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Abstract. In this article, a common solution problem is investigated based on a hybrid projection
algorithm. Strong convergence of the algorithm is obtained in a uniformly smooth and strictly convex
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1. Introduction

The theory of fixed points as an important branch of functional analysis has been
applied in the study of nonlinear phenomena. A Lot of problems arising in economics,
engineering, and physics can be studied by fixed point techniques. Krasnoselskii-Mann
iteration, which is also known as a one-step iteration is an classic algorithm to study
fixed points of nonlinear operators. However, Krasnoselskii-Mann iteration only enjoys
weak convergence for nonexpansive mappings only; see [1] and the reference therein.
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HYBRID PROJECTION ALGORITHMS 579
There are a lot of real world problems which exist in infinite dimension spaces. In such
problems, strong convergence or norm convergence is often much more desirable than weak
convergence. To guarantee the strong convergence of Krasnoselskii-Mann iteration, many
authors use different regularization methods. The projection technique which was first
introduced by Haugazeau [2] has been considered for the approximation of fixed points of
nonexpansive mappings. The advantage of projection methods is that strong convergence
of iterative sequences can be guaranteed without any compact assumptions.
In this paper, we study common zero points of a family of maximal monotone oper-
ators and common solutions of a system of equilibrium problems based on a projection
algorithm. Strong convergence of the algorithm is obtained in a uniformly smooth and

strictly convex Banach space which also enjoys the Kadec-Klee property.

2. Preliminaries

Let E be a real Banach space, E* be the dual space of E and C' be a nonempty subset
of a E. Let f be a bifunction from C' x C' to R, where R denotes the set of real numbers.

Recall that the following equilibrium problem. Find Z € C such that
f(zy) >0, VyeC. (2.1)
We use EP(f) to denote the solution set of the equilibrium problem (2.1). That is,
EP(f)={peC:flp,y) 20, vyeC}.
Given a mapping B : C' — E*, let
f(z,y) = (Bx,y —x), Vzx,ye€C.

Then z € EP(f) iff Z is a solution of the following variational inequality. Find Z such

that

(Bxy—1z) >0, VYyeC. (2.2)

In order to study the solution of the equilibrium problem (2.1), we assume that f

satisfies the following conditions:
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(Al) f(z,x) =0,Vz € C;
(A2) f is monotone, i.e., f(x,y) + f(y,z) < 0,Vz,y € C;
(A3)

limsup f(tz+ (1 —t)z,y) < f(z,y),Vr,y,2z € C;
£40

(A4) for each x € C, y — f(z,y) is convex and weakly lower semi-continuous.

Recall that the normalized duality mapping J from E to 2 is defined by

Jr={f" € E":(x,f7) = |lz|* = | FI*},

where (-, -) denotes the generalized duality pairing.

A Banach space E is said to be strictly convex if ||"”—;y|| < 1 for all z,y € E with
lz]| = |ly|ll = 1 and = # y. It is said to be uniformly convex if lim,, . ||z, —yx|| = 0 for any
two sequences {z,} and {y,} in E such that ||z,| = [|y,|| = 1 and lim,_,« ||225%|| = 1.
Let Ug = {x € E : ||z|| = 1} be the unit sphere of E. Then the Banach space F is said
to be smooth provided

ety — [
t—0 t

exists for each z,y € Ug. It is also said to be uniformly smooth if the above limit is
attained uniformly for z,y € Ug. It is well known that if £ is uniformly smooth, then J
is uniformly norm-to-norm continuous on each bounded subset of E. It is also well known
that if £ is uniformly smooth if and only if £* is uniformly convex.

Recall that a Banach space E enjoys Kadec-Klee property if for any sequence {x,} C F,
and x € E with z, — z, and ||x,|| — ||z||, then ||z, — z|| — 0 as n — oo. For more
details on Kadec-Klee property, the readers can refer to [3] and the reference therein. It
is well known that if E is a uniformly convex Banach spaces, then E enjoys Kadec-Klee
property.

Next, we assume that F is a smooth Banach space. Consider the functional defined by
¢(z,y) = [|z]* = 2(z, Jy) + |y|* Vaz,y € E.

