Available online at http://scik.org
Adv. Fixed Point Theory, 4 (2014), No. 2, 310-324
ISSN: 1927-6303

APPROXIMATE BEST PROXIMITY PAIRS IN METRIC SPACE FOR
CONTRACTION MAPS

S. A. M. MOHSENALHOSSEINI

Department of Mathematics, Vali-e-Asr University, Rafsanjan, Iran

Copyright (©) 2014 S. A. M. Mohsenalhosseini. This is an open access article distributed under the Creative Commons Attribution License,

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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1. Introduction

Nowadays, fixed point and operator theory play an important role in different areas of math-
ematics, and its applications, particularly in mathematics, physics, differential equation, game
theory and dynamic programming. Also, There are plenty of problems in applied mathematics
which can be solved by means of best proximity pair theory. Still, practice proves that in many
real situations an approximate solution is more than sufficient, so the existence of best proxim-
ity pair is not strictly required, but that of nearly best proximity pair. Another type of practical

situations that lead to this approximation is when the conditions that have to be imposed in order
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to guarantee the existence of best proximity pairs are far too strong for the real problem one has
to solve.

In 2003, Kirk et al. [1], obtained some result on best proximity pairs. Also, In 2006, Eldred
and Veeramani obtained some result on its [2].

Now, as in [3] (see also [4]-[7]), we can find the best proximity points of the sets A and B, by
considering a map T : AUB — AUB such that T(A) C B and T(B) C A. Best proximity pair
also evolves as a generalization of the concept of fixed point of mappings. Because if ANB # 0
every best proximity point is a fixed point of T.

In 2011, Mohsenalhosseini et al. [8], introduced the approximate best proximity pairs and
proved the approximate best proximity pairs property for it. Now, we study some well known
types of operators on metric spaces, and we give some qualitative and quantitative results re-
garding approximate best proximity pairs of such operators.

Let (X,d) be a metric space.
Definition 1.1. [8] Let T : AUB — AUB such that T(A) C B and T(B) C A, x € AUB. Then
x € AUB is an approximate best proximity point of the pair (A,B), if d(x,Tx) < d(A,B) + ¢,
for some € > 0.

Remark 1.1. In this paper we will denote the set of all approximate best proximity pairs of pair

(A,B), for a given &, by :

P;i(A,B)={x€AUB: d(x,Tx) <d(A,B)+¢€ for some € > 0}.

We say that the pair (A, B) is an approximate best proximity pair property if Py (A, B) # 0.

Example 1.1. [8] Suppose Let X =R?and A = {(x,y) € X : (x—y)>+y* <1} and B= {(x,y) €
X : (x+y)*+y* < 1} with T(x,y) = (—x,) for (x,y) € X. Then d((x,),T (x,y)) <d(A,B) +¢
for some € > 0. Hence P5(A,B) # 0.

Theorem 1.1. [8] Let A and B be nonempty subsets of a metric space X. Suppose that the
mapping T : AUB — AUB is satisfying T(A) CB, T(B) C A and

lim d(T"x,T""'x) = d(A,B) for some x € AUB.

n—oo

Then the pair (A, B) is an approximate best proximity pair.
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Definition 1.2. [8] Let 7 : AUB — AUB, be continues map such that 7(A) C B, T(B) C A and
€ > 0. We define diameter Pf(A,B) by

diam(Ps(A,B)) = sup{d(x,y) : x,y € PL(A,B)}.

2. Approximate best proximity pair for various types of operators

In this section we will formulate and prove, using Theorem 1.1, qualitative results for vari-
ous types of operators on a metric space, results that establish the conditions under which the

mappings considered have the approximate best proximity pair property.

Definition 2.1. [9] A mapping 7 : X — X is a «-contraction if

Jda € (0,1) such that d(Tx,Ty) < ad(x,y), Vx,y € X.
Definition 2.2. A mapping T : AUB — AUB satisfying T(A) C B, T(B) C A is a P-a contraction
if
Jo € (0,1) such that d(Tx,Ty) < ad(x,y), Vx,y € AUB.
Theorem 2.1. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping

T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-a-contraction.
Then:

Ve >0, PE(A,B) #0.

Proof. Let e >0and x € AUB.

d(T"x,T""'x) = d(T(T" 'x),T(T"x)

IN

ad(T™" 'x), T"x)

IN

< d"d(x,Tx).
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Since a € (0, 1), we find that
lim d(T"x, T""'x) =0, Yx € AUB.

n—oo

Now by Theorem 1.1 it follows that P5(A,B) # 0,Ve > 0. B

Theorem 2.2. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-a-contraction and € > 0. We assume

that:
(i) PF(A,B) # 0;
(ii) Y6 >0, 3¢(0) > 0 such that;

d(x,y)—d(Tx,Ty) < 6 =d(x,y) <¢(0), Vx,y € P} (A,B) #0.

