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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty
closed convex subset of H. Let ¢ : C — R be a real value function, A : C — H a nonlinear
mapping and let @ : C x C — R be a bifunction, i.e., ®(x,x) = 0 for each x € C.

Peng and Yao [11] considered the generalized mixed equilibrium problem of finding x* € C

such that

(1.1) (GMEP) : D(x",y)+o(y) —o(x")+ (Ax*,y—x") >0, VyeC.
The set of solutions for problem (1.1) is denoted by €, i.e.,

(1.2) Q={x"€C:P(x"y)+0(y) —o(x")+(Ax",y—x*) >0, VyeC}.

If A=0in (1.1), then (GMEP) (1.1) reduces to the classical mixed equilibrum problem (for
short, MEP) and Q is denoted by MEP(®, ¢), that is,

(1.3) MEP(®,¢) ={x" € C: ®(x",y) +9(y) —¢(x) 20, VyeC},

which was considered by Ceng and Yao [3].
If =01in (1.1), then (GMEP) (1.1) reduces to the generalized equilibrium problem (for short,
GEP) and Q is denoted by EP, that is,

(1.4) EP={x"€C:D(x",y)+(Ax",y—x") >0, VyeC}.

which was studied by Takahashi and Takahashi [16] and many other for instance, [8,15-17].
If p=0and A =01in (1.1), then (GMEP) (1.1) reduces to the classical equilibrium problem
(for short, EP) and Q is denoted by EP(®), that is,

(1.5) EP(®)={x" €C: ®(x*,y) >0, VyeC}.

[f®=0and ¢ =0in (1.1), then (GMEP) (1.1) reduces to the classical variational inequality
and Q is denoted by VI(A,C), that is,

(1.6) VIA,C) ={x" € C: (Ax",y—x") >0, VyeC}.
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In 2005, Combettes and Hirstoaga [4] introduced an iterative scheme of finding the best
approximation to the initial data when EP(®) # () and proved a strong convergence theorem.

In 2006, Takahashi and Takahashi [17] introduced an iterative scheme by the viscosity ap-
proximation method for finding a common element of the set of solutions of an equilibrium
problem and the set of fixed points of nonexpansive mapping in a Hilbert space and proved a
strong convergence theorem.

In 2007, Tada and Takahashi [15] introduced two iterative schemes for finding a common
element of the set of solutions of an equilibrium problem and the set of fixed points of a non-
expansive mapping in a Hilbert space and obtained both strong convergence theorem and weak
convergence theorem. In 2008, Takahashi and Takahashi [16] introduced an iterative method
for finding a common element of the set of solutions of a generalized equilibrium problem and
the set of fixed points of a nonexpansive mapping in a Hilbert space and then obtain that the
sequence converges strongly to a common element of two sets. Moreover they proved three new
strong convergence theorems in fixed point problems, variational inequalities and equilibrium
problem:s.

In 2008, Ceng and Yao [3] introduced a hybrid iterative scheme for finding a common ele-
ment of the set of solutions of mixed equilibrium problem (1.3) and the set of common fixed
points of finitely many nonexpansive mappings and they proved that the sequences generated
by the hybrid iterative scheme converge strongly to a common element of the set of solutions of
mixed equilibrium problem and the set of common fixed points of finitely many nonexpansive
mappings.

The generalized mixed equilibrium problems includes, optimization problems, variational in-
equalities, the Nash equilibrium problem in noncooperative games and others; see, for example
[1, 3, 16]. Peng and Yao [11] obtained some strong convergence theorems for iterative schemes
based on the hybrid method and the extragradient method for finding a common element of the
set of solutions of problem (1.1), the set of fixed points of a nonexpansive mapping and the set

of solutions of the variational inequality.
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Very recently, Jeong [7] consedered the generalized equilibrium problem
(x,¥) € C x C such that

G1(X,x) + (F1y,x=%) + - (T=y,x—%) >0, VxeC,
(1.7) H

G2 (3,y) +{Fx,y =3) + 3; (F—%y—3) 20, ¥yeC,
where G1,G, : C x C — R are two bifunctions, Fi,F, : C — H are two nonlinear and y; > 0 and
U2 > 0 are two constants.

In this paper, we will introduced an iterative scheme by the general iterative method (3.1) for
finding an element of the set of solutions of the generalized mixed equilibrium problem (1.1),
the set of solutions of the generalized equilibrium problem (1.7) and the set of common fixed
points of finitely many nonexpansive mappings in real Hilbert space, whereA,F1,F, : C —
H be m—inverse strongly monotone, §;—inverse strongly monotone and {,—inverse strongly
monotone, respectively, and then obtain a strong convergence theorem. Moreover we using
this theorem to the problem for finding a common elements of NY_,F(7;) N\MEP(®,9)N O,
AN F(T)NEPNO, Y F(T;)NEP(®)N O and NY, F(T;) NVI(A,C) N O, respectively, where

O i1s the set of solutions of the generalized equilibrium problem (1.7).

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let symbols — and —
denote weak and strong convergence, respectively. Let C be a nonempty closed convex subset
of H. Then, for any x € H, there exists a unique nearest point in C, denoted by Pc(x) such that
|x — Pe(x)|| < [[x—yl||, Vy &€ C.The mapping Pc : x — Pc(x) is called the metric projection of
H onto C. We know that P is nonexpansive.

The following characterizes the projection Fc.

Lemma 2.1. (See [14]) Given x € H and y € C. Then Pc(x) =y if and only if there holds the
inequality

(x—=y,y—2z) >0, VzeC.

Recall that the following definitions.
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(1) A mapping T : C — C is called nonexpansive if ||Tx — Ty| < ||x—y|| for all x,y € C.
Next, we denote by F(T) the set of fixed points of T i.e., F(T) = {x € C: Tx = x}.

(2) A mapping f : H — H is said to be a contraction if there exists a constant p € (0, 1) such
that [ f(x) = fF()|| < pllx—yll forallx,y € H.

(3) A mapping A : C — H is called monotone if (Ax — Ay,x —y) > 0 for all x,y € C and it
is called a—inverse strongly monotone if there exists a positive real number « such that (x —
y,Ax — Ay) > o||Ax — Ay||>, Vx,y € C. We can see that if A is a—inverse strongly monotone,
then A is monotone mapping.

The following lemmas will be useful for proving our main results.

Lemma 2.2. (See [14]) For all x,y € H, there holds the inequality
e+ 11> < [lell? 24y, x + ).

Lemma 2.3. (See [14]) In a strictly convex Banach space E, if
[l = [yl = llAx+ (1 = A)yll,

forallx,y € E and A € (0,1), then x =y.

