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Abstract. In this paper, some results on fixed points for a set valued maps in complete G-metric space are estab-

lished.

Keywords: fixed point; G-metric space; set valued maps.

2000 AMS Subject Classification: 47H10

1. Introduction

Unless mentioned or defined otherwise, for all terminology and notation in this paper, the
reader is referred to [5,7,9,10,14]. There are several reasons for the acceleration of interest in
fixed point theory. One way to study a fixed point is through set valued maps. For such fixed
point study, Nadler [10] introduced a important notion of set valued contraction and proved a
set valued version of the Banach contraction principle. In a related vein, several authors studied
many fixed point results for set valued contraction mappings; see [1,2,8,13] and the references

therein. In [11] and [12], Popa initiated the study of fixed point for mappings satisfying implicit
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relations satisfying ¢-map. Afterwards, Berinde [4] proved some constructive fixed point the-
orems for almost contractions satisfying an implicit relation, which generalize related results;
see [2,5,6] and the references therein.

Throughout this paper, let (X,G) be G-metric space, CB(X) denotes the collection of all
nonempty closed bounded subsets of X.

Let H(.,.,.) be the Hausdorff G-distance on CB(X), i.e, for A,B,C € CB(X) and x € X
Dg(A,B,C) :=inf{G(a,b,c):a€A,b€ B,ceC}
06(A,B,C) :=sup{G(a,b,c):a € A,b € B,c € C}

and in [8] Kaewcharoen and Kaewkhao defined Hausdorff G-metric as,

Hg(A,B,C) := max{supG(x,B,C),supG(x,C,A),supG(x,A,B)},
X€EA xX€B xeC

where,
G(x,B,C) =dg(x,B)+dg(B,C)+dg(x,C),
dg(x,B) = inf{dg(x,y) :y € B},
dg(A,B) =inf{dg(a,b) :a € A,b € B}.

In this paper, we establish some results on fixed points for a set valued maps in complete G-

metric space.

2. Preliminaries

Before going to the main theorem it is necessary to present a formidable number of defini-
tions, basic concepts and terminology, which will be use in sequel.
In [9], Mustafa and Sims introduced the more appropriate notion of generalized metric space

called G-metric spaces as follows.
Definition 2.1. [9] Let X be a nonempty set, and let G : X x X x X — RT U {0} be a function
satisfying the following axioms:

e (G1) G(x,y,z) =0ifx=y=1z

e (G2) G(x,x,y) >0, for all x,y € X with x # y;
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e (G3) G(x,x,y) < G(x,y,z), for all x,y,z € X with z # y;
e (G4) G(x,y,z) = G(x,z,y) = G(y,z,x) = - - - (symmetry in all three variables);
e (G5) G(x,y,z) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X, (rectangle inequality).

Then the function G is called a generalized metric, or more specifically a G-metric on X and the

pair (X, G) is called a G-metric space.

Definition 2.2. [9] Let (X, G) be a G-metric space and {x, } be a sequence of points in X, a point
x € X is said to be the limit of the sequence {x,} if, lim,_,. G(x,x,,X,) = 0, and the sequence

{xn} is G-convergent to x.

Proposition 2.3. [9] Let (X, G) be a G-metric space. Then the following are equivalent:

e {x,} is G-convergent to x;
e G(xy,xp,x) — 0asn — oo;
e G(xy,x,x) = 0asn — oo;

o G(xp,Xxn,x) — 0as m,n— oo.

Definition 2.4. [9] Let (X, G) be a G-metric space. A sequence {x,} is called G-Cauchy if, for
each € > 0 there exists a positive integer N such that G(x,,x,,,x;) < € for all n,m,l > N; i.e.,

G(xp,Xm,x;) — 0 as n,m,l — oo.
Definition 2.5. [9] A G-metric space (X,G) is said to be G-complete if every G-Cauchy se-
quence in (X, G) is G-convergent in X..
Proposition 2.6. [9] Let (X, G) be a G-metric space. For any x,y,z,a € X, it follows that:
o I[fG(x,y,z) =0,thenx =y =7

G(x,5.2) < G(x,x,y) + G(x,x,2);
<2G(y,x,x),

(

e G(x,y) <

(x,5,2) < G(x,a,2) + G(a,y,2);
(x,3,2) <

(x,3,2) <

°
Q

e G %( (x,y,a)—{—G(x,a,Z)—f—G(Cl,yaZ));

G(x,a,a)+G(y,a,a)+G(z,a,a).

x7y7
14 G x7y7

Definition 2.7. An element x € X is said to be fixed point of set valued mapping 7 : X — CB(X),

ifx e Tx.
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Example 2.8 Consider X = [0, +o0) and define T : X — CB(X) as

{x}, ifx€0,1)
([0,1]), if x € [1,+o0)

Tx

Clearly, T is set valued mapping.

