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1. Introduction

In Ulam [1], the following question concerning the stability of homomorphisms is studied:
Let G be a group and let H be a metric group with metric d(.,.). Given € > 0, there exists
a & > 0 such that if the function f : G — H satisfies d(f(xy), f(x)f(y)) < & for all x,y €
G, then there exists a homomorphism a : G — H with d(f(x),a(x)) < € for all x € G. In

1941, Hyers [2] gave the first affirmative partial answer to the question of Ulam in Banach
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spaces. In 1950, Aoki [3] generalized the Hyers theorem for additive mappings. In 1978,
Rassias [4] provided a generalized version of the Hyers theorem which permits the Cauchy
difference to become unbounded. In 1942, Menger [5] introduced the notion of probabilistic
metric spaces. Since then, the theory of probabilistic metric spaces has been developed by
many authors in many directions; see [6], [7] and the references therein. The idea of Menger
was to use the distribution functions instead of non-negative real numbers as values of the
metric. The notion of a probabilistic metric space corresponds to situations when we do not
know exactly the distance between two points, but we know probabilities of possible values
of this distance. A probabilistic generalization of metric spaces appears to be interested in the
investigation of physical quantities, physiological thresholds and some other fields. It is also of
fundamental importance in probabilistic functional analysis. In 1962, Serstnev [8] introduced
the concept of a probabilistic normed space introduced by means of a definition that was closely
modeled on the theory of (classical) normed spaces and used to study the problems of best
approximation in statistics. On the other hand, Isac and Rassias [9] were the first to provide
applications of stability theory of functional equations for the proof of new fixed point theorems
with applications. The stability problems of several various functional equations have been
extensively investigated by a number of authors using fixed point methods; see [10-12] and the
references therein.

The functional equation

fx+y)+fx—y) =2f(x)+2f(y) (1.1)

2 is a solu-

is said to be a quadratic functional equation because the quadratic function f(x) = ax
tion of the functional equation (1.1). A quadratic functional equation was used to characterize
inner product spaces [13,14]. It is well known that a function f is a solution of (1.1) if and only
if there exists a unique symmetric biadditive function B such that f(x) = B(x,x) for all x; see

[14]. The biadditive function B is given by

B(x.y) = 3 f(e+2) + flr—y)] (12)

The functional equation

f2x+y)+f(2x—y) =2f(x+y) +2f(x—y) +12f(x) (1.3)
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3 is a solution of the

is called a cubic functional equation, because the cubic function f(x) = cx
equation (1.3). The general solution and the generalized Hyers-Ulam-Rassias stability for the
functional equation (1.3) was discussed by Jun and Kim [15]. They proved that a function f
between real vector spaces X and Y is a solution of (1.3) if and only if there exists a unique
function C : X — Y such that f(x) = C(x,x,x) for all x € X and C is symmetric for each fixed

one variable and is additive for fixed two variables. The quartic functional equation

fx+2y)+ f(x—2y) —6f(x) =4[f(x+y) + f(x—y)]| +24f(y) (1.4)

was introduced by Rassias [16]. Later Lee et al. [17] remodified Rassias equation and obtained

a new quartic functional equation of the form

FQx4y)+ f(2x—y) =4[f(x+y) + f(x = )] +24f(x) = 6f(y) (1.5)

and discussed its general solution. In fact Lee et al. [17] proved that a function f between
vector spaces X and Y is a solution of (1.5) if and only if there exists a unique symmetric multi
- additive function Q : X* — ¥ such that f(x) = Q(x,x,x,x) for all x € X. It is easy to show that
the function f(x) = kx* is the solution of (1.4) and (1.5).

A function
f(x) = O(x1,x2,X3,%4) (1.6)

is called symmetric multi additive if Q is additive with respect to each variable x;,i = 1,2,3,4
in (1.6). A function f is defined as f(x) = w, where a(x) = f(2x) — 16f(x), B(x) =
f(2x) —4f(x). Further, f satisfies f(2x) = 4f(x) and f(2x) = 16f(x) is said to be a quadratic
- quartic function.

Jun and Kim [18] introduced the following generalized quadratic and additive type functional

equation
n

n

fQux)+(n=2) ) fa)=Y, flxitx;) (1.7)
i=1 i=1 1<i<j<j

in the class of functions between real vector spaces. For n = 3, Kannappan proved that a

function f satisfies the functional equation (1.7) if and only if there exists a symmetric bi-

additive function B and an additive function A such that f(x) = B(x,x) +A(x) for all x; see

[14]. The Hyers-Ulam stability for the equation (1.7) when n = 3 was proved by Jung [19]. The
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Hyers-Ulam-Rassias stability for the equation (1.7) when n = 4 was also investigated by Chang
et al. [20].
The general solution and the generalized Hyers-Ulam stability for the quadratic and additive

type functional equation

fr+ay) +af(x—y) = flx—ay)+af(x+y) (1.8)

for any positive integer a with a # —1,0, 1 was discussed by Jun and Kim [21]. Recently Najati
and Moghimi [22] investigated the generalized Hyers-Ulam-Rassias stability for a quadratic

and additive type functional equation of the form

f(2x+y)+f(2x—y) =2f(x+y) +2f(x—y) + 2/ (2x) =41 (x). (1.9)

Very recently, the authors [23,24] investigated a mixed type functional equation of cubic and
quartic type and obtained its general solution. The stability of generalized mixed type functional

equations of the form

Fle+ky)+ flx—ky) = [f(x+y) + f(x—y)] +2(1 — k) f (x) (1.10)

for fixed integers k with k # 0,+1 in quasi -Banach spaces was investigated by Gordji and
Khodaie [25]. The mixed type functional equation (1.10) is additive, quadratic and cubic. Park
et al. [26] proved the generalized Hyers-Ulam stability of the following additive-quadratic-

cubic-quartic functional equation (briefly, AQCQ-functional equation):
f+29)+f(x=2y) = 4f(x+y)+4f(x—y) =65 (x) + f(2y)

+f(=2y) —4f(y) —4f(—y)

(1.11)

in random normed spaces .