Lemma 2.4. (See [19]) Let {a,} be a sequence of nonnegative real numbers satisfying a, 1 =

(1 —oty)an+ 0By, Yn>0where {a,},{B.} satisfy the conditions

(ii) limsup B, <O0.

n—soo
Then lim a, = 0.
n—oo
Lemma 2.5. (See [13]) Let {x,} and {y,} be bounded sequences in a Banach space X and let

{B.} be a sequence in [0, 1] with 0 < lirginf Bn <limsup B, < 1. Suppose
n—soo

n—soo

Xn4+1 = ann + (1 - ﬁn))’na

for all integer n > 0 and

limsup(||yns1 = yall = X011 —xal]) <O.
n—oo

Then, lim ||y, —x,|| = 0.
n—o0



680 BENJAWAN RODJANADID AND SUPUNNEE SOMPONG
Lemma 2.6. (See [3]) Let C be a nonempty closed convex subset of H, ¢ : C — R be a lower
semicontinuous and convex function and let ® be a bifunction of C x C in to R satisfy

(A1) ®(x,x) =0forall x € C;

(A2) @ is monotone, i.e., P(x,y) +P(y,x) <0, Vx,yeC;

(A3) forall x,y,z € C, lim;_o®(tz+ (1 —1)x,y) < D(x,y);

(A4) forallx € C, y— ®(x,y) is convex and lower semicontinuous;

(B1) foreach x € H and r > 0, there exists a bounded subset D, C C and y, € C such that for
any z € C\Dy,

(e, +90n) + e 2,2-3) < 9(2)

(B2) C is bounded set.

Assume that either (B1) or (B2) holds. For x € C and r > 0, define a mapping Tr((b’go) H—=C

as follows.

TP (x) :={z€ C: D(z,y) + 0(y) + %(y—z,z—x> > ¢(z), VyeC}

forall x € H. Then , the following conditions hold:

(i) For each x € H, Tr(®’¢) (x) #0;
(i1) T,(¢’¢) is single-valued;

(ii1) T,(¢’¢) is firmly nonexpansive, i.e.,
|| Tr((I)7(P)x _ Tr(q)7(P)y||2 S <Tr(q)7(p)x _ Tr(q)7(P)y,x _ y>’ \V/X,y c H;

(iv) F(T,®?) = MEP(®,¢) ;
(V) MEP(®, ) is closed and convex.

Remark 2.7. If ¢ =0 then T,(q)’(p) is rewritten as 7.2,

Lemma 2.8. (see [7]) Let C be a nonempty closed convex subset of H. let G1,G>:CxC — R
be two a bifunctions satisfying conditions (Al)-(A4) and let the mapping Fi,F> : C — H be

§1— inverse strongly monotone and {y— inverse strongly monotone, respectively. Then, for
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givenx,y € C, (X,y) is a solution (1.7) if and only if X is a fixed point of the mapping T :C — C
defined by

T(x) = TOTE (x — toFox) — i AT (x — o Fax)), Vx e C,

where y = T‘gz (X — wFX).
The set of fixed points of the mapping I" is denoted by O.

Proposition 2.9. (see [16]) Let C,H,®, ¢ and Tr(q)’(p) be as in Lemma 2.6. Then the following
holds:

s—t
S

forall s;t >0andx € H.

Lemma 2.10. (see [5]) Assume that T is a nonexpansive self-mapping of a nonempty closed
convex subset C of H. If T has a fixed point, then I — T is demi-closed, that is, when {x,}
is a sequence in C converging weakly to some x € C and the sequence {(I — T)x,} converges

strongly to some y, it follows that (I — T)x = y.

Let X be a real Hilbert space and C a nonempty closed convex subset of X. For a finite family
of nonexpansive mappings 71,73, ..., Ty and sequence {4, ;}Y | in [0, 1], Kangtunyakarn and

Suantai [8] defined the mapping K, : C — C as follows:
Un1 = X1 T1 + (1 =2, 1)1,
Un,2 = )vn,ZTZUn,l + (1 - )Ln,Z)Un,lv

Unz = Ao B3Un2+ (1 —A4,3)Up 2,

UnN—1 =2y N-1TN-1Up N2+ (1 = Ay n—1)UpN—2,
(2.1 Ky =UyN = A NINUpN—1+ (1 = Ay N)Unn—1

Such a mapping K, is called the K—mapping generated by 7,73, ..., Ty and A, 1,4, 2,..., Ay n-

Definition 2.11. (See [8]) Let C be a nonempty convex subset of a real Banach space. Let

{T,}ﬁ\': ; be a finite family of nonexpansive mapping of C into itself, and let A;,..., Ay be real
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numbers such that 0 < A; < 1 for every i = 1,...,N. They define a mapping K : C — C as

follows:

U =MT1+(1-1)I,
U, =L1HLU, + (1 —Az)Ul,

Us = L3T3U2+ (1 - 2A3)Us,

Unv—1=2AN-1Tny-1Uny—2+ (1 —An_1)Un-2,

K=Uy = WTnUn_1+ (1 — Ay)Un_1.
Such a mapping K is called the K—mapping generated by T7,...,Ty and A1,..., AN.

Lemma 2.12. (See [8]) Let C be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}Y_| be a finite family of nonexpansive mappings of C into itself with \Y_ | F (T;) #
O andlet Ay, ..., Ay be real numbers such that 0 < A; < 1 foreveryi=1,....N—1and 0 < Ay <
1. Let K be the K—mapping generated by Ty ..., Ty and Ay,...,Ay. Then F(K) = NY_ F(T;).

Lemma 2.13. (See [8]) Let C be a nonempty closed convex subset of a Banach space. Let
{T:}.| be a finite family of nonexpansive mappings of C into itself and {A;}Y | sequences
in [0,1] such that Ap; — Aj, as n — oo (i =1,2,...,N). Moreover, for every n € N, let K and
K, be the K—mappings generated by Ty, T»,...,Ty and Ay, Ay,..., Ay and Ty, T, ..., Ty and

Mt An2, ..., AN, respectively. Then, for every x € C,
lim ||K,x — Kx|| = 0.
n—yoo

Lemma 2.14. (see [12]) Let {x,,} be a bounded sequence in a Hilbert space H. Then there exits

L > 0 such that

N
(2.2) | Kn 12041 — KnXn || < X041 — 2| +LZ [ Ant1,i = Anil
=1

1=

Vn > 0.
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3. MAIN RESULTS

We are now in a position to prove the main result of this paper.