Then:
diam(P5(A,B)) < ¢(2d(A,B) + ¢€).

Proof. Let £,& > 0 and x,y € P5(A, B). It follows that
d(x,Tx) <d(A,B)+¢,d(y,Ty) <d(A,B)+&.

Note that

d(x,y) < d(x,Tx)+d(Tx,Ty)+d(y,Ty)

< d(Tx,Ty)+2d(A,B)+¢€ +&.
Put € = Max{e;, & }. It follows that
d(x,y)—d(Tx,Ty) <2d(A,B) +e¢.
Now by (ii) it follows that d(x,y) < ¢(2d(A,B) +¢€), so
diam(P5(A,B)) < ¢(2d(A,B) +¢€). 1

In 1968, Kannan (see [10] [11] ) proved a fixed point theorem for operators which need not

be continuous. We it apply on metric space for the approximate best proximity pair.
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Definition 2.3. A mapping 7 : AUB — AUB satisfying T(A) C B, T(B) C A is a P-Kannan

operator if there exists o € (0, %) such that

d(Tx,Ty) < ald(x,T(x))+d(y,T(y))], Vx,y € AUB.

Theorem 2.3. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-Kannan operator. Then:

Ve >0, P5(A,B) # 0.

Proof. Lete >0and x € AUB.

d(T"x, T""'x) = d(T(T" 'x),T(T"x)
< ofd(T" 1%, T"x) +d(T"x, T" ' x)]

= od(T" 'x,T"x) + ad (T"x, T" " 'x)].

Therefore (1 — o )d(T"x,T""'x) < otd(T"'x,T"x). Then
d(T"x, T x) < ——d(T" 'x,T"x)

(04
< (m)”d(x, Tx).
But o € (0, 1) hence % € (0,1). Therfore

lim d(T"x, T""'x) =0, Vx € AUB.

n—soo

Now by Theorem 1.1 it follows that P5(A,B) # 0,Ve > 0. B

In 1972, Chatterjea (see [12]) considered another which again does not impose the continuity

of the operator. We it apply on metric space for the approximate best proximity pair.



APPROXIMATE BEST PROXIMITY PAIRS IN METRIC SPACE FOR CONTRACTION MAPS 315
Definition 2.4. A mapping 7 : AUB — AU B satisfying T(A) C B, T(B) C A is a P-Chatterjea

operator if there exists o € (0, %) such that

d(Tx,Ty) < afd(x,T(y)) +d(y.T(x))], Vx,y € AUB.
Theorem 2.4. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-Chatterjea operator. Then:

Ve >0, PE(A,B) #0.

Proof. Let € >0and x c AUB.
d(T"x, T" 'x) = d(T(T" 'x),T(T"x)

< ald(T" 'x,T(T"x))+d(T"x,T(T" 'x))]

= afd(T" %, 7" %) +d(T"x, T"x)] = ad(T" x, 7" 1x).
On the other hand, we have

d(T" 1%, T" %) <d(T" 'x, T"x) +d(T"x, T" " 'x).
Then
(1—a)d(T"x, T""'x) < od(T" 'x, T"x).

It follows that

Since & € (0, 3), we find 1% € (0,1). It follows that

lim d(T"x,T""'x) =0, Vx e AUB.

n—oo

Using Theorem 1.1, we see that P;:(A,B) # 0,Ve > 0. &

We, by combining the three independent contraction conditions above obtain another approx-

imate best proximity pair result for operators which satisfy the following.
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Definition 2.5. A mapping 7 : AUB — AUB satisfying T(A) C B, T(B) C A is a P-Zamfirescu
operator if there exists o1, 8,7 € R, a; € [0,1[, € [0, 5[, 7 € [0, 5[ such that for all x,y € AUB
at least one of the following is true:

(i) d(Tx,Ty) < oud(x,y);

(ii) d(Tx,Ty) < Bld(x, T (x)) +d(y, T (y))];

(iii) d(Tx, Ty) < Y[d(x,T(y)) +d(y, T (x))].

Theorem 2.5. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-Zamfirescu operator. Then:

Ve >0, PE(A,B) # 0.

Proof: Let x,y € AU B. Supposing ii holds, we have that

d(Tx,Ty) < Bld(x,T(x))+d»T(y))]
< Bd(x,Tx)+Bld(y,x)+d(x,Tx)+d(Tx,Ty)]
= 2Bd(x,Tx)+ Bd(x,y)+ Bd(Tx,Ty).
Thus

d(Tx,Ty) < 12—ﬁd(x,Tx) + La’(x,y). (2.1)
Supposing iii holds, we have that
d(Tx,Ty) < vld(x,Ty)+d(y,Tx)]
< Yld(x,y) +d(y, Ty) 4+ 1ld(y, Ty) +d(Ty, Tx)]

= yd(Tx,Ty)+2yd(y,Ty) +yd(x,y).