Throughout this paper, we assume that X be a vector space over a non-Archimedean field K,
(Y,u,T) is a non-Archimedean random Banach space over K. Based on fixed point methods,
we prove the generalized stability of the following equation:

frtay) +flx—ay) = @[f(x+y)+ fx=y)]+2(1 —a®) f(x)+

4 2

@)+ £(=2) — 41 () (1.12)
—f(=y)]
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for fixed integers a with a # 0,41 in random normed spaces. In the sequel, we shall adopt
the usual terminologies, notions, and conventions of the theory of non-Archimedean random
normed spaces (non-ARN-spaces) as in [27, 28, 7]. In this paper, the space of all probability
distribution functions is denoted by A™. Elements of A are functions F : RU{—oc0,0} — [0, 1],
such that F is left continuous and nondecreasing on R and F(0) = 0, F(+o0) = 1. It is clear that
the subset D' := {F € AT : |7 F(+o) = 1}, where [~ f(x) = lim,_,, f(t) is a subset of AT. The
space AT is partially ordered by the usual point-wise ordering of functions, i.e., F < G if and
only if F(¢) < G(t) for all 1 € R. The maximal element for AT in this order is the distribution
function g given by

1, ifz>0.

0, ifr <0.

8()(1‘) =

2. Preliminaries

In this section, we give the definition and theorems that are important in this paper.

Theorem 2.1. [29] Let (X,d) be a complete generalized metric space and let J : X — X be a
strict contractive mapping with a Lipschitz constant 0 < L < 1. If there exists a nonnegative

integer k such that d(J**x,J%x) < co for some x € X, then the followings are true:

(1) the sequence {J"x} converge to a fixed point x* for J,
(2) x* is the unique fixed point of J in X* = {y € X,d(J*x,y) < oo},
(3) if y € X¥, then d(y,x*) < ﬁd(]y,y).

Definition 2.2. [7] A mapping 7 : [0,1]> — [0,1] is a continuous triangular norm (briefly, a
continuous t-norm) if 7" satisfies the following conditions:

(1) T is commutative and associative;

(2) T is continuous;

(3) T(a,1)=aforalla € [0,1];

(4) T(a,b) <T(c,d) whenever a < c and b <d forall a,b,c,d € [0,1].

Typical examples of continuous t-norms are 7, (a,b) = ab, Ty (a,b) = min(a,b) and Ty (a,b) =

max(a+ b — 1,0) (the Lukasiewicz t-norm). Recall (see [5], [30]) that if T is a t-norm and
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{x,} is a given sequence of numbers in [0, 1], T/ ,x; is defined recurrently by T.1;x; = x; and
T" xi= T(Y}’;_llx,-,xn) =T(x1,...,x,) forn > 1. T x; is defined as T x,,1;. It is known ([31])

that for the Lukasiewicz t-norm the following holds:

Tim (7). %015 = 1 & n;(l —Xp) < 0.

Definition 2.3. By a non-Archimedean field, we mean a field IK equipped with a function(valuation)
|.| : K — [0,0) such that for all r,s € K, the following conditions hold:
(1) |r| =0if and only if r = 0;
) |rs| = |rlls];
3) |r+s| < max(|r|,|s|) for all r,s € K.
Clearly,|1| = |— 1| =1 and |n| <1 for all n € N. The function |.| is called the trivial valuation
if|r|=1,VreK,r+#0,and 0| =0.

Definition 2.4. Let X be a vector space over a scalar field K with a non-Archimedean non-
trivial valuation |.|. A function ||.|| : X — R is non-Archimedean norm (valuation) if it satisfies
the following conditions:

(1) ||x|| = 0if and only if x = 0;

(2) ||rx|| = |r|||x|| for all r € K and x € X;

(3 o+l < max(x], ] for all x,y € X.

Then, (X, ||.||) is called a non-Archimedean space. Due to the fact that
[[2m = xn|| < max{|lxj41 —x;f :m < j<n—1},

in which n > m, the sequence {x,} is Cauchy if and only if {x,+; —x,} converges to zero
in a non-Archimedean normed space. In a complete non-Archimedean space, every Cauchy

sequence is convergent.

Definition 2.5. A non-Archimedean random normed space (briefly, non-Archimedean RN-
space) is a triple (X, u,T), where X is a linear space over a non-Archimedean field K, T is a
continuous t-norm, and i is a mapping from X into D" such that, the following conditions hold:
(1) wx(r) = g(z) for all r > 0 if and only if x = 0;
(2) Uax(t) = py(%;) forall x € X, 1 > 0 and o # 0;

|af
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(3) Myry(max(t,s)) > T (U(t), ty(s)) forall x,y € X and ¢,s > 0.