Theorem 3.1. Let H be a real Hilbert space, C a closed convex nonempty subset of H. Let

®D,G1,Gr : C X C — R be three bifunctions which satisfying (Al)-(A4) and ¢ : C — R a lower

semicontinuous and convex functional. Let A,F,F, : C — H be 1 —inverse strongly monotone,

§1—inverse strongly monotone and §,—inverse strongly monotone, respectively. Let {T,}fV: | be

a finite family of nonexpansive mappings of C into itself such that A = ﬂﬁvle(Ti) NQNO #0

and f a p—contraction of C into itself. Assume that either (B1) or (B2) holds. Let x| € C and

let {x,} be a sequence defined by

(3.1

¢
[
un — TrEl ’(P) (.Xn - rnA.Xn),

Yo = T (1502 (tn — paFotty) — t Fy T (uy — o Pouy)],

[ X1 = O f (Knxn) + Buxn + YnKnyn, ¥n > 1,

where K, is a K—mapping generated by Ty, T»,..., Ty and Ay 1,An2,. .., Ay N and {0}, {Bn}

and {w} are three sequences in (0,1) with 0, + B+ Y = 1, {Ani}Y_ | a sequence in [a,b] with

0<a<b<l,{r}asequencein|0,2n] foralln € N, u; € (0,28;) and p, € (0,2,) satisfy

the following conditions:

(i) the sequence {r,} satisfies
CHO<c<r,<d<2n;and
(C2) Zl |rn+1 - rn‘ < oo

n—=
(ii) the sequence {ay,} satisfies
(D1) lim a, =0, and
n—yoo
(D2) ¥ oy =oo;
n=0
(iii) the sequence {B,} satisfies
(E1) 0 < liminf B, <limsupf3, < 1,
n—roo n—soo

(iv) the finite family of sequences {A,;}Y_, satisfies
(F1) li_r>n |Aut1i—Ani| =0foreveryic{1,2,...,N}.
n—oo
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Then {x,} converges strongly to x* = Ppf(x*) where A= " F(T;)NQN O and (x*,y*) is a

solution of problem (1.7) where y* = ng (x* — up Fox™).

Proof. Letx,y € C. Since A is 11 —inverse strongly monotone and r,, € (0,21) ,Vn € N, we have

(I = rud)x — (I — rpA)y||* = [lx —y — ra(Ax — Ay) |2
—llx—ylI>=2r,(x—y.Ax—A 2\l Ax — Ay||?
| = y[|” = 2ry (x — y,Ax — Ay) + r;||Ax — Ay|
< [lx—y|I* = 2run||Ax — Ay||> + 5 || Ax — Ay||?
= [lx = y|* 4+ ra(ra — 210)|| Ax — Ay|?

< fx—yl%,

then the mapping I — r,A is a nonexpansive mapping, and so are I — (1 Fy and I — up F5, provided
ti € (0,28;) and py € (0,28,), respectively.

We shall divide the proof into several steps.

step 1. We shall show that the sequences {x,} is bounded.

Let p € A=nY,F(T;)NQNO. Since p = Tr(nq)’q)) (p—rsAp) and Trff"”) and (I —r,A) are

nonexpansive, we obtain that for any n > 1,

D, D,
it — pll = IS5 (60 — rnAx) = T2 (p — raAp) |
< ||(xn_rnAxn) - (p_rnAp)H

(3.2) < [Jxz = pl|.
Putting z, = ng(un — U Pouy) and z = ng (p— wFp), we have

G G
12 = 2|l = | T? (un — p2Foun) = T7* (p — H2 F2p) |
< |(un — w2 Foun) — (p — t2F2p)||

(3.3) < lun—pl-
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And since p = Tucfl (z— w1 Fiz), we know that for any n > 1,
yn = pll = 175" (20 — 1 Fiza) — Ty, (2 — 1 Fi2) |
< |[(zn — t1Fizn) — (2 — i1 F12) |
< lzn -2l
(3.4) <lun —pl|-

Furthermore, from (3.1), (3.2) and (3.4) we have

%041 = Pl = |06 f (KnXn) 4 Buxn + YKy — Pl
= || o f (KnXn) + Buxn + YKnYn — (0t + Bu + 1) P
< || f(Knxn) = pll + BullXn — Pl + %l [ Kuyn — P
< an(||f(Knxa) = f(P) || +11£(P) = PII) + Ballxn — Il + ¥allyn — Pl
< o (pllxn — Pl + 1 £(P) = PI) + Bullxn — Pl + Wallxa — Pl
= 0P 1xn = pl| + Bullxn — Pl + Yallxa — Pl + ol f(P) — Pl
= 0P [|xn — Pl + (1 = @) % — pll + 0l f(P) = Pl
= (1= 0(1=p))|lxa = pll + el f(p) — pll
(35) = (1= (1 =p))lba =l + 001 =) T 11(p) =l
It follows from (3.5) induction that
% —pl| <M, Vn=>1

where M = max{||xo— p||, ﬁHf(p) —p||}- Hence {x, } is bounded, and so are {u, }, {y,}, {Axn},{f(Kuxn)}

and {K,yn}.

Step 2. We claim that 1i_r>n ||Xn4+1 — xa]| = 0.

Define

(079 Yu
3.6 = K —— K
we have

Xn+1 = ﬁnxn + (1 _ﬁn)wru Vn > 0.
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Notice that
O41 Yn+1 Oy Y
— = ||————f(K ——K, ——f(K — K,
Hwn+1 Wn” ” 1 _Bn—i-lf( n+1xn+1) + 1 _ﬁn—i-l n+1Yn+1 1 _ﬁnf( nxn) 1 _ﬁn n)’nH
Oyt 1 Ot 1 (o
< ——F (K1 Xnr1) — f(Kuxn)|| + - S (Knx
I—Bn+1“ (Knt1%n41) — [ (KnXn) | |1—ﬁn+1 I—Bn||| (Knxn) |
Ya+1 Yn+1 T
—— K, — K — K
+ 1_ﬁn+1 H n+1Yn+1 nynH+|1_Bn+l 1_Bn|H nynH
041 Op i1 O
< ——p|K - K — K K
= 1—ﬁn+1p” n+1Xn+1 nan+|1—ﬁn+l 1—ﬁn|(”f( n%n) ||+ [ Knynl])
1
(3.7) +%—+||Kn+1)’n+l _Kn)’nH'
1_Bn+1

From Lemma 2.14, there exist L; > 0 and L, > 0 such that

N
O+1
[Wat1 —wal < s (||xn+1—xn||+LIZ|7Ln+17i—7tn,i|)
i=1

1_ﬁn+1p -
On+1 oy
— K K
+|1—ﬁn+1 1_ﬁnl(Hf( wXn) || + [ Knynll)
Ya+1 N
n
(3'8) + (Hyn—l—l_)’n”‘*’LZZ‘/ln_H’,'—)un’iD.
I_BI’H-l =

