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Abstract. By using the compatibility condition and mixed weakly monotone property, in this manuscript, we prove
some coupled common fixed point theorems for four mappings with twice power type ¢-contraction condition in
partially ordered complete metric spaces.Our results are generalizations of the main results of Gordji, Akbartabar

and Cho and Ramezani et al.
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1. Introduction

Existence of fixed points in partially ordered metric spaces was first investigated by Turinici
[14], where he extended the Banach contraction principle in partially ordered sets. In 2004,
Ran and Reurings [12] presented some applications of Turinici’s theorem to matrix equations.
Following these initial articles, some remarkable results were reported, e.g., [1,2,13].

Recently. the existence of coupled fixed points for some kinds of contractive - type mappings
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in partially ordered metric spces, ordered metric spaces, cone metric spaces, fuzzy metric s-
paces, and other spaces with applications has been investigated by some authers, for examples,
Bhasker and Lakshmikantham [3], Cho et al. [5,6], Gordji et al. [7,8] and others. In [3] Bhasker
and Lakshmikantham introduced the notions of a mixed monotone mapping and a coupled fixed
point and proved some coupled fixed point theorems for mixed monotone mappings and dis-
cussed the existence and uniqueness of solution for periodic boundary value problems.On the
other hand Jungck [10,11] introduced more generalized commuting mappings, called compat-
ible and weakly compatible mappings, which are more general than commuting and weakly
commuting maps. Especially, in [9], Gordji et al. introduced the notion of a mixed weak-
ly monotone pair of mappings and proved some coupled common fixed point theorems for a
contractive-type mappings.In this paper, by using the compatible condition and mixed weak-
ly monotone property in metric spaces, we discussed the existence and uniqueness of coupled
common fixed point for four mappings with twice power type @-contractive condition in com-
plete metric spaces.The results presented in this paper improves and extends some previous

results.

2. Preliminaries

Definition 2.1. [3] Let (X,<) be a partially ordered set and f:XxX — X be a mapping. We say

that f has the mixed monotone property on X if, for any x,y € X,

x1,x € X,x1 <x2 = f(x1,y) < f(x2,y)

and

yi,y2 €X,y1 <y2 = f(x,y1) > flx,y2).

Definition 2.2. [3] An element (x,y) € X x X is called a coupled fixed point of a mapping
F:X xX — Xifx=F(x,y) and y = F(y,x).
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Definition 2.3. [9] Let (X,<) be a partially ordered set and f,g:X x X — X be mappings.We

say that a pair (f,g) has the mixed weakly monotone property on X if, for any x,y € X,
x< foy),y = f,x)

= f(x,y) <g(f(x,y),f(3,%),f(y,x) > g(f(y,%), f(x,y))

and
x<g(x,y),y = g(x)
= 8(6y) < f(glx,),8(nx)),8(y,x) = f(g(y: %), &(x,¥))-
Example 2.4. [9] Consider an ordered cone metric space (R,<,d), where < represents the

usual order relation and d is a usual metric on R and let f,g: R X R — R be two functions

defined by
fxy) =x—=2y,8(x,y) =x—y.
Then a pair (f,g) has the mixed weakly monotone property.

Example 2.5. [9] Consider an ordered cone metric space (R,<,d), where < represents the
usual order relation and d is a usual metric on R and let f,g :R x R — R be two functions

defined by
fley) =x—y+1,8(x,y) =2x—3y.
Then both mappings f and g have the mixed monotone property, but a pair (f,g) has not the

mixed weakly monotone property.