It is easy to see that if (3) holds, then (3"): pyy(f +5) > T (U(t), 1y(s)) for all x,y € X and
t,s > 0.

Every non-Archimedean normed linear space (X, ||.||) defines a non-Archimedean RN-space
(X, 1, Ty) where (1) = H_TW forallt >0andx € X.
Definition 2.6. Let (X,u,T) be a non-Archimedean RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if for all 7 > 0, limy,_ye0 Uy, —x(1) =
L;

(2) A sequence {x,} in X is said to be Cauchy sequence in X if for each € > 0 and 7 > 0,
there exist a positive integer ng such that for all n > ng and p > 0, we have L, o (1) >
1—¢;

(3) A non-Archimedean RN-space (X, i, 7)) is said to be complete (i.e.,(X,u,T) is called a
non-Archimedean random Banach space) if every Cauchy sequence in X is convergent

to a point in X.
Theorem 2.7. [7] If (X, i, T) is a non-Archimedean RN-space and {x,} is a sequence such that
Xn — X, then limp_e by, (1) = W (t) almost everywhere.

Theorem 2.8. [31] Let f : X — Y be a function satisfying (1.12) for all x,y € X. If f is even

then fis quadratic - quartic.

Theorem 2.9. [31] Let f: X — Y be a function satisfying (1.12) for all x,y € X. If f is odd then

fis additive - cubic.

Theorem 2.10. [31] Let f : X — Y be a function satisfying (1.12) for all x,y € X If and only if

there exists functions A: X —Y, B:X*>—=Y,C:X>—Y and D : X* — Y such that
f(x) =A(x) + B(x,x) + C(x,x,x) + D(x,x,x,x) (2.1)

for all x € X, where A is additive, B is symmetric bi-additive, C is symmetric for each fixed one

variable and is additive for fixed two variables and D is is symmetric multi - additive.

3. Stability of Equation (1.12) in non-Archimedean RN-Spaces



A FIXED POINT APPROACH TO THE NON-ARCHIMEDEAN RANDOM STABILITY 427

In the rest of the paper let f: X — Y and we define

Af(x,y) = flx+ay)+ fx—ay)—a[f(x+y)+ f(x—y)] —2(1 —a®) f(x)

614—02

T Lf(2) + f(=2y) —=4f(y) — f(=y)],

where ain Z — {—1,0,1}.
Now using fixed point approach to the non-Archimedean RN-space under arbitrary t-norm,

we prove the stability of generalized mixed type of AQCQ- functional equations Af(x,y) = 0.

Theorem 3.1. Let K be a non-Archimedean field, X be a vector space over K and (Y,u,Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — D (@(x,y) is denoted by

¢xy) be a function such that for some A € R, 0 < A < 4

Pax2y(Al) = ey (1), (3.1)
forallx,yce X andt > 0. If f : X — Y be an even mapping such that

Haf(ey) (1) 2 @uy(1); (3.2)

and f(0) = 0, then there exists a unique quadratic mapping Q : X — Y satisfying (1.12) and

4—-1
Hs(20)-16f() 0w (1) = Yx(—7 1), (3.3)

) (a*—a’) 2) (a 4*012)
), (POZx( ) L )).Moreover

0(x) = lim i<f<2"“x> —16£(2)).

Proof. Using the evenness of f and (3.2), we get

u

> .
ey (a1 x9) -2 -a2) £ 2 ) -spop () Z P ) B4)

for all x € X and ¢ > 0. Interchanging x and y in (3.4), we obtain

u

> . .
Flaxty)+as—3)-a(F (341 a—9) 201 -a2) o) 220 -2 () = P (3:3)

for all x,y € X and ¢ > 0. Letting y = 0 in (3.5), we get

>
Ho flax)—2a2 () -2 (22— () = P0(0)- (3.6)
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Putting y = x in (3.5), we obtain

> .
B 1)0)+ (1) 720)-2(1 a7 () 252 (22080 1) 2 Pox(0) 37
for x € X and ¢t > 0. Replacing x by 2x in (3.6) we get
Mo f(2ax) 242 £ (20)— 2 (2 (4) -8 £ (20)) (1) 2 Qo2:(t)- (3.8)
for x € X and t > 0. Setting y by ax in (3.5), we obtain
> . .
H ) a1+ by (1)) 201 ~a) ) L2 072y () Z Paalt)- - (39)
Hence, (3.6), (3.7), (3.8) and (3.9) imply that
a’t a’>— 1)t a* —a®)t
Meaf(x)—20f(2x)+f(4x) () = TM(%J(E%q)x,x(%)?(po@x(%)?
o (3.10)
(Pax,x( 12 )) = I//x(’f)
for x € X and r > 0. Now we put F(x) = f(2x) — 16 f(x). It follows that
I £ (4x)— 16 £(2x)—4(F(20)— 16 £(x)) () = W),
which implies that
K (2x)—4F (x) (1) 2 Wi(t). (3.11)

Now, we define the set S by S:= {F : X — Y} and introduce a generalized metric on S as

follows
dy(F,G) =inf{e € Ry : Up()_c(x) (€1) > Ya(t),Vx € X, ¥t > 0} (3.12)

Then, it is easy to verify that (S, dy) is complete (see [30]). We define an operator J : § — S by