Observe that, in a Hilbert space H, the equality is reduced to ¢(x,y) = ||z —y|* =,y € H.
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As we all know if C is a nonempty closed convex subset of a Hilbert space H and
Po : H — (' is the metric projection of H onto (', then Po is nonexpansive. This fact
actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection, Alber [4] recently introduced a generalized projection
operator Il in a Banach space E which is an analogue of the metric projection Pg in
Hilbert spaces. Recall that the generalized projection Ilo : E — C'is a map that assigns
to an arbitrary point € F the minimum point of the functional ¢(x, y), that is, oz = Z,
where Z is the solution to the minimization problem

o(Z,xr) = min ¢(y, x).

yeC

Existence and uniqueness of the operator Il follows from the properties of the functional
¢(z,y) and strict monotonicity of the mapping J; see, for example, [3] and [4]. In Hilbert

spaces, IIc = Pg. It is obvious from the definition of function ¢ that

([l = llylD* < é(@,y) < (lyll + 12ID?,  Va,y € E, (2.3)

and

o(z,y) = o(x,2) + o(z,y) + 2(x — 2, Jz — Jy), Vx,y,z€ E. (2.4)

Remark 2.1. If F is a reflexive, strictly convex and smooth Banach space, then ¢(z,y) =

0 if and only if z = y; for more details, for more details; see [3] for more details.

Let T': C'— C be a mapping. In this paper, we use F'(T') to denote the fixed point set
of T. T is said to be closed if for any sequence {z,} C C such that lim, . =, = xy and
lim,, .oo Tz, = Yo, then Txy = 1yo. In this paper, we use — and — to denote the strong
convergence and weak convergence, respectively.

A point p in C' is said to be an asymptotic fixed point of T' [5] iff C' contains a sequence
{z,,} which converges weakly to p such that lim,,_,, ||z, —Tx,| = 0. The set of asymptotic
fixed points of T" will be denoted by F (T'). T is said to be relatively nonexpansive iff
F(T) = F(T) # 0 and ¢(p,Tz) < ¢(p,x) for all z € C and p € F(T). T is said
to be quasi-¢-nonexpansive [6] iff F(T) # 0 and ¢(p, Tx) < ¢(p,x) for all z € C and
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p € F(T). Recently, a number of projection methods have been investigated for the class

of mappings; for more details, see [6-10] and the references therein.

Remark 2.2. The class of quasi-¢-nonexpansive mappings is more general than the class

of relatively nonexpansive mappings which requires the restriction: F(T') = F (T).

Remark 2.3. The class of quasi-¢-nonexpansive mappings is a generalization of the class

of quasi-nonexpansive mappings in Hilbert spaces.

Let A be a multivalued operator from E to E* with domain Dom(A) ={z € E: Az #
0} and range Ran(A) = U{Az : z € Dom(A)}. An operator A is said to be monotone iff
(x1 — x9,y1 — y2) > 0 for each x; € Dom(A) and y; € Ax;, i = 1,2. A monotone operator
A issaid to be maximal if its graph Grap(A) = {(z,y) : y € Az} is not properly contained
in the graph of any other monotone operator. We know that if A is a maximal monotone
operator, then A71(0) is closed and convex.

Let E be a reflexive, strictly convex and smooth Banach space, and let A be a maximal
monotone operator from E to E*. From Rockafellar [11], we find that s > 0 and x € E,
there exists a unique zs € D(A) such that Jr € Jx, + sAx,. If Jox = x4, then we can
define a single valued mapping J, : E — Dom(A) by J, = (J + sA)~'J and such a J; is
called the resolvent of A. We know that A~'(0) = F(J;) for all s > 0.

Lemma 2.4. From [6], we know that J; : E'— Dom(A) is closed quasi-¢-nonexpansive

with A71(0) = F(J;) for all s > 0.
In order to our main results, we also need the following lemmas.

Lemma 2.5 [4] Let E be a reflexive, strictly convex, and smooth Banach space, C a

nonempty, closed, and convexr subset of E/, and x € E. Then

oy, Hex) + o(llex, x) < ¢y, z), Yy e C.
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Lemma 2.6 [4] Let C' be a nonempty, closed, and convex subset of a smooth Banach space

E, and x € E. Then xy = llgx if and only if

(g —y, Jx — Jxg) >0, VyeC.