Theorem 2.9. [10] Let (X,d) be a complete metric space and T : X — CB(X) be a set valued

map satisfying
H(Tx,Ty) < qd(x,y) Vx,y € X,

where q € [0, 1] then T has a fixed point.

Proposition 2.10 Let X be a nonempty set. Assume that g : X — X and T : X — 2% are weakly
compatible mappings. If g and T have a unique point of coincidence w = gx € Tx, then w is the

unique common fixed point of g and T.

Proof. Assume that g and T have a unique point of coincidence w = gx € Tx. Therefore gw =
g(gx) € gT (x) C Tg(x) = Tw. This implies that gw is a point of coincidence of g and 7. Thus,
w=gw € Tw, since g and T have unique point of coincident, w is a common fixed point of g and
T. Now we shall show that w is the unique common fixed point. To do so, suppose z be another
fixed point distinct from w, which gives z = gz € Tz, implies that z is point of coincidence of
g and T. But w is unique point of coincidence, hence z = w, which gives that w is the unique

common fixed point of g and 7.

In order to establish the main result we need to state the following Lemma 2.11, which is
more general form of lemma 2.1 used to prove the theorem 2.1 in [15]. Its proof is a simple

consequence of the definition of the Hausdorff G-distance

Lemma 2.11. Let (X, G) be a complete G-metric space and A,B € CB(X), then for each a € A

and € > 0, there exist b € B such that

G(a,b,b) <hHG(A,B,B), h>1and b = b(a).
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3. Main Result

Theorem 3.1. Let (X, G) be a complete G-metric space and let T : X — CB(X) be a set valued
map such that the contraction condition
Hg(Tx, Ty, Tz) < a(G(x,y,z)) + B[G(x, Tx,Tx) + G(y, Ty, Ty) + G(z,Tz,Tz)]
+Y[G(x, Ty, Ty)+G(x,Tz,Tz) +G(y,Tx,Tx)+G(y,Tz,Tz) + G(z,Tx,Tx)+ G(z,Ty, Ty)] hold-
sVx,y €X, where a,B,y>0and a+3B +4y < 1. Then T has a fixed point.
Proof. In view of lemma 2.11 and the assumption 0 < o+ 3 + 4y < 1, we see that there exists
r > 0 such that

O<a+3f+4y<+r<l.
o+B+2y

Vr—(2B+2y)
Let xg € X be arbitrary. Then there exist x; € X such that x; € Txy. Now using Lemma 2.11,

Let us choose A = ,clearly 0 < A < 1.

h= Lf it follows that

( )

Ixp € Txy; G(x1,x2,x) < —=Hg(Txo,Tx1,Tx1)

dx3 € Txy; G(XQ,X3,X3) < HG(Txl,TxQ,TXQ)

x4 € Txz; G(x3,x4,x4) < —=Hg(Txp,Tx3,Tx3)

- - o

\ E|xn+1 € Txy; G(xnaxn+17xn+l) < %HG(TxnflaTmexn) J

Hence, we have

1
G(xnaxn-i-l :xn—i—l) < _HG(Txn—l s Txn, Txn)~

\/;

Using contraction condition, one can obtain

. \
a(G(xn—l 7xn7xn)) + ﬁ [(G(xn—l y Txp—1, Txn—l)) + G(xna T'xy, Txn)
+G(xp, Txp, Txp)| + Y(G(Xp—1, TXn, Txn)) + G (X1, Txp, Txy)

<L
Vr +G(xp, Txp, Txp) + G(xp, Txp—1, Txy—1) + (G(x, T X, Txy,))