JL(x) = L(zx), forallx € X.Let F,G € Sand € € R, be an arbitrary constant with dy (F,G) < &,

that is,
KF(x)—G(x) (€) > Wa(t) (3.13)
forall x € X and ¢ > 0. Then

Aet Aet

.uJF(x)fJG(x)(T) = NF(Zw_G(Zx) (T) = Wr(2x)—G(2x) (AE€L) 2> Yo ox (A1) > yi(2)  (3.14)
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for all x € X and ¢ > 0, that is, dy(JF,JG) < %. We hence conclude that dy (JF,JG) <
%dW(F, G) for any F,G € S. As 0 < A < 4, then operator J is strictly contractive. It follows
from (3.11) that

&t &t

Hor()-F( (7)) = Hrey rw (7)) T R -ar ) (81) 2 Yi (1) (3.15)

for all x € X and ¢ > 0, that is, dw(JF, F) < % < oo, Using Theorem 2.1, we deduce existence of
a fixed point of J, that is, the existence of mapping Q : X — Y satisfying the following:

(1)  Qis afixed point of J such that lim,,_...dy(J"F, Q) = 0. This implies the equality

0(x) = Tim J"F (x) = lim = ) _ fim Lt —167(2m)

n—soo n—oo 4N n—soo 41

and Q(2x) = 4Q(x) for all x € X. Also Q is the unique fixed point of J on the set

S§*={G € S§:dy(F,G) < }.

(2) dy(F,Q) < tL;dy/(JF,F) implies the inequality dy (F,Q) < —'5. Then

A‘ .
-7

4t
.uF(x)fQ(x)(m) > (1),

which implies that

HE () —0(x) (1) 2 Y(——1). (3.16)
It follows from (3.1) and (3.2) that

) 4"t 4"t
Hag(ey) () 2 M Ty (@ry (7557) fra (7 55)) = 1.

Hence AQ(x,y) =0and lr o) _16f(x) -0 (t) > lyx(%t) forall x € X and ¢ > 0. This completes
the proof.

Theorem 3.2. Let K be a non-Archimedean field, X be a vector space over K and (Y,u,Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — D (@(x,y) is denoted by

®xy) be a function such that for some A € R, 0 <A < 16

Py (A1) = @ry (1), (3.17)
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forallx,ye X andt > 0. If f: X —Y be an even mapping such that

Haf(ey) (1) 2 @uy() (3.18)

and f(0) = 0, then there exists a unique quartic mapping D : X — Y satisfying (1.12) and

16— A
s (20 -a7(0) Do) () 2 Ya(— 1), (3.19)

at—

where Yi(t) = T (@0 (42, Qe (), 0020 (E), Qo (C57)), M
X 2 XX 2x Dax x , Moreover

1
D(x) = lim

n—oo 16"

(2" 1) —4f(2"x)).

Proof. Using Theorem 3.1, we have [ ¢4 4 f(2x)—16(f(20)—4f(x)) (t) = Wx(2). It follows that

HG(2x)—166G(x) (1) = Wx(2) (3.20)
where G(x) = f(2x) —4f(x), for all x € X and t > 0. Now, we define the set S by S := {G:
X — Y} and introduce a generalized metric on S as follows

dy(F,G) =inf{e € Ry : Up(x)—c(x) (€1) > Wa(t),Vx € X, ¥t > 0}. (3.21)

Then, it is easy to verify that (S, dy,) is complete (see [30]). We define an operator J : S — S by

JL(x) = (16 ) forallxe X.Let F,G€E Sand & € R be an arbitrary constant with dy (F,G) <€,

that is,
HF () -G (€1) = Wi(2) (3.22)
forall x € X and ¢t > 0. Then

AEt Aet
HiF ()16 (7g) = Hreo oo () = Hr2o-Gay(Ae) 2 Yaeax(Ar) 2 yi(r) - (3.23)

16

for all x € X and ¢ > 0, that is, dy(JF,JG) < %. We hence conclude that dy (JF,JG) <
%dl,,(F, G) for any F,G € S. As 0 < A < 16, then operator J is strictly contractive. It fol-
lows from (3.20) that

HiG()-6)(1¢) = Moy 6 1g) = Ho@y-166(x) (€f) = Ya(t) (3.24)
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for all x € X and r > 0O, that is, dl,,(JG7 G) < 1% < oo. By Theorem 2.1, we deduce existence of
a fixed point of J, that is, the existence of mapping D : X — Y satisfying the following:
(1) D is a fixed point of J such that lim,, .. dy (J"G,D) = 0 This implies the equality

D) = lim J"G(x) = lim 22 i L (p@r 1) —ap(2m))

n—oo n—oo 16” n—oo 16”

and D(2x) = 16D(x) for all x € X. Also D is the unique fixed point of J on the set

M:={G€S:dy(F,G) < }.

16

(2) dy(G,D) < 117dy(JG,G) implies the inequality dy(G,D) < 7. Then

16t
H6(x) b (7e ) = Wal0),

which implies that

16—A
K (x)—D(x) (1) = Wa( T 1), (3.25)
It follows from (3.18) and (3.19) that
. " 16"t
MAD(x,y) (t) > r}grolo TM(¢2”+1x,2”+1y(16 t)a Pany ony) (T))
16"t 16"t

> ,}glgoTM(¢x,y(W)y QDx,y(m)) =1

Then AD(x,y) = 0 and f(25)—4(x)—D(x) () > y/x(%t) for all x € X and ¢ > 0. This completes

the proof.

