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Abstract. In this article, we investigate the problem of finding a common element of the set of solutions of a
variational problem and the set of common fixed points of an infinite family nonexpansive mappings based on a

viscosity approximation algorithm in a Hilbert space.
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1. Introduction

Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and || - ||,
respectively. Let C be a closed convex subset of H and let A : C — H be a nonlinear map. Let
Fc be the projection of H onto the convex subset C. The classical variational inequality which

denoted by VI(C,A) is to find u € C such that

(Au,v—u) >0, YveC, (1.1)
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It is know that Pr satisfies
(x =y, Pex — Pcy) > ||Pex— Pey|? (1.2)

for x,y € H. Moreover, Pcx is characterized by the properties: Pcx € C and (x — Pex,Pcx—y) >0
for all y € C. One can see that the variational inequality (1.1) is equivalent to a fixed point
problem. The function u € C is a solution of the variational inequality (1.1) if and only if u € C
satisfies the relation u = Pc(u — AAu), where A > 0 is a constant.

In the real world, many important problems have reformulations which require finding solu-
tions of the variational inequality, for instance, evolution equations, complementarity problems,
mini-max problems, and optimization problems; see [1-23] and the references therein.

Recall that the following definitions. A mapping A is said to be y-cocoercive, if for each

x,y € C, we have
(Ax — Ay,x —y) > y||Ax — Ay||>, for a constant u > 0.

Clearly, every p-cocoercive map A is 1/u-Lipschitz continuous. A is said to be relaxed y-

cocoerceive, if there exists a constant # > 0 such that
(Ax—Apx—y) > (=P Ax =4, VxyeC.
A is said to be relaxed (7, r)-cocoercive, if there exist two constants u,v > 0 such that
(Ax—Ay,x—y) > (=P |Ax—Ay[|>+rlx—y[?, wxyeC.

A mapping S : C — C is said to be nonexpansive if ||Sx — Sy|| < ||x —y|| for all x,y € C. Next,
we denote by F(S) the set of fixed points of S. A mapping f : C — C is said to be a contraction

if there exists a coefficient & (0 < o < 1) such that

1F(x) = f W < erflx =],

for Vx,y € C. A linear bounded operator B is strongly positive if there exists a constant 7 > 0
with the property
(Bx,x) > 7||x||*>, VxeH.

A set-valued mapping T : H — 2H is called monotone if for all x,y € H, f € Tx and g € Ty

imply (x —y, f —g) > 0. A monotone mapping T : H — 2/ is maximal if the graph of G(T)
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of T is not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping 7 is maximal if and only if for (x, f) € H x H, (x —y, f —g) > 0 for every
(v,g) € G(T) implies f € Tx. Let A be a monotone map of C into H and let N¢v be the normal
conetoCatveC,ie,Nev={weH: (v—u,w) >0, Yu € C} and define

Av+Ncev, veC
Tv =

0, véC.

Then T is maximal monotone and 0 € T'v if and only if v € VI(C,A); see [1].
2. Preliminaries

Recently iterative methods for nonexpansive mappings have been applied to solve convex
minimization problems. A typical problem is to minimize a quadratic function over the set of

the fixed points a nonexpansive mapping on a real Hilbert space H:

L1
m1n§<Bx,x> —(x,b), (2.1)

xeC

where B is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S and b
is a given point in H. In [11], it is proved that the sequence {x, } defined by the iterative method

below, with the initial guess xo € H chosen arbitrarily,
Xpt1 = (I — 0,B)Sx, + 0tyb, n>0,

converges strongly to the unique solution of the minimization problem (2.1) provided the se-
quence { @, } satisfies certain conditions. More recently, Marino and Xu [12] introduced a new

iterative scheme by the viscosity approximation method:
Xpt+1 = (I — 0,B)Sxp + 0,7 f (x), n>0.

They proved the sequence {x,} generated by above iterative scheme converges strongly to the

unique solution of the variational inequality

(B—yf)x",x—x") 20, x€C,
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which is the optimality condition for the minimization problem minycc % (Bx,x) — h(x), where
C is the fixed point set of a nonexpansive mapping S, 4 is a potential function for df (i.e.,
W (x)=0f(x)forxe H.)

Concerning a family of nonexpansive mappings has been considered by many authors. The
well-known convex feasibility problem reduces to finding a point in the intersection of the fixed
point sets of a family of nonexpansive mappings. The problem of finding an optimal point that
minimizes a given cost function over common set of fixed points of a family of nonexpansive
mappings is of wide interdisciplinary interest and practical importance. A simple algorithmic
solution to the problem of minimizing a quadratic function over common set of fixed points
of a family of nonexpansive mappings is of extreme value in many applications including set
theoretic signal estimation.