Thus

2
A(Tx,Ty) < 7 d(nTy) + 1 d () (22)
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Similarly, we have
d(Tx,Ty) < vld(x,Ty)+d(y,Tx)]
< Yd(x,Tx)+d(Tx,Ty)|+ v]d(y,x) +d(x,Tx)]
= vd(Tx,Ty)+2yd(x,Tx)+ vd(x,y).

Then

2y Y
<= +— _
d(Tx,Ty) I yd(x,Tx) 1 d(x,y)

In view of 1), (2.1), (2.2), (2.3), we have

317

(2.3)

(2.4)

n= max{al,%,&/},
and it is easy to see that 1 € [0, 1]. For T satisfying at least one of the conditions i), ii), iii) we
have that
d(Tx,Ty) <2nd(x,Tx)+nd(x,y)
and

d(Tx,Ty) <2nd(y,Ty) +nd(x,y)
hold. Using these conditions implied by 1) - iii) and taking x € X, we have
d(T"x,T""x) = d(T(T" '%),T(T"x))
<@ 2nd(T" %, T(T" %) +nd(T" 'x,T")
= 3nd(T" 'x,T™).
Then
d(T"x, T" x) <--- < (3n)"d(x,Tx).
Therefore, we have
Limy,_yood(T"x, T""'x) = 0, Yx € AUB.

Using Theorem 1.1, we find that P£(A,B) # 0,Ve > 0. B

(2.5)

Now, we consider the contraction condition given in 2004 by V. Berinde, who also formulated

a corresponding fixed point theorem, see, for example, [10].
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Definition 2.6. A mapping 7 : AUB — AUB satisfying T(A) C B, T(B) C A is a P-weak

contraction operator if there exists o €]0, 1] and L > 0 such that

d(Tx,Ty) < oud(x,y) +Ld(y, T (x))], Vx,y € AUB.
Theorem 2.6. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a p-weak contraction. Then:

Ve >0, PE(A,B) #£0.

Proof. Letx € AUB.
d(T"x, T" 'x) = d(T(T" 'x),T(T"x)
< ond(T" 'x,T"x) + Ld(T"x,T"x)
= od(T" 'x,T"x) < --- < al'd(x, Tx).
In view of ; €]0, 1], we find that

lim d(T"x,T""'x) =0, Vx e AUB.

n—soo

Using Theorem 1.1, we find that P£(A,B) # 0,Ve > 0. B

In 1974, Ciric [13] obtained a contraction condition for which the map satisfying it is still a

Picard operator. We it apply on metric space for the approximate best proximity pair.

Definition 2.7. A mapping 7 : AUB — AU B satisfying T(A) C B, T(B) C A is a P-quasi

contraction if there exists 4 €]0, 1] such that

d(Tx,Ty) < h-max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}, Vx,y € AUB.

Corollary 2.1. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-quasi contraction with 0 < h < % Then:

Ve >0, PE(A,B) # 0.
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Proof. By Proposition 3 of [14] any P-quasi contraction with 0 < h < % is a weak contraction.

Therefore by Theorem 2.6, P5(A,B) # 0,Ve > 0.

3. Diameter approximate best proximity pair for various types of opera-

tors

For the same operators we have studied in the previous section, we will formulate and prove

useing Theorem 2.2, in order to obtain results for diameter approximate best proximity pair.

Theorem 3.1. [8] Let T : AUB — AUB, such that T(A) C B, T(B) C A and € > 0. If there

exists a o € [0, 1] such that for all (x,y) € AX B
d(Tx,Ty) < ad(x,y).

Then

: 2e  2d(A,B)
diam(P5(A,B)) < .
lam( T(7 ))—1_a+ I—OC

Theorem 3.2. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-Kannan operator and € > 0. Then

diam(Pf.(A,B)) <2¢e(1+a)+2ad(A,B).

Proof. Let € > 0. Condition 1) in Theorem 2.2, is satisfied, as one can see in the proof of
Theorem 2.3, we only verify that condition 2) in Theorem 2.2, holds. Let 8 > 0 and x,y €
PL(A,B)) and assume that d(x,y) —d(Tx,Ty) < 6. Then

d(x,y) < ald(x,Tx)+d(y,Ty)]+6.
As x,y € P7(A,B)), we know that

d(-xa T)C) < d(AvB) +£17d(y7 Ty) < d(AvB) + &.
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Putting € = {¢€], &}, we see that d(x,y) < 2ad(A,B) +20e+ 6. So for every 6 > 0 there exists
9(60)=6+2a(d(A,B)+€) > 0 such that

d(x,y) —d(Tx,Ty) < 0 =d(x,y) < ¢(6).
Using Theorem 2.2, we obtain that
diam(Py(A,B)) < ¢(2¢),Ve > 0,

which means exactly that

diam(P5(A,B)) <2e(1+a)+2ad(A,B),Ve > 0.