Theorem 3.3. Let K be a non-Archimedean field, X be a vector space over K and (Y, Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X> — D' (@(x,y) is denoted by

¢x.y) be a function such that for some A € R, 0 < A < 4

Py (A1) = @ry (1), (3.26)

forallx,ye X andt > 0. If f: X — Y be an even mapping such that

Haf(ey) (1) = @y (0); (3.27)

and f(0) = 0, then there exists a unique quadratic mapping Q : X — Y and a unique quartic
mapping D : X — Y satisfying (1.12) and

160 o-00©) 2 T (v PS04 - e (3.28)



432 IZ. EL-FASSIL S. KABBAJ

(21)

(42 4

NN (Gl

Proof. Using Theorems 3.1 and 3.2, we see that there exists a unique quadratic function Q; :

where Yy (t) = Ty (o« (0—2) P (2 5, P02

X — Y and a unique quartic function Dy : X — Y such that Uroy) 47D, (x )( )2 ‘Vx(m o )

and [ 7(20)-167()-0, (0 (1) > Wi(*521). Then
Hf(20)—4(x) =Dy (x) - [ (20)~16£ (1) —01 (0] (1) = Tt (Mg 2)—a£ ()b (x) (1) Bep ()~ 16£(x) 01 (x) ()

which implies that 1115 () p, (040,00 () = T (Wi (15521), wa(2521)). Hence, we have

I 16— 42
o0 tpi+ o (131) 2 T (W= 1) Yal =7 —1))-

It follows that fs(y o(x)-p(w) (1) = Tu (W (CU5220), Yo (3(4 = 2)1)), where Q(x) = =501 (x)
and D(x) = $5Di (x).

Theorem 3.4. Let K be a non-Archimedean field, X be a vector space over K and (Y,u,Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — D (@(x,y) is denoted by

¢x.y) be a function such that for some A € R, 0 < A <2
(sz,Zy(;Lt) > (Px,y(t)a (3'29)
forallx,y e X andt > 0. If f : X — Y be an odd mapping with f(0) = 0 and satisfying

Haf(xy) (1) 2 @ry(1) (3.30)

for all x,y € X and t > 0. Then there exists a unique additive mapping A : X — Y satisfying
(1.12) and

'uf(zx)—gf(x)—A(x)<t) > ﬁx( 3 t)v (3.31)
where By(t) = Ty (9x(3), (1)),

612
Ox(t) = TM(QDxx(?) (P2xX((az_ 1)t)7¢x,2x((a4_a2)t)7

TM<(p 14+a)x (( z)t)7(p(l—a)x,x((a4_az)t)))a

and
a’t

(1) = Tha (Pc2v((@ = 1)1), @2 =), Pral(a* = a®)1), @en((a —a¥)1),

TM(¢(1+2a)xx((a4 - az)t)a ¢(1—2a)x7x((a4 - az)t)))a
Moreover A(x) = limy e 5 (f(2"H1x) — 8 £(2"x)).
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Proof. Using the oddness of f and (3.30), we get

Hp(ctan) £ (x-ay) a2 (f(eb9) + )21 -a2) () () 2 Py (1)
Replacing y by x in (3.32), we obtain
Hp((1+ap)+ £ (1—a)0)—a2f (20 -2(1-a) £ () (1) 2 P ()
Replacing x by 2x in (3.33), we obtain
L F(2(14a))+F(2(1—a)x)—a? £ (4x)—2(1—a2) £(2x) (F) = P2x,2x(1).
Again replacing (x,y) by (2x,x) in (3.32), we get
Hp(2+a)0)+ £ (2—a))—a(F(3a)+ £ () —2(1-a) £(2x) (1) = Paxx(7)
for all x € X and ¢ > 0. Replacing y by 2x in (3.32), we obtain
Hy((14+2a)x) +£(1-2a)x)—a2(f(3x)— £ (x))—2(1—a?) £ (x) (t) > @uox(?)
for all x € X and ¢ > 0. Replacing y by 3x in (3.32), we get
HLf((143a))+ £ ((1-3a)x) a2 (£ () — f(2x))—2(1—a2) £(x) (F) = P3x(7)
for all x € X and 7 > 0. Replacing (x,y) by ((1 +a)x,x) in (3.32), we obtain
H£((142a)0)+ £ ()~ (F((2+a)x) 4 f(ax)—2(1—-a?) f((1+a)n) (E) = @(11aye(F)
for all x € X and 7 > 0. Again replacing (x,y) by ((1 —a)x,x) in (3.32), we obtain
H(1-2a)0)+ ()~ (F((2-ap)— f (@) ~2(1-@) f(1-a)x) (1) = P(1-apr ()

forall x € X and r > 0. By (3.38) and (3.39), we get

R ((142a)0+(1-2a)0)+2f (x)=a? (F((2+a)x) +£((2—a)x)) —2(1=a?)(f(1+a)x)+f((1-a)x)) ()

> TM(¢(1+a)x,x (t)a (p(lfa)x,x(t))

for all x € X and t > 0. Replacing (x,y) by ((1 —2a)x,x) in (3.32), we obtain

L F((1—a))+ £((1—3a)) a2 (£((2—2a)x)— f(2ax))—2(1—a2) £((1-2a)x) () = P(1-2a)xx(1)-