Definition 2.6. [10] Let (X, d) be a metric space and let f and g be two maps from X into

itself.Then f and g are called compatible if
limy—ood (f 8Xn,8fXn) =0

Definition 2.7. [4] Let ¢ be a function, we called ¢ satisfies the condition (¢), if the function

¢ satisfying the following condition:

(9):9:[0,00) = [0,00)

and continuous at a point 7 from the right, nondecreasing and ¢ () < ¢ for every ¢ > 0.
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In order to prove the main results of this paper, we need the following Lemmas:

Lemma 2.8 [4] Let the function ¢ satisfies the condition (@), then we have

(i) For all real numbert € [0,), ift < ¢(t), thent = 0;

(ii) For all nonnegative sequence {t,}, ift,11 < ¢(t,), n =12 3....
then lim,,_soot;, = O.
Lemma 2.9. [4] Let (X, d) be a metric space, {y,} is a sequence in X which satisfies the

condition limy_sed(yn,yn+1) = 0. Suppose that {y,} is not a Cauchy sequence in X, then there

must exist an & > 0, and the positive integer sequences {m;}, {n;}, such that
1) mi >ni+1,n; — (i—)oo);

(i) d(Ym;,yn;) > €03d(Ym; (s ¥n;) < € fori=0,1,2,...
3. Main results

Theorem 3.1. Let (X, d) be a complete metric space and let S, T, A and B be four mappings

from X x X into X satisfying the conditions
(i) SXxX)CB(XxX)and T(X xX) CAX xX),
(i1) the pairs (S,A) and (B,T) has mixed weakly monotone property,
(iii)
d*(S(x.y). T (u,v))
< ¢(max{d(A(x,y), B(u,v))d(A(x,y),S(x,y)),
d(A(x,y), T (u,v))d(B(u,v),S(x,y)),
d(A(x,y),B(u,v))d(B(u,v),T(u,v))}), V(x,y),(u,v) € X xX,
(iv) If A and B are continuous and the pairs (S,A) and (B,T) are compatible.
Then S, T, A and B have a unique coupled common fixed point in X.

Proof. Suppose that xp < S(xo,y0) and yg > S(yo,x0) and since S(X x X) C B(X x X) there

exist x1,y; € X such that

S(x0,y0) = B(x1,y1) := x1,
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S(yo,x0) = B(y1,x1) :=y1.

Again the pair (B, T) has mixed monotone property,

B(x1,y1) < T(B(x1,y1),B(y1,x1)) = T (x1,)1)
and
B(y1,x1) > T(B(y1,x1),B(x1,y1)) =T (y1,x1).

Since T (X x X) C A(X x X), there exist xp,y, € X such that

T(x1,y1) =A(x2,y2) := x2,
T(y1,x1) = A(y2,%2) 1= y2.

Again a pair (S, A) has mixed monotone property,

A(x2,y2) < S(A(x2,¥2),A(y2,%2)) = S(x2,¥2)
and
A(y2,x2) > S(A(y2,x2),A(x2,¥2)) = S(y2,%2).

Continuing in this way, we find that

x2n =T (X2n—1,Y2n—-1) = A(X2n,Y20), Y20 = T (Y2n—1,%X20—1) = A(Y2n,X20)
and

X211 = S(x20,¥20) = B(X2n+1,Y20+1), Y2n+1 = S(V2n, X20) = B(Y2n+1,X2041)

for all n > 1. Then we can easily verify that
X0 S X1 <X < <X <Xpg1 <o

and
VO Z V1 Z V2 2 e Z V0 Z Vgl 2 eeeeeneenn
Similarly, from the condition xo < T'(xo,y0) and yo > T (yo,xo), one may easily see that the

sequences {x,} and {y,} are increasing and decreasing respectively. Let d,, = d(x,,x,+) and

d), = d(yn,yn+1).- Now we shall show that

r}grolodn = nlglgod(xmxn—kl) =0and r}l_l;lf}od;; = r}i_?;lod(ynayn—l—l) =0. <1>



COUPLED COMMON FIXED POINT THEOREMS 725

In fact, from condition (iii) and the property of ¢, we have

d*(X2p—1,%2n)

= d*(S(x2n-2,Y21-2), T (X2n—1,¥20-1))

< ¢(max{d(A(x21—2,Y21n-2),B(X2n—1,Y2n-1))d(A(X2n—2,Y20n-2),S (¥2n—2,¥20-2));
d(A(x2n-2,Y20-2), T (Xx2n—1,Y20-1))d(B(X2n—1,Y20—1),S (X202, Y20-2)),
d(A(x2n—2,Y2n-2), B(x2n—1,Y20-1))d(B(x2n—1,Y2n-1), T (X2n—1,Y20-1)) })