Notice that

[ _yn||2 = ||T/g1 (znt1 — M1 F1zng1) — Tlgl(zn - .ulFIZn)HZ
< | (znt1 —2n) — 1 (Frzns1 — Fiza) |?
= HZn—H _Zn||2 _2.u1 <Zn+1 — Zn, F1Zp41 —FlZn> +/-L12HF1Zn+1 —FIZnH2
2 2 2 2
< zns1 = zal|” = 2001 G1 || Fizng1 — Fizal|” + Ui [|Fizns1 — Fizal|

= ||zns1 — zal|* + 1 (1 = 280) | Fizns1 — Fiza?
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Hyn—O—l _ynH2 < HZn—H _ZnHz
= |02 (a1 — 2 Fatty 1) — T2 (un — o Py ) ||
< (1 — ) — o (Fatty 41 —qun)H2
= ||”n+1 - un”z - 2.u2<un+1 — U, Foup 1 — F2”n> + IJ22||F2Mn+1 _F2”n||2
< H o 2_2 _ 2 2 _ 2
<t 1 — un| W2 o || Fattn 1 — Faun ||~ + 15 || Fattn 11 — Fauy |

= 1 = tnl|* + 2 (H2 = 28) || Fatt 1 — Foan |

(3.9) < i1 — un*.
And
P, (o8
it — tenll = 1T et — rn1Axinst) = T (6 — rnAsy) |

P P,
TP (it = Fu1Axns1) — TP (6 — )|

TP (0 = raAry) = TP (3, — 1A, |

n+1
< ||(xn+l - rn+1Axn+1) — (X0 — rnAxn)”

[OR D,
+ || T,( ) (xp — rpAxy) — T,El ¢) (xp — rpAxy) ||

n+1
= ||Xnt1 — Xn — Fup1AXnp 1 + Fnp1AXn — Fpp 1AXy + 1AX, |

FITL (xy — raAxy) — T2 (0 — rpAny) |

T'n+1

< ”(xn—kl - rn+1Axn+l) - (xn - rn—|—1AXn)H + HrnAxn - rn—HAxn“

FITE (= radn) = TP (10— rdAy) |

nt1
< ||xn+1 —an + |rn+1 - "n|||Aan

(3.10) FITP) (2 — ) — TP (2, — 1A,

n+1
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It follows from (3.9) and (3.10) that

Hyn—O—l _ynH < Hun—l—l _unH
< 1 = Xall 4 [Fnr1 — [ A

(3.11) F 1T (= rAxy) — T (0 — rudiy)|.

Without loss of generality, let us assume that there exists a real number k such that r, > k> 0
for all n. Utilizing Proposition 2.9, we have
@
1T (0 — rnAsn) — T (x5 — raAAy) |

Tpal —T
< I =l o0y
rn+1

14 1 T,
(3.12) MH A0

— rpA)xy ||

By (3.11) and (3.12) , we have

B13)  [lywet =3l < [ower = all + 7 — 7l Al + L (= rad).

k
Combining (3.8) and (3.13), we deduce
Olp+1 N
st = wll <~ p (s =l L1 Y = ]
I_BIH-] i=1
|2 (Kon) |+ | Koyl
1_ﬁn+1 1—- ﬁ
1 1 r
£ s~ + Jrss — ral Az T @0y
1_ﬁn+l k
N
+ L2 Y | Aps1i— Anil)
i=1
1
< ||xpg1 — xn||+\ ngn 1= ﬁl(llf( Kxn) || + || Knynl|)
Yn+1 a1 o)
- 5 —I'n A n - A 7 n I_ I’lA n
T2 = sl + Tl = lITE =)

1 O+1
TR Lzz [Ant1,i — Al +7 — L Z A1 —
l_ﬁnH i=1 Bn i=1
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Therefore
Olp+1
[Wit1 = Wal| = [[Xn1 = xal] < | — |(I1f (Knxn) || + (| Knynl)
l_ﬁn—l-l I— ﬁ
1 1
b A+ P Rl - )
1—Bui1 1—But1
Yo+1 Oyt 1
(314) + 1 LZZMWH—U )L + LlZM*n—Hl )\w,' .
_ﬁn+ i=1 ﬁn i=1

Applying the conditions (C2), (D1), (E1) and (F1) and taking the superior limit as n — oo
to (3.14), we have

limsup(||wy 1 —wa|| — [[xp1 —Xa||) =
n—soo

Hence, by Lemma 2.5, we get 1i_r>n ||Wn — x,|| = 0. This implies that
n—roco
r}l_{rgo [%n1 = xnl = ,}g?o(l = Ba) llwn — x| = 0.

Step 3. We shall show that lim ||x, — u,|| =0, lim |ju, —y,|| =0,
n—oo n—yoo
r}glolo ||, — yn|| = 0 and lim | Knyn —ynl| =0

Since x,,+1 = o, f ( nx,,)—l— Brxy + % Knyn, we obtain
1260 — Kyl < [0 = X 11| + [ X041 — Koyl
Hxn—xn+1H+H(an( nxn)‘Fﬁnxn‘f‘Yn nyn — nynH
:”xn xn+1||+||anf( nxn)+ﬁnxn (1—}/,,) nynH

||xn_xn+1||+||anf( nxn)+ann (an""ﬁn) nynH

< Hxn _Xn+l|| +OC”Hf( nxn) nynH +ﬁn”xn _Knyn“

and hence

1
(315) xn_Kn n S T *n X + nXn n nil-
I wnll < 75 In =i | ﬁnl\f( ) = Ky

Since o, — 0 and ||x,;, — x,,+1|| — 0 as n — o, (3.15) implies that

(3.16) 1im [lx, — Koyl = 0.
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Since A, F| and F, are 1) —inverse strongly monotone, {; —inverse strongly monotone and {, —inverse

strongly monotone, respectively and p € A, we have

X1 — PlI* = (| f (Knxn) + Buxa + YaKoyvn — P
< || f (Knxn) = pII* + Bullxn — pII> + %l Knyn — pII>
< 0| f (Knxn) = pII* + Bullxa — P> + Wllyn — pII>
= || f (Knxn) = pII> + Bullxn — pI* + Wall T (20 — 11 Fiza) — Ty (2 — i Fi2) |2
< || £ (Knxn) = pI* + Bulben — pII> + Wl (20 — 2) — 1 (Frzn — F12) ||?
< O f (Knxn) = pII* + Bullxn — pII* + Yalllzn — 211> — 2041 (20 — 2, Fiza — Fi2)
+ U7 || Fiza — Fiz?]
< || f(Knxn) _PHz‘i‘ﬁonn _PHZ‘f’?’n[HZn _ZH2 =21 81| Fizn —F1zH2
+ 17 || Fizn — Fizl|’]

= 0l f(Kxn) = P11+ Ballxn — pII> + alllzn — 2l + w1 (1 = 281) | Fr 20 — Fiz]?]