+G(xn7 Txn—] ; Txn—] )]
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Notie that x,, € Tx,_| implies
G(xnflaT-xnthxnfl) S G(-xnfhxnv-xn)

and x,, 1 € Tx, implies

G(xp, Txp, Txp) < G(Xp, X415 Xn+1)-

Thus we get
¢ 3\
a(G(xn—laxrhxn)) +ﬁ [(G(xn—laxnaxn)) + G(xnaxn—i-l,xn-i-l)
< L +G(xn7xn+1;xn+l)] + 7[(G(xn>xn+laxn+l)) + G(xnaxn+laxn+l)
VT +G (X Xy Xn) + G (s X, %) (G (1,50, %))
L +G(xn—1 7xn7xn)] )
O‘(G(xnfl 7xn7xn)> + ﬁ [(G(xnfl 7xnaxn)) + G(xnaanrl 7xn+1)
1
< ﬁ +G(xnaxn+1 axn—i-l)] + ZY[(G(xnaxn+l7xn+l)) + G(xnaxmxn)

+(G(Xn—1 7xn,xn))]

1
< i1 @+ B+21)G 01,50, + (2B 429Gt 50s)
implies
o+p+2
G('xnvxn+17xn+1) < \/;__ (gﬁ _}_;/,}/)

On substituting the value of A we get,

G(xp—1,X%n,Xn) YV n > 1.

G(xnaxn+17xn+1) < AG(xnflaxnyxn)a 0<A<I.

Repeating the above process, we have

G(xn, Xpt1,Xn+1) < A"G(x0,x1,x1), V> 1. (3.1)

Now we claim that {x,} is cauchy sequence. Towards this, we need to show that there is a

(+ive) integer ng = no(€), € > 0 such that
G (Xn,Xn4p, Xntp) < € for every n > ng uniformly on p € N.
By the rectangular inequality

G(xnaxn+p7xn+p> < Gy Xt 15X 41) + G(Xnt 1, X012, X0 12) + -+ -+ G(xn+p71 7-xi’l+p7xn+P)'
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Making use of (3.1), we find that the expression reduces to

G (Xns XntpsXntp) < A"G(x0,x1,x1) + A" G (x0,x1,%1) + -+ - + A" PG (x,x1,x1)

=AM+ A+A2 4+ AP G xg,x1,x1).

With the help of geometric progression, the above inequality becomes,
n

G(Xn, XntpsXntp) < mG(xo,xl,xl), ¥V n € N uniformly onp € N. (3.2)

Since 0 < A < 1 and n — o, there exist a (+ive) integer ng such that

A7
1—A

G(xp,x1,x1) <€, Vn>ng (3.3)

In view of equation (3.2) and (3.3), it is easy to see that the sequence {x,} is Cauchy. By the
completeness of (X, G) there exists z € X such that lim, e X, = 2

Now we shall show that z is fixed point of 7. Note that
G(z,Tz,Tz) < G(2,2n+152n41) +G(2n11,T2,T72)
< G(z,2n+1,2n+1) + Ho(Tzn, T2, T2).
Using contraction condition, the expression turns out to be
G(z,2n+1,2n41) + 0(G(20,2,2)) + B{(G(20, T2, Tzn)) + G(2, Tz, T2) + G(z,Tz, Tz)]
+Y[(G(zn,T2,T2)) +(G(20, T2, T2)) + (G(2, T2, Tz2)) + (G(2,T 24, Tz))
+(G(2,Tz,Tz)) + (G(2, Tz, Tzn))],
which implies
G(z.zn+1,2n+1) + A(G(2n,2,2)) + BI(G(zn, 201, 2011)) +2G(2, Tz, T2)]
+Y(G(zn, T2, T2)) 4+ (G(24, T2, T2)) +2(G(2,T2,Tz)) +2(G(2, T2p, Tzn))]
< G(z,zn4152n41) + Q(G(2n,2,2)) + B(G(zn, Znt1,2n41)) + 2B +27]G(2, Tz, T2)
+2¥(G(zn, T2, T2)) +2YG (2, 2041, Znt1)-
This holds for all n, now proceeding the limit n — oo in above expression, we get

G(z,Tz,Tz) < [2B+2Y]G(z, Tz, Tz).
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Since [28 +27] < 1, we get
1
which gives

G(z,Tz,Tz) =0.

It follows that z € Tz. Hence z is a fixed point of 7. [J
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