= ¢ (max{d(x21—2,X2n—1)d (X202, %20—1),d (X2n—2,X20)d (X201, %20—1),d (X202, X2n-1)
d(xan—1,%2)})

= ¢ (max{d*(x2n_2,%201),d (X202, X201 )d (X20_1,%21) })-

Now suppose that d(x,—2,%2,—1) < d(x2,—1,%2,), by the property of function ¢, we get

dz(x2n71 ,in) < ¢ (dz(Xanl 7x2n))-

Therefore by virtue of this and using Lemma 2.8 (i), we have d? (x2n—1,%2,) = 0, which implies

that d(xp,—1,%2,) = 0. Thus
d(xan—2,%n-1) < d(x20-1,%24) =0,
which is a contradiction. It follows that, in any event, we have
d(xon—2,X2n-1) > d(Xan—1,%21)-
It follows that d?(x2,_1,%2,) < ¢ (d*(x2,_2,%2,_1)). Hence by Lemma 2.8 (ii), we get
d*(xn—1,%2,) — 0(n — o0) and so r}i_r)r;d(xznq ,X2n) = 0.
Similarly, we find that lim,,_,e d(y2,—1,Y2,) = 0. Also it can be proved that
’}grgod(xzn,xzn+1) =0

and limy, e d(y211, ¥20+1) = 0. Thus, lim,, e d (X, X,4-1) = 0 and lim,,_,eo d (¥, Vn+1) = 0, There-

fore we obtained result (1).
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Next we shall prove that {x,} and {y,} are Cauchy sequences in X. If not, by Lemma 2.9
there exists & > 0 and the positive integer sequences {m;}, {n;} such that
(@) mi > ni+ 1, nj — oo(i — o).
(b) d (X, Xn;) > €05 d(Xpm;—1,%n,) < & fori=0, 1, 2,...
or d(Ym;,Yn;) > €03 d(Ymi—1,Yn;) < & fori=0,1,2,...

Letting ¢; = d(xmnxni); 6; = d(ymivyni)’ we get

80 S ei S d<xm,-axm,~—1) +d(xm,-—17xn,-) < 80 +d(-xm,‘—17-xmi)
and
& < 6’; < d(ym,w))m,-fl) +d(ym,»717))n,') < & +d()7m,-—1,ym,-)-

Letting i — oo in the above inequalities, we have from (1) that

lime; = &) and lim e} = &. (2)
i—oo i—oo
On the other hand, we have
€ = d(xmi’xni) S d(xmi7xmi+1) +d(xmi+laxni+1) +d(xni+17xni)7 <3>
e; = d(.ymmyn,') < d(ymi;ymi+1) +d<ymi+1 ayi’li-i-l) +d(yni+1 >yn[)- (4)

Now we consider four possible cases for d (X, 11, Xy,+1) and d(Ym,+1,Vn+1)-

Case I: We assume that »; is odd and m; is even. By virtue of condition (iii), we have

dz(xmi+1,xn,~+1)

= d*(S(¥mgs Yy )s T (X ¥))

< ¢ (max{d(A(xm;, Ym; ), B(Xn;> ;) )d (A iy Y, ), S (g Y )

d(Aomg> Ym;), T (g Ying) ) (B (X Y ) S (Ko Yim; ) ), A (A (X Ymi ) B (X Y ))
d(B(Xn; Y ); T (X5 ¥ni)) })

= O (max {d (65, ) oy X 1) g 1) Gt 1), o 60, ) (i 1) )

S (P (max{eidm,w (ei + dn,) (ei + dm,) ’ eidni })>
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and
dz(ym,-—b—l >yn,-+1) < ¢(max{e;dmn (e; + dn;)(e; +dmi)7 e;dn;}>'

Let i — oo in above equations. In view of (1), (3), (4) and the assumption about ¢ (7) is right-

continuous, we have lim;_,c. d2 (X415 Xn,41) < @ (83), which implies that

1

im d (i 1,%,1) < [0(&5)]2 (5)
and
im d (1. 3n,1) < [9(3)]2. (6)

Leti — o in (3) and (4). Using (1), (5) and (6), we obtain
&) < e <O+[9(e)]2 +0=[9(e3)]?,

and

It follows that

and

which are contradictions.