Lemma 2.7 [12] Let E be a strictly convezx, and smooth Banach space. Let C be a
nonempty closed and convex subset of E. LetT : C' — C' be a closed quasi-p-nonexpansive

mapping. Then F(T) is a closed convez subset of C.

Lemma 2.8 [13] Let E be a smooth and uniformly conver Banach space and let v > 0.
Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R

such that g(0) = 0 and
[tz + (1 = t)yl* < tllx]* + (1 = Ollyll* — (1 = )g(llz — yl))
forallz,y € B, ={x € E: ||z|]| <r} and t € [0, 1].
Lemma 2.9. Let C be a closed convex subset of a smooth, strictly conver and reflexive

Banach space E. Let f be a bifunction from C x C to R satisfying (A1)-(A4). Letr >0
and x € E. Then

(a) [14] There exists z € C' such that
f(z,y) + %(y —z,JJz—Jx) >0, VyeC.
(b) ([6], [15]) Define a mapping T, : E — C by
Se={z€C: f(z,y) + %(y —z,Jz—Jx), VyeC}.

Then the following conclusions hold:
(1) S, is single-valued;

(2) S, is a firmly nonexpansive-type mapping, i.e., for all x,y € F,

(Spx — Syy, JS,x — JSy) < (Spx — Syy, Jx — Jy)
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(4) S, is quasi-p-nonexpansive;

(5)
o(q, Srx) + ¢(Srx, ) < 9(q,7), Vg€ F(S,);

(6) EP(f) is closed and conver.

Main results

Theorem 3.1. Let E be a uniformly smooth and strictly convex Banach space which

also enjoys the Kadec-Klee property. Let C be a nonempty closed and convex subset

of E. Let A be an index set. Let {s;} be a positive real number sequence. Let f; be a

bifunction from C'x C to R satisfying (Al)-(A4) and A; : E — E* be a maximal monotone

operator such that Dom(A;) C C for every i € A. Assume that the common solution set

CSS = NieaA;7H(0) N Niea EF(f;) is nonempty. Let {x,} be a sequence generated in the

following manner:

(
x9 € E2 chosen arbitrarily,

Cay =0C,
C1 = NMieaCliiy,
r1 = HC1:U07

Y(n,i) = Jﬁl(a(n,i) an + (]. — (]./(nﬂ,))J(];?Zl’n),

U,y € C such that fi(ug,y) + —— (Y — Uiy JUmi) — JYmay) >0, Yy € C,

(i)
Cint1i) = 12 € Crnyiy » 0(2, Uny)) < 0(2,70)},

Cn—l—l = Miea C(n-l—l,i) >

L Tpt+1 = ch_;,_lxl)

where J;?i = (J+s,4;) 71, {ama } is a real sequence in [0, 1] such that liminf, o o (1—

Anyi)) >0, and {r@m} s a real sequence in [a,c0), where a is some positive real number,

for every i € A. Then the sequence {x,} converges strongly to lgssx1, where Mcgg is the

generalized projection from E onto C'SS.
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Proof. In the light of Remark 2.4, we see that Js‘?" is closed quasi-¢-nonexpansve with

F(J2) = A;71(0). We conclude from Lemma 2.7 and Lemma 2.9 that the common solution

set CSS is closed and convex. Next, we prove that C), is closed, and convex. It suffices
to show that, for each fixed but arbitrary i € A, C(,; is closed and convex. This can be
proved by induction on n. It is obvious that C(;; = C' is closed and convex. Assume
that C ) is closed and convex for some k& > 1. Let For 21,20 € Cjq1,4), We see that

21, 29 € Cyy. It follows that z =tz + (1 — t)22 € Ciyy, where t € (0,1). Notice that

d(21, Uryiy) < d(21, 7)),

and
(22, ur,iy) < O(22, 1),

The above inequalities are equivalent to

20z, Jaw — Jugey) < [loell” = lJugen I, (3.1)
and

2(za, Jok — Jugay) < ol = lluges I, (3.2)
Multiplying ¢ and (1 —t) on the both sides of (3.1) and (3.2), respectively yields that and