= 0| f (Kxn) = pII> + Bullxn — pIP* + Wl T2 (un — t2Poun) — T (p — paFop) |2
+ (= 281) || Fizn — Fizl]

< Ol F(Knxa) = pIP* + Ballxn — p 1P + Wlllun — pI1 + 2t — 28) | Poun — o2
+ 1 (1 —280) || Fiza — Fiz|?]

= ol £ (Knxn) = PP+ Bl — pI> + Wl T (6 — rudca) = T (p = radp) |
+ 2 (2 = 25) | Foun — Fop||* + w1 (o1 — 281) ||Fizn — Frz||?]

< Ol F (Ka) =PI + Ballxn — pII? + Wl — pI2 + ra(rn — 21) | Axy — A2

(3.17) + (2 — 285) || Bty — Bop ||* + i (11 — 281 [|Frzn — Fiz]|%).
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It follows that

Yarn (21 = 1) [ A% — Ap|1* + %att2 (282 — 112) | Fattn — Fap|* + Yubt1 (281 — )| Frzn — Faz|®
< 0| (Knxn) = PII> + Ballxn — pII* + Wallxn — pII* = [Jxas1 — plI?
= 0| f (Kuxa) — pII* + (1 = 0 50 — 1> = [|X0 11 — pI?
= O|| £ (KnXn) = PII* = 0Onllxn — P> + |50 — PII* = |01 — pII?

< 0| f (Knxn) = PII* = Ol = pII* + [0 — X1 || % (160 = Pl + g1 — )
Since 0 < ¢ <r, <d <2n, we have

te(2n = d)||Axy — Ap||* + %ut2 (282 — o) | P2 — Fap||* + Ykt (281 — ) | Fiza — Fiz]®

(3.18) < o[ f(Knxn) _P”2 — Oty —p||2+ 1% = Xng1 || X ([|xn = Pl + [lxns1 = pIl)-
From oy, — 0, ||x, —x41]|| = 0 as n — oo and the boundedness of {x,} and { f(Kx,)}, we have
lim ||Ax, —Ap| =0, lim ||Fiz, — Fiz|| =0 and lim ||Fou, — F>p| = 0.

n—oo n—oo n—oo

Indeed, from (3.2), (3.3) and Lemma 2.6, we have

G G
lzn—2l|? = || T2 (1t — 2 Foun) — T2 (p — paFop) ||

< <T£2(un — o Fou,) — T;% (p— w2F2p), (un — 2 Fouy) — (p — 2Fop))
= <(”n - .u2F2un) - (p - .UZFZP)aZn _Z>
1
= 5 (I = p2Foun) — (p — Fp)|* + 20 — 21> = || (un — p2Faun) — (p = taFap) — (20— 2)|°)
< Ll = PP+ N1z = 22 = | (ttn — 20) — 2 (Fott — Fop) — (p—2) 2
< 5 (et = P17+ llzn =217 = [ (ttn = 20) = p2(F2utn = Fap) = (p = 2)II)
1
< 5 ([lxn — P+ llzn =2l = | (n —20) = (P = 2)|I?
+ 240 (= 20) — (p — 2), Fattn — Fap) — W3 || Faun — Fap|[),



692 BENJAWAN RODJANADID AND SUPUNNEE SOMPONG

and

v — P> = 1T (20 — 1 Fiza) — T (2 — i Fiz) ||
< T (20— Wi Fiza) — T (2 — W Fi2), (20— i Fiza) — (2 — i Fi2))
= ((zn — M1 F120) — (2— W1 F12),Y0 — )
1 2 2
= E(H(Zn_.ulFIZn)_<Z_.UIFIZ)H + [lyn—pll
(20— m1Fizn) — (z— Fiz) = n = p) 1)
2 2 2
< Z(lzn =2lI” + lyn = PII” = | (zn —yn) + (P —2) |
2u1{(zn —yn) + (p—2), Fizn — F12) — Ui | Fiza — Fiz||*)
<

(Ihen =PI+ lyn =PI = [l (zn = ya) + (P = 2)|?

2u1((zn —yn) +(p—2), Fiza — F12)

which implies that

(3.19) [|zn—2l|* < |lxa = pII* = [l (un —2n) = (p = 2) 1> + 2482 (s — 20) — (p = 2) | | Fott — F2p|
and

(3.20) [[yn = pII* < [lxn = pI* = 1| (za =) + (P = 2) 1> + 211 | Fi 20— Fiz]|[| zn = ya) + (= 2) .

It follows from (3.20) that

b1 = > < ol £ (Knxn) = P> + Ballxn — pI* + ¥allyn — pII°
< || f (Kuxa) =PI + Ballxn = p1I? + %0l = pII* = 1l (2 = ya) + (p = 2)|I?

+2t[Frzn — Fiz||[[ (zn = yn) + (p = 2) D),
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which finds that

Wallzn—yn) + (P = 2DI* < Al f (Knxn) — PII* + Bullxa — pII* + allxn — pII* = 5041 — P12
+ 21 YallFizn — Fizl| || (za — yn) + (p — 2) ||
< O‘an(Knxn) —p||2 - O‘onn _PHZ"‘ ”xn —Xn+1 ”

(3.21) X (e = pll + 1vas = pll) + 20 ¥ [ Frzn = Fizll[[(za = ya) + (P = 2) |-

Since o, — 0, ||xy, —xpt1]| = 0 and ||Fiz, — Fiz|| — 0 as n — oo, we have

(3.22) lim [|(z, —ya) +(p—2)| = 0.

n—oo

Also, from (3.4) and (3.19) , we obtain that

Pns1 = pI* < 0l £ (Knxn) = P> + Ballxn — pII* + ¥allyn — pII°
< 0 f (Knxa) = PII* + Balben = pII* + W (llzn — 21> = [l zn =) + (= 2>
+ 2w [|Fizn — Fizlll[(zn — ya) + (P = 2))
= 0 f(Knxn) = P11+ Ballxn = pII* = all (zn = ya) + (P = 2) |17
+ 2%t [|Fi2a — Fiz||[|(zn = ya) + (P = 2) | + % (lxa — p||?

