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Abstract. This paper is concerned with weighted pseudo-almost automorphic functions, which are more general
and complicated than pseudo-almost automorphic functions. New results, concerning the composition of weighted
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class of perturbed hyperbolic differential equations, are established. Our results improve and generalize some
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1. Introduction-Preliminaries

Almost automorphic functions were first introduced by S.Bochner [2] as a natural generalization of the classical

concept of almost periodic function. Almost automorphic function is an attractive topic in the qualitative theory
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of differential equations due to their significance and applications in physics, mathematical biology, control theory
and others.

Recently, the theory of almost automorphic functions and some composition theorems have been developed
extensively (see e.g.[1, 2, 3, 4, 5, 6], [8, 9, 11, 12, 13, 14]). However, to the best of the authors’ knowledge,
results for weighted almost automorphic functions, which are more general and complicated than pseudo-almost
automorphic functions, are rare. Actually, there are even no results available in the literature on the composition
of weighted pseudo-almost automorphic functions. From the work of [3], one can see the basic and key role of
the composition of almost automorphic functions in discussing the existence of almost automorphic solutions to
differential equations and semilinear equations. In this paper, we study the the composition of weighted pseudo-
almost automorphic functions and obtain the existence of weighted pseudo-almost automorphic solutions to the
class of perturbed hyperbolic differential equations.

Throughout this paper, we always assume that H is Hilbert space and (X, || - ||) is Banach space. Let BC(R,X)
(respectively, BC(R x X, X)) be the space of bounded continuous functions f : R — X (respectively, f : R x X —
X), and BC(RR, X)) equipped with the sup norm defined by

[1£1l'= sup [l £()]],
teR

is a Banach space.
Let U denote the collection of functions (weights) p : R — (0,+o0), which are locally integrable over R. If

p €U and for T > 0, we then set
utp)= [ pw
Denote
Us = {p cU: lim u(7,p) :w},
and
Up := {p € U.. : p is bounded with ggﬂgp(x) > 0} )

Obviously, Ug C U, C U, with strict inclusions.

Definition 1.1. [11]

(1) A continuous function f : R — X is said to be almost automorphic if for each sequence of real numbers

n=1

{su}5r_,, we can extract a subsequence {7,};_, such that

¢(t) = lim f(1+7,)

n—soo
is well-defined int € R, and

lim g(1 —7,) = /(1)

n—oo

for each t € R. Denote by AA(R,X) the set of all such functions.
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(ii) A continuous function f : R x X — X is said to be almost automorphic if f(t,x) is almost automorphic in
t € R uniformly for all x € K, where K is any bounded subset of X. That is to say, for each sequence of

oo

real numbers {s,};_,, we can extract a subsequence {T,};_, such that

g(t,x) = lim £(t +7,,)

n—se0

is well-defined int € R for all x € K, and

lim g(t — ©,,x) = f(t,x)

n—soo

forallt € R and x € K. Denote by AA(R x X, X)) the set of all such functions.

For p € U, the weighted ergodic space WAAo(R, X, p) and WAA((R x X, X, p) are defined by

Waso(®%.p) = { £ € B3 Jim s [ 170 lp(nar =0}

F € BC(R x X,X) : F(-,x) is bounded for each x € X and
WAA(R XX, X, p) :=

Tlim m [T |IF (2,x) | (¢)dt = O uniformly in x € X
—yoo p

Now we are ready to introduce the set PAA of weighted pseudo-almost automorphic functions.

Definition 1.2.

(i) Let p € Uw. A function f € BC(R,X) is called weighted pseudo-almost automorphic if it can be expressed
as f =g+ ¢, where g € AA(R,X) and ¢ € WAA)(R,X,p). Denote by PAA(R, X, p) the set of all such
functions.

(ii) Let p € Uw. A function F € BC(R x X, X) is called weighted pseudo-almost automorphic int € R and
uniformly in x € X if it can be expressed as F = G+ ®, where G € AA(R x X, X) and ® € WAA(R x
X,X,p). Denote by PAA(R x X, X, p) the set of all such functions.