Theorem 3.3. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-Chatterjea operator and € > 0. Then:

2¢e(1 2ad(A,B
diam(PE (A, B)) < -£. +°;)_+20‘6" (4.8)

Proof. Let € > 0. We will only verify that condition 2) in Theorem 2.2 holds. Let 8 > 0 and
x,y € PF(A,B)) and assume that d(x,y) —d(Tx,Ty) < 6. Then:

d(x,y) < ald(x,Ty)+d(y,Tx)|+6

< od(x,Ty)+ad(y,Tx)+6

< ald(x,y)+d(y,Ty)|+ ald(y,x) +d(x,Tx)] + 6.
As x,y € P7(A,B)), we know that

d(x,Tx) <d(A,B)+¢€,d(y,Ty) <d(A,B) +&.
Put € = {&1,&}. It follows that d(x,y) < 2ad(x,y) +20d(A,B) +2ae+ 6. Then
(1 -2a)d(x,y) <20d(A,B)+2ae+6.

Therefore, we have

200(d(A,B)+€)+06
(1-2a)

d(x,y) <
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So for every 6 > 0 there exists ¢(0) = W > 0 such that
d(x,y) —d(Tx,Ty) <0 =d(x,y) < ¢(6).
Using Theorem 2.2, we see that
diam(P§(A,B)) < ¢(2¢),Ve > 0,
which means exactly that

2e(1+ o) +2ad(A, B)

Ve > 0.
1—2a VE >

diam(Py(A,B)) <

Theorem 3.4. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-Zamfirescu operator and € > 0. Then:

diam(PE(A,B)) < 22U +nl>j121nd(A’B).

where 11 = max al,%,% ,and ay, 3,7 as in Definition 2.5.
n 1 B 1 Y /y

Proof. In the proof of Theorem?2.5, we have already shown that if 7" satisfies at least one of the

conditions Fz1),Fz2), Fz3). From Definition 2.5, we see that
d(Tx,Ty) <2nd(x,Tx)+nd(x,y)
and
d(Tx,Ty) <2nd(y,Ty) +nd(x,y)

hold. Let € > 0. We will only verify that condition 2) in Theorem 2.2 is satisfied, as 1) holds, see
the Proof of Theorem 2.5. Let 6 > 0 and x,y € P5(A,B)) and assume that d(x,y) —d(Tx,Ty) <
6. Then

d(x,y)—d(Tx,Ty) < 2nd(x,Tx)+nd(x,y)+6 =

(1—=m)d(x,y) <2nd(A,B)+2ne+6
_2n(d(A,B) +€)+6
J— 1_11 .

d(x,y)
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2n(d(A,B)+e)+

So for every 6 > 0 there exists ¢(0) = —n 9 > 0 such that

d(x,y) —d(Tx,Ty) < 0 =d(x,y) < ¢(6).
Using Theorem 2.2, we see that
diam(Py(A,B)) < ¢(2¢),Ve > 0,

which implies that

2¢(1+n)+2nd(A,B)

diam(P;(A,B)) < 1

,Ve > 0.

Theorem 3.5. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T :AUB — AUB satisfying T(A) C B, T(B) C A is a P-weak contraction with a; +L < 1, and

€>0. Then:

: (L+2)e+Ld(A,B)
diam(P£(A,B)) < —a—L

Proof. Let € > 0. We will only verify that condition 2) in Theorem 2.2 holds. Let 8 > 0 and
x,y € P£(A,B)) and assume that d(x,y) —d(Tx,Ty) < 6. Then

d(x,y) < d(Tx,Ty)+6

IN

ond(x,y) +Ld(y,Tx) + 6

IN

oud(x,y) +Ld(x,y) + Ld(x,Tx) + 6

IN

(ar+L)d(x,y)+L(d(A,B)+€)+6.

Therefore, we have

L(d(A,B)+¢€)+6
l1—oy—L '

d(x,y) <

L(d(A,B)+¢€)+6

—a =L = 0 such that

So for every 6 > 0 there exists ¢(0) =
d(x,y) —d(Tx,Ty) <0 = d(x,y) < ¢(0).
Using Theorem 2.2, we find that

diam(Py(A,B)) < ¢(2¢),Ve > 0,
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which means exactly that

(L+2)e+Ld(A,B)
l1—og—L

diam(Ps(A,B)) < ,Ve > 0.
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