I

= l(un = 20) = (P = D I” + 22| (s = 20) = (p = | F214 — F2p )

It follows that

Yll(n —z0) — (P _Z)”2 < 04| f (Kixn) _P||2 + Bl xn _PH2 + Yl _PH2
—[Pne1 = pII* = Wll (2 —ya) + (P = 2)|I?
+ 2% |Fizn — Fizl|[|(za —ya) + (P = 2)
(3.23) + 2%t || (un = 20) = (p = 2) [ | Foutn — Fap|
< 0| f (Knxa) = PII* = 01w = p 1+ 130 = X1 || ([ n — |

b1 =PI = all (2w = ya) + (0 = 2> + 291 | Frzn — 2|

(3.24) XN (zn = yn) + (P = )|+ 2Wutt2 | (n = 20) = (p = 2) ||| Fattn — Fap]|-
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Since &, — 0, |[xy —xp41]| = 0, ||Faup — Fop|| — 0and ||(zy —yu) + (p—2)|| = 0 asn — oo,

we have

(3.25) lim || (itp — z4) — (p—2)|| =0.

n—oo

In addition, from the firm nonexpansivity of T,E?’"’) , we have

b o)
it — |2 = | TS5 (6, — raAx) = T2 (p — ) |2

< (un = p, (Xn — raAx) — (p — raAp))

= %(H(Xn — ruAxy) = (p = raAp)|> + llutn — pII* = | (X0 — raAxn) = (p — raAp) — (tn — p)|I*)
< %(Hxn—PHer lttn — P> = 11 (X0 — t4n) — (A, — Ap)||*)

= %(Hxn—szﬂLHun—sz— 0 — w4 1> + 27 (Axy — Ap, Xy — ) — || Ax, — Ap|1%,

which implies that

(3.26) [[un _sz < [|lxn _17H2 — [ —unH2—|—2rnHAxn —Ap|||lxn — unl|-

From (3.1), (3.4) and (3.26), we have

[xas1— plI* < ll £(Knxa) = P>+ Bullxn — pII* + Wallya — I
< 0| f (KX _P‘|2+ﬁonn _P”2 + Yallun _PH2
< O‘an(Knxn) _p||2+Bonn _p||2+7n(||xn _PH2

[l — |+ 27| Ay — Ap]| [0 — ).
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It follows that
Pl — all* < 0l £(Knxa) = P11+ Balln = pII> + Wl bn = pII* = [Pne1 = pII>
+ 2 nl|Axy — Ap|[|| 30 — un||
= 0| f(Kuxn) = PII* = Oalln = pII> + |2 = pI* = [Pn1 — pI?
+ 2%t | Axn — Apl|[|Xn — un |
< 0| £ (Knxn) = pII* = 0tallxa = pII* + (|Pin = pll + [[xas1 = pID 0 = X1 |
+ 2% || Axn — Ap||[|Xn — un]|-
Since o, — 0, ||Ax, —Ap|| — 0 and ||x;, — x,,+1|| — 0 as n — e, we obtain that
(3.27) lim [1x, — ]| = 0.

From (3.22), (3.25) and (3.27), we obtain that

lim |y — yu || = lim |[(uy — 20) — (P —2) + (20— yu) + (P —2)||
n—oo n—oo

< lim [[(un —20) = (p = 2)|[ + lim [ (z0 —yn) + (P =2

n—oo

(3.28) =0

and

(3.29) lim ||x, — yu|| < lm [|x,; — uy|| + lim ||u, — yu|| = O.
n—soo n—soo n—yoo

Since ||Kyyn — Yl < [|Knyn — Xnll + [|Xn — ynl|, by (3.16) and (3.29), we have

(3.30) lim || Ky, — yn|| = 0.
n—soo
Step 4. We shall show that

limsup(f(x*) —x",x, —x*) <0,
n—soo
where x* = P f(x*). To show this inequality, we can choose a subsequence {yy, } of {y,} such
that
(3.31) lim (f (x™) —x*, y,, —x*) = limsup(f(x™) —x*, y, —x*).

i—yoo n—yoo
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Since {yy,} is bounded, there exists a subsequence {y,,;} of {ys} which converges weakly to
o. Without loss of generality, we can assume that y,, — @. Let us show @ € A.

First, we show that @ € O. Utilizing Lemma 2.6 , we have for all x,y € C

IT() = TP = 1T (T2 (x — paFox) — i F T2 (x — paFax)]
— T L2 (v — o Fay) — IR T2 (y — o Boy)] |12
<| Tﬁz (x — o Fax) — Tﬁ? (v — waF2y) — i (Fy T£2 (x — 2 Fox)
—~ T2 (v - mby))|?
= |10 (x — aFox) = T2 (v — o Fo) 1> = 211 (T, (x — b Fox)
- T;gz (y — t2F2y), Fy TNGZZ (x — uaFox) — Fy T£2 (v — w2k2y))
+ U I FTE (x — maFax) — T (v — o Foy) ||
<2 (x— w2 Fox) — T2 (v — o Foy) 1P — 2001 G | L T2 (x — paFox)
— BT (v — oFoy) | + B IIF T2 (x — maFox) — T (y — o Foy) |
= |72 (x = paFox) = T2 (v — p2Fo) |7+ pa (s = 280 1AV T2 (x — o Fx)
- FlT;gz (y— mFy)|?
< || (x — w2 Fox) — T2 (v — o Foy) |2

<= p2Fox) = (v — 2 Fay)|I?

=||(x—y) — 2 (Fx— Fy)|?
< e =yl? + (2 —28) || Fox — Boy|)?

2
< Jle=yll*
This implies that I : C — C is nonexpansive. Note that

H)’n_r(yn)n = ||F(l/tn) _F(yn)H < H”n_)’nH

from (3.28), we have lim ||y, —'(y,)|| < lim ||u, — yn|| = 0. According to Lemma 2.8 and
n—oo n—yoo

Lemma 2.10, we obtain o € O.
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Next, we show that @ € Q. Since u,, = T,Efp"(p) (xp — rpAxy), for any y € C we have

1
<I>(u,,,y) + (D(y) - (P(”n) + (Axn,y— ”n> + r_<y_ Up, Un _xn> > 0.

n

From (A2) we have

1
(P(y) - q’(”n) + <Axn,y - ”n> + r_<)’ — Un, Un _xn> > _q)<“na)’) > q)()’a ”n)7

n

and hence

Un; — Xn;
(3-32) (p(y) - (p(uni) + <A‘xni7y_ uni> + <y - uni’ r

n;

) > P(y,un,;)-

Putu, =ty+ (1 —t)w forall 7 € (0,1] and y € C. Then we have u; € C. From (3.32) we have

QD(M;) - (p(”nz) + <”t - ”ni;Aut>

> (uy — U, Auy) — (U — U, ,AXy,) — (U — Up;,

= (U — ty,, Aty — Attyy,) + (Uy — Up;, Atty; — Axp,) — (U — Uy, ,

+ q)(u[,l/lni).

Since ||uy, — x,|| — 0, we have ||Au,, — Axy,|| — 0. Further, from monotonicity of A, we have
(Ur — up;, Aty — Auty,) > 0.