The functions g and ¢ (or G and ®) in Definition 1.2 are called the almost automorphic and the weighted ergodic
perturbation components of f (or F), respectively. Moreover, the decomposition g+ ¢ of f (or G+ P of F) is
unique, and WAA( (R, X, p) and PAA(R, X, p) both are Banach spaces with the norm inherited from BC(R,X) (see
[5D.

Definition 1.3. [15] The Bocher transform f’(t,s),t € R,s € [0,1] of a function f : R+ X is defined by

fo(t,s) == ft +).

Definition 1.4. [7] Let p € [1,). The space BSP(X) of all Stepanov bounded functions, with the exponent p,
consists of all measurable functions f : R — X such that f* € L*(R,LP((0,1),X)). This is a Banach space with
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the norm

1+1 |
I£llse = 1f" N0y = SUP(/ Ilf(7)||PdT)?.
ter Jt

Definition 1.5. [14] The space ASP (X) of Stepanov-like almost automorphic functions consists of all f € BSP(X)
such that f* € AA(R,LP((0,1),X)). That is, a function f € LI, (R,X) is said to be SP-almost automorphic if

its Bochner transform f” : R — L?((0,1),X) is almost automorphic in the sense that for every sequence of real

numbers (s))nen, there exist a subsequence (s,)ncn and a function g € LY (R,X) such that

41 i
[/t If(sn+5)—g(s)||Pds]? — 0, and

t+1 1
[/ llg(s—sn) — f(s)||Pds]? =0, as n— o pointwise on R.
1

Definition 1.6. Let p € Us.. A function F : R x X — X, (t,u) — F(t,u) with F(-,u) € L} (R,X) for eachu € X,

is said to be SP-weighted pseudo-almost automorphic if there exists two functions G,® : R x X — X such that

F =G+ ®, where G" € AA(R x L”((0,1),X),X) and ®” € WAAo(R x LP((0,1),X),X, p).

The collection of those SP-weighted pseudo-almost automorphic functions F : R x X — X will be denoted

PAASP(R x X, X, p, p). Note that if p € U and if the limits

limp(H_T) and limM
i (1) T W(T,p)

exist for all T € R, then PAA(R x X, X, p) is translation-invariant.

Let U™ denote the collection of all weights p € U.. such PAA(R x X, X, p) is translation-invariant.

2. Composition theorems of weighted pseudo-almost automorphic func-
tions

Let us give the following assumptions on F’:

(H;) F(t,x) is uniformly continuous in each bounded subset K C X uniformly for + € R. More explicitly,
given € > 0 and K C X bounded, there exists § > 0 such that, x,y € K and ||x —y|| < § imply that
|F(t,x) —F(t,y)|| < e forallr € R.

(Hy) F(R,K) ={F(t,x) :t € R,x € K} is bounded for every bounded subset K C X.

The following lemmas will be used in the proof of the composition theorems.
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Lemma 2.1. Let p € U and f € WAA)(R, X, p). Then, given € > 0,

1
lim ——— / p(t)dt =0,
T—eo W(T,p) JM(T.e.p) "

where M(T ¢, f) = {t € [=T.T]: || f(t)|| > €}.

PROOF. Suppose on the contrary, that there exists & > 0 such that

1

t)dt
u(T,p) -/M<T,so.,f) p()

does not converge to 0 as T — 0. Since p is positive, there exists 8 > 0 such that for each n,

o,
—_— p(t)dt > 6 forsome T, >n.
“(Tnap) M(T,,&,f) ( )

Then

e [ @ o)

H(Tnap) ~Tn
.
s t t)dt
2 757 ey 1P
& /
> t)dt
—  w(T,p) M(Tn~,507f)p()
> 805a

which contradicts the fact that f € WAA((R,X, p), and the proof is complete.

Lemma 2.2. [11]If f : R x X — X is almost automorphic, and assume that f(t,x) is uniformly continuous on each

bounded subset K C X uniformly fort € R. Let ¢ : R — X be almost automorphic. Then the function F : R — X

defined by F(t) = f(t,9(t)) is almost automorphic.

We are now ready to study the composition theorems of weighted pseudo-almost automorphic functions.

Theorem 2.3. Let F € PAA(R x X,X,p) and h € PAA(R,X,p) with p € Us. Assume that conditions (Hy)-(Hp)

and the following condition hold:

(H3) Fuu(t,x) is uniformly continuous in any bounded subset K C X uniformly for t € R.