Recently Yao et al. [13] considered a general iterative algorithm for an infinite family of non-
expansive mapping in the framework of Hilbert spaces. To be more precisely, they introduced

the following general iterative algorithm.

Xnt1 = MY (Xn) + Buxn + (1 — Bo)I — L, A) Wy,

where f is a contraction on H, A is a stronglyy positive bounded linear operator, W,, are nonex-
pansive mappings which are generated by an finite family of nonexpansive mapping 71,73, . . ..

To be more precisely,
U nn+l1 — 1 5

Un,n = YnTnUn,n+l + (1 - YH)I;

Uni = YTiUn g1 + (1 = )1,
(2.2)

Unj—1 = Y1 Te—1Up e+ (1 = 1)1,

Up2=pTU,3+ (1 -1,

Wo=Up1 =nT1Us 2+ (1 =n),
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where {71},{2},... are real numbers such that 0 < y < 1, T}, T3,... be an infinite family of
mappings of C into itself. Nonexpansivity of each 7; ensures the nonexpansivity of Wj,.

Concerning W,, we have the following lemmas which are important to prove our main results.

Lemma 2.1 [14] Let C be a nonempty closed convex subset of a strictly convex Banach space
E. Let T1,T»,... be nonexpansive mappings of C into itself such that N;_,F(T,) is nonempty,
and let 1,7, ... be real numbers such that 0 <y, <N < 1 foranyn > 1. Then, for every x € C

and k € N, the limit lim,, o, U, xx exists.

Using Lemma 2.1, one can define the mapping W of C into itself as follows. Wx = lim,,_yo. Wy,x =
lim;, 0o Uy 1x, for every x € C. Such a W is called the W-mapping generated by 71,75, ... and

M, 72, - ... Throughout this paper, we will assume that 0 < 9, <n < 1foralln > 1.

Lemma 2.2 [14] Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let T1, T»,... be nonexpansive mappings of C into itself such that N;_,F(T,) is nonempty, and

let y1,7,... be real numbers such that 0 < Y, <n <1 foranyn> 1. Then, F(W) ="_ F(T,).

In this paper, we introduce a composite iterative process as following:

(
x1€C

Yn = Pe(Buyf () + (I = BuB)WiPe (I — raA)xy), (2.3)

| 1= X+ (1 —ay)y,, n>1,

where A is a relaxed cocoercive mapping, B is a strongly positive linear bounded operator, f
is a contraction on C and W, is a mapping generated by (2.2). We prove the sequence {x,}
generated by the above iterative scheme converges strongly to a common element of the set of
common fixed points of an infinite nonexpansive mappings and the set of solutions of the varia-
tional inequalities for relaxed (7, r)-cocoercive maps, which solves another variation inequality
(vf(qg) —Bq,q—p) <0, pen? F(T;)NVI(C,A) and is also the optimality condition for the
minimization problem min,¢cc % (Bx,x) — h(x), where C is the intersection of the common fixed
points set of a nonexpansive mappings and the set of solutions of the variational inequalities for

relaxed (y,r)-cocoercive maps, / is a potential function for 6 f (i.e., h'(x) = 8 f(x) forx € H.)
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The results are obtained in this paper improve and extend the recent ones announced by many
authors; see the literatures.

In order to prove our main results, we need the following lemmas.

Lemma 2.3 [12] Assume B is a strongly positive linear bounded operator on a Hilbert space H

with coefficient ¥ >0 and 0 < p < ||B||~". Then || —pB|| < 1—p¥.

Lemma 2.4 [11] Assume that {o,} is a sequence of nonnegative real numbers such that
Olp+-1 S (1 - '}/n)an + 5n7

where Y, is a sequence in (0,1) and {8,} is a sequence such that

(1) L=t Yo = oo

(i) limsup, oo 0n/ % <0 o0r Y, | |8y < oo.

Then lim, .. 0, = 0.

Lemma 2.5. In a real Hilbert space H, there holds the the following inequality
e+ 11> < el +2 (v + ),

forall x,y € H.