Case II: We assume that n; and m; are all even. By virtue of the condition (iii), we have

d(xml-—i—l,-xni—i-l) :d(S(xmivym,-)aS<xn,~ayni)) ( )
7

S d<S(-xmi7ymi); T(-an—l 7yn,‘+1)) +d(S(xni7yn[)7 T(xni+1 y Yni+1 ))
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and
dZ(S(-xm,‘vymi)v T(xni+17)’ni+1)>

< (z)(max{d(A(xmi?ymi)’B(xni+layni+1))d(A<xmi7ymi>7S(xmi’ymi))7
d(A(xmwymi)? T(‘xni“’l7y”i+1))d(B(‘xni“’l7yni+1)’S(‘xmi7ymi)>7

d(A(xmi7ym[)7B(xni+l ayni-i-l))d(B(xi’li-i-l in’li-i-])? T(xni-H 7yn,‘+1))})

(8)
=0 (max{d(xmi,xniﬂ )d(xmivxmi-i-l ) ) d(xmiaxni+2)d(xni+1 » Ymj+1 )7
d (%m; s Xpy41)d (X415 Xn,42) })
< (P(max{(ei + dni)dmi’ (el' + dni +dni+1)(ei +dni + dmi)7
d(ei+dp)dn+1})-
Letting i — oo and using (1) and the assumption about ¢(¢) is right-continuous, we have
ili_)rgdz(S(xmi,ym[), T(xni—i-l 7yni+1)) < [‘P(&%)]?
. 1
l.lggd<s(xmiaymi)7 T(xni-H » Yni+1 )) < [(])(8(%)] 2. (9>
It follows from (1) that
l.lggd(s(xniayni)v T(xﬂi+17yni+1>) = }Lrilod(xni+l7xni+2> =0. (10)
Let i — oo in (8). Using (9) and (10), we obtain that
. 1 1
lim d (a1, %,41) < [$(€5)]2 +0 = [0(&5)]. (11)

Leti — o in (3). Using (1) and (11), we obtain that

2

which implies that £5 < ei2 < ¢(802) < 88. This is a contradiction. Similarly, we hae

1im d (41,3 1) < [9(eD)]2+0 = [9(e)]2.

i—$oo

Leti — oo in (4). Using (1) and (11), we obtain that
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which implies that
g <7 <o(e5) <&

This a contradiction. Similarly, we can also complete the proof when n; and m; are all odd,
or n; is even and m; is odd. This is the anticipated contradiction. Hence {x,} and {y,} are
Cauchy sequences in X. Since X is complete, suppose that x, — xx € X and y, — yx € X
then the sequences {x2,—1}, {x2,} and {y2,—1}, {y2.} are said to be convergent to x* and y*

respectively. It follows that

lim Xop = X*x = lim T(xzn_l,yzn_l) = lim A(xzn,yzn).
n—oo n—yoo n—oo

r}g&yZn =yx = I}EEOT(yZn—l ;xZn—l) = JEEOA()’ZMXZIZ)-

Tim xp, 41 = ook = 1im S(xzp,y20) = M Bxani1,y20+41)-
lim yo, 41 =y = r}gl;los(yZmXZn) = I}EQOB(yszrl,inH)-
Suppose B is continuous, then
Tim B(x2n1,y20+1) = B(1im x2q.1, 1im yo,41) = B(x, yx),
and
Tim B(yop+1,%20+1) = B yop i1, im xon41) = Bly*, x+).

and the pair (B, T) is compatible, we have

lim d(B(T (x2n—1,Y2n—1), T V2n—1,%2n-1)), T (B(x2n—1,¥2n-1), B(y2n—1,%20-1))) = 0.