Then F(-,h(-)) € PAA(R x X, X, p) with almost automorphic component Fuq(-,haa(+)), where Fyq and hgaq are the

almost automorphic components of F and h, respectively.

PROOF. Since F € PAA(R x X, X,p) and h € PAA(R, X, p), we know that F(-,h(-)) € BC(R,X). Let F = Fpy +

F, and h = haq + he with Foq € AA(R x X, X), F, € WAA(R x X, X, p), haq € AA(R,X) and h, € WAA(R, X, p).

Then

F(t,h(1)) = Faa(t,haa(t)) + F (1, h(t)) = F(t,haa (1)) + Fe(t, haa 1))
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Let
G(1) = Faa(t,haa(1)),
(1) = F(t,h(1)) = F(t,haa(t)) + Fe(t  haa(1)).-
Using assumption (H3), we see G(r) € AA(R, X) by Lemma 2.2. So we only need to show that (1) € WAA (R, X, p).
This will be approached by the following two steps.
Step 1. We prove that F(-,h(-)) — F (-, haa(-)) € WAA)(R X X, X, p).
Let K C X be bounded such that #(R),A,,(R) C K. Then, by assumption (Hy), there exists S > 0 such that

(1) |F(t,h(t)) — F(t,hea(t))]| <S forallt € R.

Meanwhile, by condition (H;), given € > 0, there exists § > 0, such that for x,y € K with ||x—y|| < J, we have
€

(2) |F(t,x) —F(t,y)| < 3 forallr € R.

It follows from Lemma 2.1 that

1
lim / 1)dt =0,
T u(T,p) Tsmp( )
where M(T,0,h,) = {t € [-T,T]: ||h.(t)|| > 0}. Thus, there exists Tp > 0 such that

1

3 / dt<— forall T > Ty.
©) u(T,p) Téh)p() 25 T 0

Noticing that ||h(t) — haa(?)|| = ||he(2)|| < & forall t € [-T,T)\ M(T, 8,h,), by (1) — (3) we have, for T > T,
1

[ 16 h0) P haa ) el

u(T.p)
1
= T ey IF 0RO~ F R0
1
u(T,m/ s 1T EAO) = FEha()llp()dt
S €
: w(T.p) /M”he "2 2u(T,p) /[—T.T]\M(T,S,he)p(t)dt
< S—+

28
This shows that F (-, (-)) — F(-,haa(+)) € WAAG(R x X, X, p).
Step 2. We prove that F, (-, hea(+)) € WAA(R x X, X, p).
It follows from assumptions (H;) and (H3) that F,(¢,x) = F(t,x) — Fae(t,x) is uniformly continuous in x €
hao([—T,T]) uniformly in ¢. That is, given € > 0, there exists 8 > 0 such that, for x,y € h,, ([T, T]) with ||[x—y|| <
g,

@) 1F(t,x) — Fo(t,y)| < g for all 1 € R.

Meanwhile, since F,(z,h44(2)) is continuous in [—T, T, it is uniformly continuous in [—T,T]. Set I = hq([—T,T]).

Then I is compact in R since the image of a compact set under a continuous mapping is compact, and so one can
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find a finite 5-net of /. Namely, there exist finite number of points xy,x;, - ,x; € I such that, for any y € I, we

have ||y —x¢|| < & for some 1 <k <m. Let
Or={t € [=T,T]: ||haa(t) —x¢|| < 8}, k=1,2,---.m

m
Then! C | 0. Let
k=1

k—1
%1 ﬁl;%k_ﬁk\<u ) k= 2735 M

i=1

The set By = {t € [=T,T] : haa(t) € Oy} is open in [-T,T| and [-T,T] = |J . Then B;N % =0 when
k=1
Jj # k,1 <k < m. Moreover, by (4) we have

) Fu(t, haa(t)) — Folt, ) || < g forall 1 € By, 1 <k <m.