433

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)



434 IZ. EL-FASSIL S. KABBAJ

Again replacing (x,y) by ((1+2a)x,x) in (3.32), we get

Fr((143a)x)+ £((1+a)x)—a? (f((2+2a)x)+ f (2ax))—2(1—a?) £((1+2a)x) (t) > P(1+2a)x,x (t) (342)

By (3.41) and (3.42), we obtain

Hf((1+43a)x)+£((1-3a)x) + £ (1+a)x) + £ ((1-a)x)—a(f((2+2a)x)+ f((2—2a)x)) (3.43)
21— (F((142a)0) + £ (1—2a)) () = Tt (14016 (1), P(1—a)x (1))

Using (3.33), (3.35), (3.36), and (3.40), we see that

2
a
Hia (20 -5£(x)—r(3) (1) = TM((Pxx(T) Qrex((@® = 1)), @en((a* — a®)t),

T (91 +apen (@ — a)1), @1 _apen((a@* — 1)) (3.44)
:(px(t)'

It follows from (3.34), (3.36), (3.33), (3.37), and (3.43) that

a’t
H[f(4x)—2f(2x)—2f(3x)+6f(x)}(f) 2 TM((P2x,2x((a2 —1)1), s, 2x( ) (Dxx((a4—az)f),

q)x,3x((a4 - az)t)7 TM(¢(1+2a)x7x((a4 - az)l)a (3'45>
¢(172a)x,x((a4 - az)t)))

= 04 (1)
for all x € X and ¢ > 0. From (3.44) and (3.45) we have
U (4x)—10£(26)+16£(0)] (1) = H2£(3x)=8 F(20)+ 10 £(x)+ £ (4x) =2 £ (3x) =2 (2)+6 £ (x) (1)
> Ty (L F(3x)—8£(2x)+10£(x) (t), My (ax)—2£(3x)—2f(2%)+6f(x) (t))
> Tu(9a(3), aal0) = Bilt),
which implies that
£ (4x) -8 £ (20)—2( £(20)—8£(x))] () = B (). (3.46)

Putting H(x) = f(2x) — 8f(x), we see that

K (2x)—28 (x) (1) = B(?) (3.47)
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forall x € X and ¢t > 0. New we define the set Pby P:= {H : X — Y } and introduce a generalized
(3.48)

metric on P as follows
dﬁ (F,G)=inf{fe e R : ,LLF(X)_G(X)(SZ‘) > Bi(t),Vx € X, ¥t > 0}.

Then, it is easy to verify that (P,dg) is complete (see [30]). We define an operator J : P — P by
,forall x € X. Let F,H € P and € € R, be an arbitrary constant with dg (F,H) < €,

JL(x) = 42
that is,
Kr(x)—m(x) (€1) = Bu(t) (3.49)
forall x € X and ¢ > 0. Then
Aet Aet
W () () = H@,@(T) = Mp(2x)—H(2x) (A€L) = Poxox(At) > Bu(t)  (3.50)
for all x € X and ¢ > 0, that is, dg (JF,JH) < % We hence conclude that dg (JF,JH) <
%dﬁ (F,H) for any F,H € P. As 0 < A < 2, then operator J is strictly contractive. It follows
(3.51)

from (3.47) that
&t
(x)(f) = Wp(20)—2H(x) (€1) = Px(2)

&t .
) - “M_H

2

it (o) -H(x) (5
for all x € X and ¢ > 0, that is, dﬁ (JH,H) < % < oo, Using Theorem 2.1, we deduce existence

of a fixed point of J, that is, the existence of mapping A : X — Y satisfying the following:

L@ —srm)

H(2"x) ..
= Jm

(1) A'is a fixed point of J such that lim, . dg (J"H,A) = 0 This implies the equality

A(x) = ’111_I>IgoJ H(x) = nh_r)rolo >
and A(2x) = 2A(x) for all x € X. Also A is the unique fixed point of J on the set

P*:={H €S :dg(F,H) <o},

(2) dg(H,A) < 1;dg(JH,H) implies the inequality dg(H,A) < —:. Then
-2

(3.52)

which implies that
HMH (x)—A(x) (
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It follows from (3.29) and (3.30) that

2"t 2"t
“AA(x,y)( ) > lim TM((ny(ln_H )a‘P)@y(W)) =1

n—o0

Then AA(x,y) = 0 and Uf(o)—gf(x)-a) () > Be(35% A1) for all x € X and ¢ > 0. This completes

the proof.

Theorem 3.5. Let K be a non-Archimedean field, X be a vector space over K and (Y,u,Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — D (@(x,y) is denoted by

¢x.y) be a function such that for some A € R, 0 <A < 8
P2y (A1) = @ry (1), (3.53)
forallx,ye X andt > 0. If f : X — Y be an odd mapping with f(0) = 0 and satisfying
Haf(ey) (1) = @uy(t) (3.54)

forall x,y € X andt > 0. Then there exists a unique cubic mapping C : X — Y satisfying (1.12)

and

s (20 -2f(0)—c(x) (1) = Bel—g—1), (3.55)

where By(t) = Ty (9x(5), cu(r)),
a2
0:(1) = Tu(@a(5), @2al(@® = 1), @l — @),

TM((P(1+a)x,x((a4 - az)t)v (P(lfa)x,x((a4 - az)t)))a

and
a’t

le(l‘) - TM(‘PZx,Zx((aZ - 1) ) (Px 2x( ) (pxx(( —a2>l‘), (Px,Sx((a4 _az)t)a

TM(¢(1+2a)xx((a4 - az)l)a ¢(1—2a)x,x((a4 - az)t)))a
Moreover C(x) = limy_eogr (f(2"71x) — 2£(2")).