From (A4), the weakly semicontinuity of @ , u,, — x,, — 0 and u,, — ®, we have
(3.33) o) — () + (U — ®,Auy) > P(u;, @) as i — oo.
From (A1), (A4), (3.33) and the convexity of ¢ , we obtain

0= DP(ur, ur) + @(ur) — @(ur)
= @(us, (ty+ (1 -1)0)) + @(ty+ (1 - 1)®) — ¢(uy)
< 1D(up,y) + (1= 1) (ur, ©) +19(y) + (1 — 1) (@) — (ur)
< tD(uy,y) + (1= 1)(@(ur) — (@) + (ur — ©,Aur)) +19(y) + (1 = 1) (@) — @(ur)
= 1D(ur,y) =19 (ur) + (1= 1) (u — @, Aug) +19(y)

(3.34) = 1[®(ur,y) — @(ur) + (V)] + (1 =)ty — @, Auy),
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and hence

D(ur,y) = () + @) + (1 =1)(y — @,Au;) > 0, VyeC.

Letting t — 0, it follows from (A3) and the weakly semicontinuity of ¢ that

(3.35) d(w,y) - o(0)+o(y)+(y—0,Aw) >0, VyecC.

This implies that ® € Q. Next, we show that @ € N F(T;). Assume that there exists j €
{1,2,...,N} such that w # T;®. By Lemma 2.12, we have ® # K.

Since y,, — w and @ # K, by Opial’s condition[10] and (3.30) and Lemma 2.13, we have

limin |y, — o|| < liminf|ly,, - Ko|
1—ro0 1—yo0
< li{gglf(ﬂyni _KniyniH + ||Kniyni _Kﬂin + ||Kniw —KCOH)

< li.mianYn,- - (DH,
j—o0

which derives a contradiction. This implies that ® = K®. It follows from
o € F(K) =Y F(T;), that o € " F(T;). Hence @ € A.

Since x* = Ppf(x"), we have

limsup(f(x*) —x*,x, —x*) = lim (f(x™) —x*, x, — x*)
n—yco I—oo

— lim (£(x") — 2y, —x°)

i—oo

(3.36) =(f(x")—x",0—x") <0.
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Step 5. Finally, we prove that {x, } converge strongly to x*.

From (3.1), we obtain

Hxn—|—l _X*H <(an( nxn) "‘ﬁnxn + Y%uKnyn — -X*vxn—O—l —X*>
= 0 (f (KnXn) — X", X011 —X7) + Buxn — %", X041 — X7) + YKy — X %001 —X7)

S <f( ﬂxﬂ) f(X*)axn—i-l _-X*> + an<f(X*) _X*a-xn+l _X*>
1

+

Bl —x* 12+ [xn1 =) + 5 Yn(HKnyn—x 1+ xn 1 —1%)

2"
1 * * * * *
< 5 (L= an)([lxn —x 1P 4 [t = x[17) + 0 (F (6) = X", 01 —x*)
1 * *
5 O ([1f (Knxa) — f (¢ )Z + 1 —x|)
1 * * *
< 5 (=[P =7 1P 4 [t = x[17) + 0 (F (6) = X", 01 —x*)

1 . 1 «

+ 5000 y =2 P+ 5 0l — |
1 2 *(12 1 *12 * * *

(3.37) = 5 (1= (1=p7))lln =277+ Sl 1 =277+ @ {f(67) =27, 201 =27,

which implies that

[P 1 =217 < (1= 06a(1 = p2)) [l = x> + 206 (f (&) = x" xn 1 =)

= (1= 0 (1 = p?))[lxa —x*[|* + 0 (1 = p?) - VICHESEEANESY)
(3.38) = (1= 8,)|xy —x*||> + 8,05,

where 8, = o, (1 — p?) and 6, = ﬁ(f(x*) — X", Xy41 —x*). It is easy to see that Y. §, = oo

n=1
and limsup o, < 0. Applying Lemma 2.4 to (3.38), we conclude that x, — x* as n — oo. This
n—soo
completes the proof. 0J

Corollary 3.2. Let H be a real Hilbert space, C a closed convex nonempty subset of H. Let
D, G1,Gy : C X C — R be three bifunctions which satisfying (Al)-(A4) and @ : C — R a lower
semicontinuous and convex function. Let Fy,F, : C — H be {;—inverse strongly monotone
and §,—inverse strongly monotone, respectively. Let {T,}fi | be a finite family of nonexpansive

mappings of C into itself such that ﬂ?]:]F(T,-) NMEP(®,0)N0 # 0 and f a p—contraction of C
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into itself. Assume that either (BI) or (B2) holds. Let x| € C and let {x,} be a sequence defined
by

(

q)(unay) + q)(y) - (P(u”) + %<y_unaun _xﬂ> > 07 vy € C7

Vn = Tﬁl [Tﬁz(un — wFu,) — W F Tﬁz(un — W Fuy)]

601 = 0 (K) + B+ Koy 9 > 1,
where K, be a K—mapping generated by Ti,T», ..., Ty and Ay 1,An2, ..., Ay and {0, },{Bn}
and {y,} are three sequences in (0,1) with &, + Bu+ Y = 1, {0 }Y.| a sequence in [a,b] with
0<a<b<l,{rm} C(0,0),forallneN, u € (0,28),u € (0,28,) satisfy the following

conditions:

(i) the sequence {r,} satisfies

(Cl) 0< lirginf r, <limsupr, < oo; and

n—oo
N
(C2) Zl [Fn1 — | <o)
n—=
(ii) the sequence {ay,} satisfies
(D1) lim a, =0, and
n—yoo
(D2) ¥ 0ty =oo;
n=0
(iii) the sequence {B,} satisfies
(E1) 0 < liminf B, <limsupf3, < 1,
n—roo n—yoo
(iv) the finite family of sequences { A ;}Y_, satisfies
(F1) li_r)n |Aut1i—Ani| =0foreveryic{1,2,... ,N}.
n—oo

Then {x,} converge strongly to x* = me\’:lF(T,-)mMEP(CD,(p)ﬂof(x*) and (x*,y*) is a solution of

problem (1.7) where y* = ng (x* — up Fox™).