Since F, € WAA((R x X, X, p), there exists Tp > 0 such that

1
u(T,p)

Now by (4)—(6), for T > Ty, we have

©) / IE.(t, xk)||p()dt<2i for T>Tp, 1 <k<m.
m

1
u(T P)

m k; /E&m[%ﬂ (1Fe(t haa (1)) = Fe(t,20) ||+ [ Fe (2, x0) [ ) p (1)t

1 mn Ep(t) m
i ,;./.%m[m i 3 [ Vel
- T p / p (T P) ‘/{’@kﬂ[—T.T] HFE(t7xk)Hp(t)dt

< Z4m—=c¢,
2+m2m

[ It ) (e

IA

IN

which yields that F,(-,4,(-)) € WAAo(R x X, X, p). The proof is completed.

Theorem 2.4. Let F € PAASP(R x X, X,p) and h € PAA(R, X, p) with p € Us. Assume that conditions (H)-(H3).
Then F(-,h(-)) € PAASP(R x X, X, p).

PROOF. Since F € PAASP (R x X, X,p) and h € PAA(R,X,p), we have F = F,, + F, and h = hy, + h,, where
FP € AAR x X,LP((0,1),X)),F? € WAAo(R x X,L7((0,1),X),p), haa € AAR,X) and h, € WAA((R, X, p).
Now by an argument the same as the proofs of Theorem 3.2 in [7], we can prove that 2, € AA(R,LP((0,1),X)).

It is obvious to see that F?(-,h%(-)) : R+ L”((0,1),X). Now decompose F” as follows

FP i () = Fau(hiaa() +FP (R0 () = Fgy (- haa ()

= Fu( hag()) +FP(h () = FP (- gy () + F) (- g ().
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Using the Theorem 2.3, it is easy to see that F,(-,h2,(+)) € AA(R x X,L”((0,1),X)). So by an argument the
same as the proofs of Theorem 2.3, we can show that F?(- h?(-)) — FP(-,h, () + EL(-,hb,(-)) € WAA((R x
X,,17((0,1),X),p). Hence, F(-,h(-)) € PAAS?(R x X,X, p).

Remark 2.5. In particular, if p = 1-that is, if the composition of pseudo-almost automorphic functions are

considered-Theorem 2.3 is the same as Theorem 2.4 in [11]

For example, let us consider the function

o) = maxkez{ef(ljtkzp}7 reR.

For any T > 0, set p(t) = ¢',] = [/T] + 1. Then we have

. 1 T _ 2\3
im s [ Imasica (e} p o)

1 T 2,3
Lo —(t£k") !
Thg}ou(T,p) /;THmax—lgksl{e Hie'dt

1 o
im et / e =g
Tveo (U(T,p) /oo

1
o AeVT
T W(T,p)

Therefore,
0 (1) = maxgez{e 7} € WAA(R,X, p)
Set
flt,x) = xsinm + ¢ (t)sinx, t,xeR.
Clearly,
xsinm € AA(R x X, X),

@ (t)sinx € WAAQ(R x X, X, p).

If we put x(¢) = cost + ﬁ as an element of PAA(R, X, p), then the composition

1
cos?t + cos?mt

Sf(t,x) = x(t)sin + ¢ (t)sinx(t), teR.

is a weighted pseudo-almost automorphic function by Theorem 2.3.
3. Existence of weighted pseudo-almost automorphic solutions

This section is devoted to the search of the existence of weighted pseudo-almost automorphic solution to the

class of perturbed hyperbolic differential equations

(7 u'(t) =Au(t)+F(t,Bu(t)), te€R.
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where A is the infinitesimal generator of Cy-semigroup (7'(¢));>0, and F satisfy assumptions(H;)-(H3) and we will

use the following assumptions:

(H4) P,Q =1— P are projections, T (¢) is compact for # > 0 and there exist constants M,c,d > 0 such that
|IT(t)P|| <Me™, for t>0.

|T()Q| < Me ™, for t>0.

(Hs) the operator B : H — H is bounded.
(Hg) F € PAASP(R x H,H, p)NC(R x H,H) for p > 1 and p € U..

(H7) there exists L > 0 such that

si= s ([ IR Bus) )b <
1€R,|[Bul| <L /1 T K +Ky
where
KL :M(eqc_l)éie_cn’ Kd:M(eqd_l)é - e—dn’
qc n=1 qd n=1

where M, c,d > 0 are given in (Hy)and g > 1 such that é—l—% =1.
(Hg) Let {u,} C PAA(R,H, p) be uniformly bounded in R and uniformly convergent in each compact subset
of R. Then F (-, Buy,(+)) is relatively compact in PAASP(R x H, H, p).