n—oo

= lim T(B(x21—1,Y2n—1), B(y2n—1,%2m—1)) = B(x*,yx%).

n—oo

Supposing A is continuous, we have

lim A(x2,,y2n) = A(lim xp,,, lim yp,,) = A(x, y*)
n—oo n—oo n—roco

and
Y}EEOA(YZn;XZn) = A(r}gr‘}oy2na r}i_rgox%t) = A(y*vx*)‘

and the pair (A, S) is compatible, we obtain

lim d(A(S(x2,y20),S(Vansx20)), S(A(X2n—1,Y20-1),A(Y2n—1,%20-1))) = O.

n—yoo
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= lim S(A(XZn—l7y2n—1)7A(y2n—lax2n—l)) = A(x*;y*)-

n—yoo

Notice that
d*(S(x2n,y20), T (X2n—1,Y20—1))
< ¢ (max{d(A(x2n,Y2n), B(x2n—1,Y2n-1))d(A(X20, ¥20) , S (X211, Y21) ),
d(A(x2n,y20), T (x2n—1,Y20-1))d(B(x2n-1,Y20n-1)S (X215 Y20) )
d(A(x2n,Y20), B(x2n—1,Y20-1))d(B(x2n—1,Y20-1), T (X2n—1,Y20-1)) })-
Letting n — oo, we have
d?(A(x*,y%), B(x%,y%)) < ¢ (max{0,d*(A(x*,y*), B(x*,y%)),0})
< @(d*(A(xx, yx), B, y%))).

By Lemma (1.8), we find that
dz(A(x*,y*),B(x*,y*)) =0. = d(A(xx,y*),B(xx,y*x)) =0.

Therefore, we have
A(xx,y%) = B(xx, y%).
Similarly, we can obtain that
A(y*,x%) = B(y*,x%).
Again
d*(S(x2n,y2m), T (x5, y%))
< ¢ (max{d(A(x2n,Y2n), B(x*,y%))d (A(x2n,Y20), S (X2n, y21) )
d(A(x2n,y2n), T (%, yx) )d (B(x*, y%), S (X2n, y20) )
d(A(x2n,y2n), B(xx,y%))d(B(xx,yx), T (x*,y%)) }).

Notice that since ¢ (¢) is non-decreasing. Letting n — oo, we find that

d*(A(wx,y5), T (0, y%)) < 9(0) < @(d° (A, y%), T o0k, y%)) ).
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By Lemma 2.8 (i), we have d? (A (xx,y*), T (x*,y*)) = 0, which implies that A (xx, yx) = T (xx, y*).
Similarly, we have A(yx,xx) = T (y*,x%). Also

dZ(S(x*,y*>7 T<x2n717))2n71)
< ‘P(max{d(A(x*ay*),B(in—l,yzn—l))d(A(x*,y*),S(X*7Y*))7
d(A(x*J*); T(-x2n—lay2n—l))d(B(XZH—layZn—l)as(x*;y*));

d(A(xx,y%), B(xop—1,Y2n—1))d(B(x2n—1,Y20—1), T (X2n—1,Y2n—1)) })-

Notice that since ¢ (7) is non-decreasing. Letting n — oo, we have

d*(S(xx,y%), Bxx,yx)) < $(0) < @(d?(S(xx, y%), B(xk, y%)))-

By Lemma 2.8 (i), we have d?(S(xx, y), B(x*,y*)) = 0, which implies that S (x*, y*) = B(xx, y*).
Similarly, we have S(y*,x*) = B(y*,xx). Hence (x*,y*) is a coupled common fixed point of
S,T,A and B. Next, we show the uniquess of fixed point. Suppose (x*,y*) and (x,y’) are the
fixed points of S,7,A and B. Notice that

d*(S(vx,y%), T (¥,Y))

< ¢ (max{d(A(xx,yx), B(x',y"))d(A(xx,yx), S (xx, yx)), d (A, y%), T (x,y"))
d(B(x','),S(xx,y%)),d(A(xx,y%), B(',y'))d(B(x',)), T (x',y"))})

= ¢ (max{d((xx,y), (x',y"))d( (o0, yx), (ox, yx) ), d (o5, y5) (¢, 5))

d((x,y"), (o, yx)),d((ex, y%), (2,3))d (', Y), (¥, Y) 1)

< O (d*((xx,%), (x,)))-

By Lemma 2.8 (i), we have d?((xx,y*), (x',y')) = 0, which implies that d((xx,y*), (x/,y")) =0.