Proof. In Theorem 3.1, forall n > 0, u,, = T,Efp’(p) (xn — rhAx,) is equivalent to

1
(3.39) D(n,y) +@(y) — @(un) + (Axy,y — ) + r_<y — Uy, Up —X,) >0, VyeC.
n
Putting A = 0, we obtain
1
q)(una)’) + (p(Y) - q)(un) + r_<y_ Up, Un _xn> >0, VyeC.
n
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Corollary 3.3. Let H be a real Hilbert space, C a closed convex nonempty subset of H. Let
D, G1,G, : C x C — R be three bifunctions which satisfying (Al)-(A4) and Let A, F1,F, : C —
H be n—inverse strongly monotone, §;—inverse strongly monotone and {y—inverse strongly
monotone, respectively. Let {T,}f]: | be a finite family of nonexpansive mappings of C into itself
such that ﬂé\’:]F(Ti) NEPNO # 0 and f a p—contraction of C into itself. Assume that either
(BI) or (B2) holds. Let x| € C and let {x,} be a sequence defined by

(

D(up,y) + (Axp,y — ty) —i—l<y—un,un—xn) >0, VyeC.

n

Y = T L0 (un — poFotty) — i F1 T2 (uy — o Fauy ),

\xn—l-] = anf<Knxn) + ann + '}/nKnyn;vn > 17

where K, be a K—mapping generated by Ti,T», ..., Ty and Ay 1,An2, ..., Ay and {, },{Bn}
and {} are three sequences in (0,1) with 0, + By + Y = 1, {An;}Y| a sequence in [a,b] with
0<a<b<1,{r,} asequencein[0,2n] foralln e N, u; € (0,28),» € (0,28,) satisfy the
following conditions:
(i) the sequence {r,} satisfies
ClHO0<c<r<d<2n;and
(C2) Zl [Tl — Tn| < oo;
n=
(ii) the sequence { o} satisfies
(D1) lim o, =0, and
n—oo
(D2) Y oy =oo;
n=0
(iii) the sequence {B,} satisfies
(E1) 0 <liminfB, <limsupf, < 1;
n—roo n—soo
(iv) the finite family of sequences {2, ;}Y_, satisfies
(F1) 1211 |Ant1,i— Ani| =0foreveryic{1,2,...,N}.
Then {x,} converge strongly to x* = Py F(T)NEPNO f(x*) and (x*,y*) is a solution of prob-

lem (1.7) where y* = T‘gz (x* — W Fox™).

Proof. Put ¢ =0 in Theorem 3.1. Then we have from (3.39) that

1
D (up,y) + (Axp,y — tty) + — (¥ — tty,up — x,) >0, VyeC.

n
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Corollary 3.4. Let H be a real Hilbert space, C a closed convex nonempty subset of H. Let
D, G1,Gy : C X C — R be three bifunctions which satisfying (Al)-(A4). Let Fi,F, : C — H be
{1 —inverse strongly monotone and {,—inverse strongly monotone, respectively. Let {Tl}fvz | be
a finite family of nonexpansive mappings of C into itself such that "Y_|F(T;) NEP(®)N O # 0
and [ a p—contraction of C into itself. Assume that either (B1l) or (B2) holds. Let x| € C and

let {x,} be a sequence defined by

.

q)(un7y)+ ! <y_un7un_xn> Z Ov vy S C.

'n

Yn = T (T2 (tn — o Fouty) — pu Fy T2 (uy — o Fouy),

\xn-i—l = anf(Knxn) +ﬁnxn + 'ynKn)’navn >1,

where K, be a K—mapping generated by Ti,T», ..., Ty and Ay 1,An2, ..., Ay and {0, },{Bn}
and {} are three sequences in (0,1) with 0, + By + Y = 1, {An;}Y| a sequence in [a,b] with
0<a<b<l, {r} C(0,0),forallneN, u € (0,28),u € (0,28,) satisfy the following

conditions:

(i) the sequence {r,} satisfies

(C1) 0 < liminfr, <limsupr, < oo; and
n—eo n—soo

N
(C2) Zl [Fng1 — 1| < oo;
n—=
(ii) the sequence {oy,} satisfies
(D1) lim a, =0; and
n—oo
(D2) Y oy =oo;
n=0
(iii) the sequence {B,} satisfies
(E1) 0 <liminfB, <limsupf, < 1;
n—eo n—soo

(iv) the finite family of sequences {2, ;}Y_, satisfies

(F1) li_r>n |Aut1,i—Ani| =0foreveryic{1,2,...,N}.
n—oo

Then {x,} converge strongly to x* = mey: F(L)NEP(®)NO f(x*) and (x*,y*) is a solution of prob-

lem (1.7) where y* = T‘gz (x* — W Fox™).
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Proof. Put ¢ =0 and A =0 in Theorem 3.1. Then we have from (3.39) that

1
CD(un,y)+r—(y—un,un—xn> >0, VyeC.

n

Corollary 3.5. Let H be a real Hilbert space, C a closed convex nonempty subset of H. Let
G1,Gy : C X C — R be two bifunctions which satisfying (Al)-(A4) and let A,F,F, : C — H be
N —inverse strongly monotone, {j—inverse strongly monotone and {y—inverse strongly mono-
tone, respectively. Let {Tl}fvz | be a finite family of nonexpansive mappings of C into itself such
that ﬂfvle(T,-) NVI(A,C)NO # 0 and f a p—contraction of C into itself. Assume that either
(B1) or (B2) holds. Let x| € C and let {x,} be a sequence defined by

(
uy = Pe(xp, — rpAxy),

Yn = T (T2 (tn — paFatty) — By T (4 — o Fouy)],

\Xn+1 = Otnf(Knxn) +ﬁnxn + YuKuyn,Vn > 1,

where K, be a K—mapping generated by Ti,T», ..., Ty and Ay 1,An2, ..., Ayn and {0, },{Bn}
and {} are three sequences in (0,1) with 0, + By + Y = 1, {A;}Y| a sequence in [a,b] with
0<a<b<1,{r} asequencein[0,2n] foralln € N, u; € (0,2), > € (0,28,) satisfy the

following conditions:

(i) the sequence {r,} satisfies
CHO<c<r,<d<2n;and
(C2) Zl |rn+1 - rn‘ < oo

n—=
(ii) the sequence {ay,} satisfies
(D1) lim o, = 0; and
n—yoo
(D2) ¥ oy =oo;
n=0
(iii) the sequence {B,} satisfies
(E1) 0 < liminf B, <limsupf3, < 1,
n—roo n—soo

(iv) the finite family of sequences {A,;}Y_, satisfies
(F1) li_r>n |Aut1i—Ani| =0foreveryic{1,2,...,N}.
n—oo
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Then {x,} converge strongly to x* = Pmﬁ.\’le(T,»)mVI(A,C)OOf(x*) and (x*,y") is a solution of prob-

lem (1.7) where y* = ng (x* — W Fox™).

Proof. Put ® =0 and ¢ =0 in Theorem 3.1. Then we have from (3.39) that

1
(Axp,y — up) + r—(y—un,un —x,) >0, VyeC.
That is,
<y_un7xn - rnAxn _un> < O, Vy eC.

It follows that u, = Pc(x, — r,Ax,) for all n > 1. Hence the corollary is obtained by Theorem

3.1. U
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