Definition 3.1. A bounded continuous function u : R — H is said to be a mild solution to Eq.(7) provided that the
Sfunction s — T (t — s)PF (s,Bu(s)) is integrable on (—oo,t), s — T (t — s)OF (s, Bu(s)) is integrable on (—eo,t) for

eacht € R, and

u(r) :/jmT(t—s)PF(s,Bu(s))ds—I—/jmT(t—s)QF(s,Bu(s))ds foreach teR.

Throughout the rest of the paper we denote by V and W, the two nonlinear integral operators defined by

(Vu)(t) := /ij(t—s)PF(s,Bu(s))ds, (Wu)(z) :== /jmT(t—s)QF(s,Bu(s))ds,

for t € R, respectively. It is easy to see that the two integrals above are uniformly convergent in # € R. A function
u € BC(R,H) is called a mild solution of (7) if u can be expressed as: u = Vu+Wu. In addition, if u € PAA(R,H, p),

u is called a mild weighted pseudo-almost automorphic solution.

The following lemma will be used in the proof of the weighted pseudo-almost automorphic solution to the

differential equation.

Lemma 3.2. Let p € Uw, {fn}nen C WAAQ(R, X, p) be a sequence of functions. If f, converges uniformly to some
f> then f € WAA(R, X, p).
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PROOF. Note that f is necessarily a bounded continuous function from R into X, and || f;, — f||cc — 0 as n — oo.

Then we have

1
u(T,p)

1
u(T,p)

< NAO = FOlle+ ———

[ ranewar < s [0 - nwlptar o [ Inolp6a

1
w(T,p)

A

[ 10l

and hence f € WAA((R, X, p).

Theorem 3.3. Let p € U™ Assume (Hy)-(Hg). Then (7) has a mild weighted pseudo-almost automorphic solution

u such that ||Bu(t)|| < L fort € R.

PROOF. Let # = {u € PAA(R,H,p) : ||Bu|| < L}. Then £ is a closed convex subset. We claim that (V +
W)% C B. In fact, for u € B and ¢ € R, by (Hy) and (H7), we have

(V) (2) + (Wu) (1)

= ||[wT(t—s)PF(s,Bu(s))ds—i—/jwT(t—s)QF(s,Bu(s))dsH

t—n+1 1—n+l
= /H T(t — 5)PF (s, Bu(s))ds + Tt — 5)QF (s, Bu(s) ds|

t—n

IN

t—n+1 1—n+l
s [ e o o457 [ e s, But) s

t—n

IN

Q=

IN

t—n+1
Z;"ZlM(/ e~ 909 gs)
t

—n

([ e st ras)?

—n

t—n+1 1 t—n+1 1
wosmm([ e asyi( [P (s Bu(s))|17ds)
1

—n t—n
- e“—1.1 _ - e 1.1 _
< (Zn=1M( gc )qe Cn+2n=1M( qd )qe dn>SL
®) = (KC—FKd)SLSL.

Then we show that V and W are continuous mappings from PAA(R,H, p) to PAA(R,H, p). For u € £, we have u €
PAA(R,H, p) with u = u; + up, where u; € AA(R,H),uy € WAA((R,H, p). So it follows that Bu € PAA(R,H, p)
and Bu; € AA(R,H) from (Hs). Setting h(z) = F(¢,Bu(t)) and using Theorem 2.4, we have h € PAAS?(R x
H,H,p). Hence, we have i = G+ ®, where G® € AA(H,L’((0,1),H)), ®* € WAA((H,L"((0,1),H),p). Let
Ty (1) = G(t,Bur (1)), To(t) = A1 (1) + Ao (1), A1 (1) = F (2, Bu(t)) = F (¢, Bur (1)), N\a (1) = (2, Bus (¢)). Then h(z) =
F(t,Bu(t)) =T (t) + I2(t). From Theorem 2.4 and its proof, we know that IY € AA(R x H,LF((0,1),H)), I'} €
WAA(R x H,L?((0,1),H),p).
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Then
(Vu)(t) = /jmT(t—s)PF(s,Bu(s))ds

= /jmT(t*S)PFI(S)dS+/ij(I*S)Pl“z(s)ds

V]([)+V2([).

