 1}
< (1= ) [l = x| + 0t [|xn —x" — {g1(xn) — g1 (x") }|
+ 0 || P [y (vn) = P (T1 (V20 Xn) )] = P [ () = p (T (3", 27, x) )] |
< (L= o) [lxn — X" + 0 [0 — X" — {g1(xn) — g1 (x") }|
+ 0 [lh1 (yn) = 1 (V") = P {1 (¥ns Znsn) = T1 (Y275 ) 3
< (1= ) [l = X" + 0t [|xn — " — {g1(xn) — g1 (x") }|
+ 0 [lyn =y = {1 (ya) = (y*) }|

(25) + 0 |lyn =y = PA{T1(ns 20, Xn) = T1 (", 27,27}
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Using (10), (11) and (12), we get from (25), that
(26) 41 = x| < (1= 06 (1 = 63)) |50 — X7 || + 04 (61 + 62) [lyn — Y7 ,

In a similar way, we get

(27) Va1 =y < (1= Bu(1 = 66)) lyn — ¥"[| + Bu(6s + 65) ||z — 2",
and

(28) zne1 =21 < (1 =% (1 = 69)) llzn — 27l + %(67 + 68) [lxn — X7,
where 6;, i =1,2,...,9 are as in Theorem 4.

Using the arguments as in the proof of Theorem 4, we get that, sequences {x,}, {yn}, {21}

converges to x*, y* and z*. respectively.

We immediately obtain following results from the Theorem 7.

Corollary 8. Let K be a closed convex subset of a real Hilbert space H. Fori= 1,23, let T;,
gi be as in Theorem 4 and S; : K — K be a nonexpansive mapping. Suppose that x*,y*,z* € H
are solutions of the problem (2) also x*,y*,z* € M;_ F(S;) and {au,}, {Bu}, { W} are sequences
in [0,1]. Assume that the conditions (i), (ii) and (iii) of Corollary 5 are satisfied. Then the
sequence {x,}, {yn} and {z,} generated by Algorithm 5, converges strongly to x*,y* and z*,

respectively.

Corollary 9. Let K be a closed convex subset of a real Hilbert space H. For i =1,2,3, let T;
be as in Theorem 4 and S; : K — K be a nonexpansive mapping. Suppose that x*,y*,z* € H are
solutions of the problem (3) also x*,y*,z* € N3_F(S;) and {au,}, {Bn}, {1} are sequences in
[0,1). Assume that the conditions (i) and (ii) of Corollary 6 are satisfied. Then the sequence

{xn}, {vn} and {z,,} generated by Algorithm 6, converges strongly to x*,y* and z*, respectively.

6. Conclusion
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In this paper, we have introduced and considered a new system of generalized extended non-
linear variational inequalities involving three different trivariate operators and six univariate
operators. We have established the equivalence between generalized extended nonlinear vari-
ational inequality and fixed point problem using projection mapping. Using this equivalence,
we suggest and analyze some iterative methods for approximate solvability of the system of
generalized extended nonlinear variational inequalities. Iterative methods to find common ele-
ment of fixed point set of three different nonexpansive mapping and solution set of the system
of generalized extended nonlinear variational inequalities has also been studied and analyzed.
Several special cases are as well discussed.
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