Proof. Using Theorem 3.4, we have

W (4x)—2£(20) -8 (f(2x) 27 (x))] () = Br(2)- (3.56)

Putting K (x) = f(2x) — 2f(x), we find that

Wik (20) -8k ()] (1) = Bx() (3.57)
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forall x € X and 7 > 0. New we define the set N by N := {K : X — Y } and introduce a generalized

metric on N as follows
dg (F,G)=inf{e e R : /.Lp(x)_G(x)(El‘) > Bi(t),Vx € X, ¥t > 0}. (3.58)

Then, it is easy to verify that (N,dg) is complete (see [30]). We define an operator J : N — N by

JL(x) = L(gx) ,forallx € X. Let F,K € N and € € R be an arbitrary constant with dg(F,K) <€,

that is,
Kr () —k (x) (€1) 2> Bx() (3.59)
forall x € X and r > 0. Then
Aet Aet
HiF()-ak () (—g~) = .UFTlx)_KTlx)(?) = Up () -k(2x) (A€1) > Bocox(At) > Bi(t)  (3.60)

for all x € X and t > 0, that is, dg(JF,JK) < %. We hence conclude that dg(JF,JK) <
%dﬁ (F,K) for any F,K € N. As 0 < A < 8, then operator J is strictly contractive. It follows
from (3.57) that

&t &t
.uJK(x)—K(x)(g) = “Mfl((x)(g) = :uK(Zx)—8K(x)(£t) > ﬁx(t) (361)

8
for all x € X and ¢ > 0, that is, dﬁ (JK,K) < % < oo, Using Theorem 2.1, we deduce existence of
a fixed point of J, that is, the existence of mapping C : X — Y satisfying the following:
(1) Cis a fixed point of J such that lim,_,..dg (J"K,C) = 0. This implies the equality

C(x) = lim J'K(x) = lim — 2% _ i L (F(2" %) —2£(2"x))

n—so0 n—oo 2N n—soo 7N

and C(2x) = 8C(x) for all x € X. Also C is the unique fixed point of J on the set

N*:={K € §:dg(F,K) < oo},

() dg(K,C) < t1;dg(JK,K) implies the inequality dg(K,C) < ﬁ Then

8

8t
MK (x)—C(x) (m) > Pu(1),

which implies that

o) = B 2220, (3.62)
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It follows from (3.53) and (3.54) that

) 8"t 8"t
PAC(xy) (1) > ,}l_ngM(‘Px,y(W)»%,y(m)) =1

Then AC(x,y) = 0 and L¢(2.)—2f(x)—c(x)(t) = Bx( A1) for all x € X and ¢ > 0. This completes

the proof.

Theorem 3.6. Let K be a non-Archimedean field, X be a vector space over K and (Y, Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — DT ( ©(x,y) is denoted by

¢vx.y) be a function such that for some A € R, 0 < A <2
Pox 2y (A1) > @u (1), (3.63)
forallx,ye X andt > 0. If f : X — Y be an odd mapping with f(0) = 0 and satisfying
Har(ey) (1) = @uy(1); (3.64)

Then there exists a unique additive mapping A : X — Y and a unique cubic mapping C : X —Y

satisfying (1.12) and

3(8— 1)
4

(o) —AGx) -0 (1) = T (Bx( 1),B:(3(2—2)1)), (3.65)

where By(t) = Ty (9x(5), (1)),

a’t
27
T (@1 1ap((@* = )1), 01 _gyx((a* — a®)1))),

Ox(t) = T (Prx(—), (PZXX((C‘Z_ l)t),(px72x((a4—a2)t),

and
2
0 (t) = Tua(@22x((@® — 1)t), @x 2 t) Qex((a* —a®)t), oo ae((a* —a*)r),

TM(¢(1+2a)x7x((a4 - az)l)a (p(l—Za)x7x((a4 - az)t)))'

Proof. Using Theorems 3.4 and 3.5, there exists a unique additive function A; : X — Y and a

unique cubic function Cy : X — Y such that l (o) _gf(x)—a,(x) () > ﬁx(%t) and

8— A4
i) 25~ (0) (1) = Bel—g—1)
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forall x € X and ¢t > 0. Then

Hf(20) -2 () C1 ()~ [ (20 ~8£ () A1 ()] () = T (M p(2) 27 0) €y () (1) B (20) 8 7)) (2))

which implies that g ()¢, (1) 14, (0 (1) = Tu (Be(5521), ﬁx(%m. Hence

1 7L
'uf(X)—%C1(X)+%A1( )(6 ) > M(Bx( ) ﬁx( 1))
It follows that L () (x)— ) > Ty (ﬁx( t),Bx(3(2—7L)t)) forall x € X and 7 > 0, where

() (£
Alx) = —%Al(x) and C(x) % 1(x).