%

2(z, Jor — Juy) < llzell? = [lug

That is,
Qb(Z, u(k,l)) S ¢(Za xk‘)a

where 2z € C ;). This finds that Ciy4q ) is closed and convex. We conclude that C, ;) is
closed and convex. This in turn implies that C), = NieaCn ) is closed, and convex. This

implies that Ilo ;1 is well defined.

n+1
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Next, we show that C'SS C C,. €SS C C = C'is clear. Suppose that CSS C C )

for some positive integer k. For any w € C'SS C C(y;), we see that

O(w, Uir,i))

= d(w, Sr(k,i)y(k,i))

< A(w, Yr,)

= ¢(w, J_l(a(k,i)(]xk + (11— oz(m))JJ;?"xk))

= [Jw|* = 2(w, gy Jor + (1 — a(m))JJ;?ixk)
+ o,y Sk + (1 — a(k,i))JJ;?":kaz (3.3)

< Jwl]? = 20 (w, Jzi) — 2(1 — e ) (w, JJ;?Z':UQ
+agepllor? + (1= ag) 15wl

= and(w, 1) + (1 — ag)d(w, Jlizy)

< iy @(w, ) + (1 — gy d(w, 1)

= ¢(w, ),

which shows that w € Cj41,4). This implies that C'SS C C, ;). This in turn implies that
CSS C MienClnyy. This is completes the proof that C'SS C C,.
Next, we show that the sequence {x,} is bounded. In view of z, = Il 1, we find from

Lemma 2.6 that (x, — z, Jr; — Jx,) > 0, for any z € C,,. Since CSS C C,,, we find that
(xp —w,Jory — Jx,) >0, Yw e CSS. (3.4)

It follows from Lemma 2.5 that
¢(n, 21) < ¢(Llesszr, 21) — ¢(Lessr, vy)
< o(legsyxr, T1).
This implies that the sequence {¢(x,,x1)} is bounded. It follows from (2.3) that the
sequence {x,} is also bounded.

Since the space is reflexive, we may assume that z,, — . Next, we show that z € C'SS.

Since C), is closed, and convex, we find that z € C),. On the other hand, we see from the
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weakly lower semicontinuity of the norm that

6@, 11) = 2] = 2@, Jan) + |
< i inf (|2 = 2z, Joa) + 1))

= liminf ¢(z,, 1)
n—oo

S lim sup QS(:L‘n, fEl)

n—0o0

< ¢(f7 ml)u

which implies that lim,, . ¢(z,, 21) = ¢(Z,21). Hence, we have lim,_, ||z, || = ||Z||. In
view of Kadec-Klee property of E, we find that x,, — z as n — oo. Since z,, = ll¢g, 21,

and z,41 = g, ,, 21 € Cyhy1 C C,, we find that ¢(z,, 1) < ¢(2pe1,21). This shows

n+1

that {¢(x,,x1)} is nondecreasing. It follows from its boundedness that lim,, . ¢(x,, 1)

exists. In view of the construction of .1 =g  ,x; € C,11 C C,,, we arrive at

n+1

(Tns1, Tn) = O(@ps1, e, 21)
< ¢(Tnr1, 1) — ¢(llg, @1, 21)
= ¢(Tpy1, 1) — P(Tp, x1).
This implies that

n—oo

In the light of z,41 = e, 21 € Cpya, we find that ¢(zpi1,umi)) < G(Tns1, Tn). This

n+1

implies from (3.5) that

T (201, ) = 0. (36)
In view of (2.3), we see that limy, o0 (||Zn41||—[|t@m.:l|) = 0. It follows that lim,, e ||t || =
|Z||. This is equivalent to

i Tl = 17| 87

This implies that {Ju(, )} is bounded. Note that both E and E* are reflexive. We may

assume that Jug, ;) — u*? € E*. In view of the reflexivity of £, we see that J(E) = E*.
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This shows that there exists an element u! € E such that Ju® = u™*9. It follows that

O(Tni1: Ungi)) = [[Tns1]]? = 2(Tns1s Jnsy) + gl

= [z ll® = 20@ns1, Jugma) + | Tue,olI*.