Since h = G+ ®, where G € AA(H, LP((0,1),H)), ®* € WAA((H,LP((0,1),H), p). Now let us consider for each

n=1,2,---, the integral

Va(t)

| T~ gy —gyae
= [ r@&6e-gag+ [ TE)e0-E)a
and set Y, (1) = [, T(£)PG(t — &)dE and X, (1) = [, T(E)PD(t — E)dE.
Let us show that ¥, € AA(R,H). For that, letting r = ¢ — & one obtain

t—n+1
Y,(t) = —/ T(t—r)PG(r)dr foreach teR.
t

It follows that the function r — T (r — #)PG(r)dr is integrable over (—eo,#) for each ¢ € R from (Hy).

Furthermore, using the Holder inequality, it follows that

t—n+1
@)l < M/ e ING(r)||dr
t

—n

IN

t—n+1 1 t—n+1 1
M e ani [ 60
—n t—n
1

t—n+1
M[/ e U dr] 4 ||Glsv
t

—n

IN

IA
|

g
<

Now since M { %Zj"’zle‘m < oo, we deduce from the well-known Weirstrass theorem that the series X, Y, (¢)

is uniformly convergent on R. Furthermore,
1
Vi(r) = / T(t —$)PG(s)ds = £ Y,(1),

V) € C(R,X), and
Vi@l < Z @)l < KgMIIGse

where K,j’M > 0 is a constant, which depends on the parameters g,c and M only.
Now let (s,,)men be a sequence of real numbers. Since G € AS”(H), there exist a subsequence (s, )xen Of

(Sm)men and a function v € AS?(H) such that
t+1 .
[/ 1G (5w, +6) — V(0)[|Pdo]? —0 as k- oo.
t

Define Z, (1) = [' T(§)v(r—&)déE.
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Then using the Holder inequality we get

1Yot + 5y ) = Zn (1)

| [ TEPIG-+5m - &)~ vie—ENaE]

IA

L R [ B

IN

MM 16l +sm— &)~ v — &) P,
where M;™ = M{I/%.
Obviously,
1Yt +5m,) —Zu(t)|| =0 as k— oo,
Similarly, we can prove that
| Zn(t +5m,) = Yu(t)|| =0 as k— oo,
Therefore each ¥, € AA(R,H) for each n and hence their uniform limit V; € AA(R,H), by using Theorem 2.1.10

of [13].
Let us show that each X,, € WAAo (R, H, p). For this, note that

t—n+1 )
X @)l < M/ e ) @(r)||dr
1

—n

t—n+1 1 t—n+1 1
< M e ani [ @|ar

t—n —n

) 1 qc t—n+1 1
< oM [ e ran

qc t—n

. 1+ et t—n+1 1

< M e)an,
qc Jt—n

and hence X, € WAA( (R, H, p), as & € WAA((L?(0,1),H, p). Furthermore,
t
V(1) = / T(1 — 5)PD(s)ds = T=_ X, (1),

V» € C(R,H), and

V2@l < Z X (0] < G5 1@ ]lse

where C;‘M > () is a constant, which depends on the parameters g,c and M only. By Lemma 3.2 the uniform limit
Vo € WAA((R,H, p). Hence, we have Vu € PAA(R,H, p). Similarly, we can get that Wu € PAA(R,H, p) and we
omit the details. Therefore, V +W € PAA(R,H, p). This together with (8) yields that (V +W)Z% C A.

Now by an argument the same as the proofs of Lemma 3.4 in [10], we can prove that V and W are continuous

mappings and the following statements are true.

@ {(Vu)(#) :ue B} and {(Wu)(z) : u € A} both are relatively compact subsets of H for each 7 € R.
(@) {Vu:ue B} C PAAR,H, p) and {(Wu) : u € B} C PAA(R,H, p) both are equicontinuous.
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Now using (Hg), by an argument the same as the proofs of Theorem 3.1 in [9], we can prove that V + W has a fixed
point in co(V 4+ W) Z(here we omit the details). That is Eq (7) has a mild weighted pseudo-almost automorphic

solution u such that ||Bu(z7)|| < Lfort € R.
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