Hence (x*,y*) = (x,y), the fixed point is unique. This completes the proof.

Corollary 3.2. Let (X,d) be a complete metric space and let S and T be two mappings from
X x X into X satisfying conditions (i) and (ii) of Theorem 3.1 and the condition:

(iii) V (x,y), (u,v) € X x X
d*(S(x,y), T (u,v)) < ¢ (max{d(x,S(x,y))d(u, T (u,v)),d(u,S(x,y))d(x, T (u,v)),

d(x,u)d(S(x,y), T (u,v))})-
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Then S and T have a unique coupled common fixed point in X.
Next, we give some examples to support our main results.

Example 3.3. Let X = [0,1] be a metric space with usual metric d(x,y) = |x — y| for every
x,y € X. Define ¢(r) = 5,V € [0,00), let < represents the usual order relation, the maps S,7,A

and B as follows:

2 2

X" +y x+3y
41y £0).T - A - dB - .

ty ,(x+y#0),T(x,y) YRR (x,y) = x, and B(x,y) 1

The compatible pairs (S,A) and (B,T) has mixed weakly monotone property.Now if we take

3x+y
S(x,y) =

x =u and y = v then

A, Tl = %’d(f\(x,y)ﬂ(x,y)) = —‘xlﬂ,
d(A(x.y), S(x.y)) = %,d(A(x,y),T(x,y)) _ @7
(B0, S) = 53y = 5 ot ), 7 = B2
Now
d(S(x,y), T (x.y)) = %
|Y||X—y|2 3x—y||y(x—y) x+y ’x_y|2
< ¢(max{ dx+y| T 4 ‘2(x+y)_ 7 I 16 -

Letx:u:%,andy:v:iwehave

11 11 1
d(S(gaz)yT(gaz)) = (%)2

1 31 1

<

< o(max{ges. 362072304
31

_¢(3840>'

Then all the conditions of Theorem 2.1 satisfied for all x,y € [0,1]. It is easy to show that the

point (1,1) is unique coupled common fixed point of S,7,A and B.

Example 3.4. Let X = [0,1] be a metric space with usual metric d(x,y) = |x — y| for every

x,y € X. Define ¢(t) = 5, V1 € [0,00), let < represents the usual order relation, the maps S and
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T as follows:

x4y 2 9 2x+ 3y
S(x,y)=x2+y2,(x +y" #0) and T(x,y) = —5—.

e — 3|32 — 2?| Y-yl
d(S(x,y), T(x,y)) = and d(x,S(x,y)) = ———=—.
(S () =g (5863 = T

_ 3=yl _
d(xaT(x7Y)) — 5 7d(x>x) =0.
—y||3x% — 2y?|
J42 T _ =l 2
(S(x,y),T(x,y)) = ( 5|x2+y2| )
=y PP
< ¢ (max ,0
< omax(~5 250D
_¢(3’x_y|2|y|2)
Slx2+y? 7

A pair (S, T) has mixed weakly monotone property and satisfyig all the conditions of Corollary
2.2 for all x,y € [0,1]. It is easy to show that (1,1) is unique coupled common fixed point of §
and 7 in X.

Example 3.5. Consider (R,<,d), where < represents the usual order relation and d is a usual

metric on R and let §,7,A and B : R X R — R be four functions defined by

S(x,y) = —4x_§i+22,
T(x,y) = W,A(m) = W,
and
B(x,y) = 10x—6581+55‘

Then the pair (S,A) and (B, T) has mixed monotone property, and satisfying all the conditions

of the theorem 2.1. Then (1,1) is a coupled common fixed point of S,7,A and B.
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