Taking liminf,,_,,, on the both sides of the equality above yields that

0> 12> — 2(z, ut*?) + [l
= [|z])* — 2(z, Ju') + || Ju'||*
= [1z]1* — 2z, Ju') + ||u']|?
= ¢(z,u").
That is, Z = «*, which in turn implies that u**? = Jz. It follows that Jupy — JT € B,
Since E* enjoys Kadec-Klee property, we obtain from (3.7) that lim, . Juwm) = J7.

Since I enjoys the Kadec-Klee property, we obtain that u,; — =, as n — oo. Note that

|Zn — Uil < |2 — Z|| + [|T — Ugn,p |- It follows that

lim ||z, — u@m,)| = 0. (3.8)

n—o0

Notice that

¢(w>xn) - ¢(wvu(n,i)) = ”anQ - Hu(n,i)”2 - 2<wv Jr, — Ju(n,i)>

< [z = v [ (lznll + llumall) + 2wl Jzn = Jum: |-

In view of (3.8), we find that

lim (¢(w, z,) — d(w, u(n,))) = 0. (3.9)

n—oo
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Since E is uniformly smooth, we know that E* is uniformly convex. In view of Lemma

2.8, we find that
P(w, Un,y))
= ¢(UJ, Srmi) y(n,i))
< O(w, Y(n.i))
= p(w, J iy ST + (1 = (niy) S I )
= Jw|® = 2(w, amp Iz, + (1 = ami)J I,
+ |l JTn + (1 — a(nyi))JJ;‘ianz
< Nl = 200 (w, Jan) = 2(1 = o) {w, J T wn)
+ 0 |zall* + (1 = a@a) [T @all® = o (1 = awa)g(| Jon — T wxl])
= (bW, ) + (1 = i) o(w, T wn) = (1= i) 9|20 — J T wn]))
< d(w, 20) = i) (1 = )92 — T wnl)).
This implies that
iy (1= )9 (| Jwn = JIZ w0ll) < dlw, 20) = Slw, uni)-
In view of the restrictions on the sequence {c, )}, we find from (3.9) that
Tim |z, — JJLix,|| = 0.
Notice that || JJ iz, — Jz|| < ||JJ2iz, — Jx,|| + || Jz, — JZ||. Tt follows that
Tim | I x, — Jz|| = 0. (3.10)
The demicontinuity of J~!: E* — E implies that JZz, — Z. Note that

12 zall = 2| = 11T zall = T2 < |5, — 2.

This implies from (3.10) that lim,_,« || J22,|| = [|Z||. Since E has Kadec-Klee property,
we obtain that lim,,_, HJ;‘:E” — || = 0. It follows from the closedness of Js‘?i that = €

F(J%) = A;7%(0) for every i € A. This proves that Z € Niea4; " (0).
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Next, we show that z € N;ea EF(f;). In view of Lemma 2.5, we find that

¢(u(n,i)7 y(n,z)> < ¢<w7 y(n,z)) - ¢(w7 u(n,z))

< d(w, z,) — P(w, U(mi)).

|Yn.nll) = 0. In view of (3.8), we see that ug,;) — Z as n — oo. This implies that

It follows from (3.9) that lim, o @(U(n,i), Y(n,i)) = 0. This implies that limy, .o (||,

lymall — |Z]] — 0, as n — oo. It follows that lim, e || JY@msl| = [|JZ||. Since E* is
reflexive, we may assume that Jyu, ;) — p*? € E*. In view of J(E) = E*, we see that

there exists p' € E such that Jp' = p*?9. It follows that

O(Uiniy, Yni) = [t ll? = 2y, Jyn) + |Yons |

= Jlugm1* = 2y TYen) + 1Ty 1

Taking liminf,,_,., the both sides of equality above yields that
0> [[z]* = 2(z,p"7) + [[p"2|?

= ||Z]]* - 2(z, Jp') + [|Jp'[|?

= ||z|* — 2(z, Jp") + [Ip']|?