Theorem 3.7. Let K be a non-Archimedean field, X be a vector space over K and (Y,u,Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — D' (@(x,y) is denoted by

¢xy) be a function such that for some A € R, 0 < A <2

P22y (A1) = @y (1), (3.606)

forallx,y € X andt > 0. If f : X — Y be a mapping with f(0) = 0 and satisfying

Haf(y) (1) Z @y (2). (3.67)

Then there exists a unique additive mapping A : X — Y, a unique quadratic mapping Q : X — Y,

a unique cubic mapping C : X — Y and a unique quartic mapping D : X — Y such that
~ 3(16—-1)

Hf () -A()~0(x) ()~ (1) = T { T (Y (1), Vi (3(4—=A)t)),
) 3(8 n (3.68)
Tt (Be(=—21), Be(3(2— A)1))},
where
~ _a’t, . (a*—1)t (a* —a®)t (a* —a*)t

WX(I) = TM((pO,x(EL %c.,x(T% %,Zx(T)a 6ax,x(T))v

Blt) = Tu(6:(5), (1)),
(12
2 )
TM(@ 14a)x (( z)t)aa(l—a)x,x((a4_az)t)))a

$X() TM(@XX( ), QXX(( Z—I)t),@fx,zx((a“—az)t),

(12 ~
(1) = Tt (2e22((@® = 1)0), B 50), P (0 — @)1), Bl (a* — ),

TM(¢(1+2a)x,x((a4 - az)t)a 6(1—2a)x,x((a4 - az)t)))a
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and Qy (1) = Toy (P y(21), 9—x—y(21)) forall x € X and t > 0.

Proof. Let f¢(x) = 3(f(x)+ f(—x)) for all x € X. Then f¢(0) =0, f¢(—x) = f¢(x) and
2AF¢(x,y) = Af(x,y) +Af(—x, —). Hence

uZAff(x.,y) (t) = “Af(x,y)—i—Af(—x,—y) (t> > TM(nuAf(x,y) (t>7nuAf(—x,—y) (l‘)),

which implies that

HAfe(x,y) (t) > TM(:“Af(x,y) (2t)nuAf(—x,—y)(2t)) > TM<(px,y(2t)7 (P*X,*y(ZI)) =: ax,y(t)'

Using Theorem 3.3 there exist a unique quadratic mapping Q : X — Y and a unique quartic

mapping D : X — Y such that

He(x)—0()-D(x) () = T (Ve (———7—1), Wc(3(4 — L)1) (3.69)

~  (®=1)t\ ~ (a*—d®)t

where Yie(r) = T (Gox(L), B (L), G0 20 (L) B (L)) forall x € X and 1 >
0. Again f°(x) = 3(f(x) — f(—x)) for all x € X. Then f°(0) =0, f°(—x) = —f°(x) and
2Af°(x,y) = Af(x,y) —Af(—x,—y). Hence

‘UZAfU(x,y) (t> = nuAf(x,y)—Af(—x,—y) (t) > TM(:uAf(x,y) (t)7 ‘uAf(—x,—y) (t))

Using Theorem 3.6, we see that there exist a unique additive mapping A : X — Y and a unique

cubic mapping C : X — Y such that
3(8 ),

Hro()-a@) - (1) = T (Bl £),Be(3(2—A))), (3.70)

where By(1) = To(9u(4), &u(1)),
~ a2 ~ ~
(PX( ) TM(QDxx(T) (PZxx(( 2 l)t)7¢x,2x((a4_a2)t)7

Tu ((P 14a)x (( 2)t)7¢(1—a)x7x((a4_az)t)))a

and
az ~
&X(t) = TM((T)ZxQx((aZ — 1)), (Px 2x( t) ngx(( _az)t)a (Px73x((a4 _az)t)a

TM(a(lJrZa)x,x((a4 - az)t)a 6(172a)x,x((a4 - az)t)))

for all x € X and r > 0. Using (3.69) and (3.70), we conclude the desired conclusion immedi-

ately.
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In the following, we give a corollary which was obtained in [32].

Corollary 3.8. Let K be a non-Archimedean field, X be a vector space over K and (Y,u,Ty)
be a non-Archimedean random Banach space over K. Let ¢ : X*> — D' (@(x,y) is denoted by
@ry) be a function such that for some A € R, 0 < A <2 @a0,(At) > @\ (t), for all x,y € X
andt > 0. If f : X — Y be a mapping with f(0) = 0 and satisfying

FLF (x29) 4+ £ (1—23)—4(f (x03)+ £ (=) +6 £ (1) — £ (29) — F(=29)+4£ () +4 £ (—y) () = Pry(2).

Then there exists a unique additive mapping A : X — Y, a unique quadratic mapping Q : X — Y,

a unique cubic mapping C : X — Y and a unique quartic mapping D : X — Y such that

~ 3(l16—A ~
Br0-at-06ct-oi ) = Tl (U0 giaa— ),

IH(ACLONY NCERIN)S

where IT/X(t) = TM(%J(%)? @,x(f‘;)v 60,2)6(207 (Npr,x(t))7 Bx(t) = TM((EX(%)? ax(t))v
$x<t) = TM(¢X,X(2t)> %x,x(:;t)a ax,Zx(lzt),TM(&Sx,x(12t>7 6(—x,x(12t)))7

a‘x(l‘) - TM(@Zx,Zx(3t)a 6x,2x(2t)7 6x,x(12t)7 6x73x(12t)7 TM(@SX,X(lzt)v a—3x,x<12t)))7

and Qx (1) = Tor (@ y(21), 0—x —y(21)).
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