= (Z,p").
That is, Z = p', which in turn implies that p®*? = Jz. It follows that Jy, — JZ € E*.
Since E* enjoys the Kadec-Klee property, we obtain that Jyg,; — JT — 0 as n — oo.
Note that J~! : E* — E is demi-continuous. It follows that yg,, — Z. Since E enjoys

the Kadec-Klee property, we obtain that 3, —  as n — 0o. Note that ||t — Ym | <

(i) — Z|| + [|Z = Y@n,ill- This implies that

Tim Jugi) = Yl = 0. (3.11)
Since J is uniformly norm-to-norm continuous on any bounded sets, we have lim || Ju,)—
n—o0
JYns| = 0. From the assumption r,; > a, we see that
i e = Jymall _ (3.12)
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In view of u, ;) = Sr(n o Y(nyi), We see that

1

—(Y — Un,i)s Sy — JYway) 20, Vy el

It follows from (A2) that

[ Ju@miy — Ty 1

In view of (A4), we find from (3.12) that

1y = vl

fily,z) <0, Vyedl.

For 0 < t; < 1and y € C, define yq ;) = t;y + (1 — t;)@. It follows that y, € C, which
yields that f(yqs,z) < 0. It follows from the (A1) and (A4) that

0= f(Wwi) Yi) < tif Wi y) + (=) f (Wi, T) < tif W, y)-

That is,

f W y) = 0.
Letting ; | 0, we obtain from (A3) that f;(z,y) > 0, Yy € C. This implies that & € EP(f;)
for every ¢ € A. This shows that £ € C'SS.

Finally, we prove that & = Ilggszy. Letting n — oo in (3.4), we see that
(z —w,Jx; — Jz) >0, YweCSS.

In view of Lemma 2.6, we find that that z = Ilgggx,. This completes the proof.

Remark 3.2. Since every uniformly convex Banach space is a strictly convex Banach
space which also enjoys the Kadec-Klee property, we see that Theorem 3.1 is still valid
in uniformly smooth and uniformly convex Banach space. Theorem 3.1 improves the
corresponding results in Qin, Cho and Kang [6].

For a single bifunction and maximal monotone operator, we find from Theorem 3.1 the

following.

Corollary 3.3. Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property. Let C' be a nonempty closed and convex subset of E. Let
s be a positive real number. Let f be a bifunction from C x C to R satisfying (Al)-(A4)
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and A : E — E* be a mazimal monotone operator such that Dom(A) C C. Assume that
the common solution set C'SS := A71(0) N EF(f) is nonempty. Let {x,} be a sequence

generated in the following manner:

;

x9g € E  chosen arbitrarily,
C,=C,

zy = I, @0,

Y = J Yz, + (1 — ) JJA,,),

un € C such that f(un,y) + =y — up, Ju, — Jy,) >0, VyeC,

1
Tn

Cn—l—l = {Z € Cn : Qb(z?un) S QZS(Z,:L’n)},

\$n+1 = HConl,

where JA = (J+sA)71J, {a,} is a real sequence in [0, 1] such that liminf, . a,(1—ay,) >
0, and {r,} is a real sequence in |a,o0), where a is some positive real number. Then the

sequence {x,} converges strongly to Tgssx1, where lggs is the generalized projection

from E onto C'SS.

Remark 3.4. Since J is closed quasi-¢-nonexpansive, we see that Corollary 3.3 mainly
improves the corresponding results in Qin, Cho and Kang [6].

If A is a zero mapping, then we have from Theorem 3.1 the following.

Corollary 3.5. Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property. Let C' be a nonempty closed and convex subset of E. Let
A be an index set. Let f; be a bifunction from C' x C to R satisfying (Al)-(A4) for every
i € A. Assume that the common solution set CSS := MieaEF(f;) is nonempty. Let {x,}
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be a sequence generated in the following manner:

(

xo € E  chosen arbitrarily,
Caqy =0,
C1 = NieaClui),

T = H01$07

Uns) € C such that fi(um,s),y) + L (y — Ulnz)s JUni) — JTn) >0, Yy e C,

T(n,1)

Cint1) = {2 € Clniy 1 0(2, upnyi)) < 0(2,2,)},

Cht1 = NieaClnt,i)s

xn-‘rl - ]-_-[Cn+1m1a
\

where {on sy} is a real sequence in [0, 1] such that iminf, . o (1 — ame) > 0, and

{rm.q} is a real sequence in [a, 00), where a is some positive real number, for everyi € A.

Then the sequence {x,} converges strongly to Ucssx1, where Tlggs is the generalized

projection from E onto C'SS.

[1]
2]

[3]
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