Lemma 2.6 [15] Let {x,} and {y,} be bounded sequences in a Banach space X and let 3, be
a sequence in [0,1] with 0 < liminf,_. B, < limsup,_,., By < 1. Suppose x,+1 = (1 —B,)yn+

Buxn for all integers n > 0 and

limsup({|[yn+1 = yall = [[Xn+1 —xal]) <O.
n—>oo

Then lim,,_e ||y, — xp|| = 0.
3. Main results

Theorem 3.1. Let H be a real Hilbert space, C be a nonempty closed convex subset of H
and A : C — H be relaxed (7,r)-cocoercive and u-Lipschitz continuous. Let f :C — C be a

contraction with the coefficient o (0 < o < 1) and {T;}*| be an infinite nonexpansive mappings
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from C into itself generated by (2.2) such that F = (i, F(T;)N\VI(C,A) # 0. Let B be a strongly
positive linear bounded self-adjoint operator of C into itself with coefficient ¥ > 0 such that

|B|| < 1. Assume that 0 < y < ¥/ . Assume that x| € C and {x,} is generated by
x1 €C, Xy = Quxy+ (1 — Ocn)PC(ﬁn}/f(xn) (I — BuB)W,Pc(I — A)xn) n>1,

where {04, } and {B,} are sequences in (0,1). If {a,}, {Bn} and {r,} are chosen such that
(1) limy e Bn =0, 23:1 n = °;
(i1) 0 < liminf,, e 0 < limsupn e O < 1
(i) TiMy_soo [Pt — 7 =

@iv) {r.} C [a,b] for some a, bwzth0<a<b<M r> yu2.

Then {x,} converges strongly to q € F, where ¢ = Pr(yf + (I — B))(q), which solves the varia-
tion inequality (Yf(q) —Bq,p—q) <0, Vp€F.

Proof. First, we show the mapping / — r,A is nonexpansive. Indeed, from the relaxed (y,r)-

cocoercive and p-Lipschitzian definition on A and the condition (iv), we have

(7 = ruA)x — (I = raA)y||?

= [|(x—y) = ra(Ax = Ay)||?

< = yl1? = 2ra[=7llAx = Ay|]* + rllx = yII*) + rzl|Ax — Ay[|®

< =yl + 2rup?yllx = 117 = 2rarllx =yl + w2 rg b=y

= (14 2ty = 2rar + 1) [Jx — y||?

< [lx =yl
which implies the mapping / — r,A is nonexpansive. Since the condition (1), we may assume,
with no loss of generality, that 8, < ||B||~! for all n. From Lemma 2.3, we know that if 0 <

p < |B||"", then ||l — pB|| < 1 —p7. Letting p € F and putting y, = Pc(Bayf(x,) + (I —
B.B)W,Pc(I — I’nA)xn), we have

lyn =PIl < Bullvf (xn) = Bp|| + (1 = Bu?) WP (I — raA)xn — p||
< Bl f (xn) = £(P)II + Ballvf () — Bpll + (1 = Bu?)llxa — Pl

= [1 = Bu(¥ = yo)lllxa = pll + Bull v/ () — Bpl|.
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On the other hand, we have
%1 =PIl < Qllxa — pll + (1 — a) [y — Pl
< O lxn — pll + (1= 04)[(1 = Ba(¥ — v0))lxn — p| + Bull¥f (P) — Bpl|]

By simple inductions, we have ||x, — p|| < max{||xo — p|LW}, which gives that the

sequence {x,} is bounded. Set p, = Pc(I — r,A)x,. Notice that
1P = Purill <N = raA)in = (I = 1o 1A) 11 |
=||(xn — raAxn) = (Xn+1 = TnAXn11) + (Fnr1 — ) Axng1 | (3.1)
<[Jx%n = X1l 4+ a1 — ra| My,

where M| is an appropriate constant such that M; > sup,,~ {||Ax,||}. It follows that

V2 = Yns1ll < (1= Bas1?)(|Pns1 — Pull + Wi 100 — Wapnll) (3.2)
3.2

+ |Bn+l - Bn|M2 + Yﬁn+1a||xn+1 —an,

where M, is an appropriate constant such that M> > max{sup, > {||BW,pu|| }, Ysup,> 1 {||f (xx) ||} }-

Since T; and U, ; are nonexpansive, we find from (2.2)
W10 = Wapall = M T1Un 41,200 — NT1Up 2P0l
< YillUns120 — Un2Pnl|
= Nl T2Uus1300 — 212U 304
<NVl Uut1,300 — Un 3P0 (3.3)
<...

<Y WllUns1041Pn — Un 1 Pn|

n
<Mj H Y
i=1
where M3 > 0 is an appropriate constant such that || Uy 1 u+1Pn — Unn+1Pnl|| < M3, for alln > 0.

Substitute (3.1) and (3.3) into (3.2) yields that

[1Yn = yarill < 1= Bur1 (7= 0p) a1 —xa

n
+M4(|rn+l _rn| + |Bn+l _ﬁn| +H%)’
=1

1=
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where M, is an appropriate appropriate constant such that My > max{M,M,,M5}. From the

conditions (i) and (iii), we have

limsup{HyrH—l _ynH - ‘er-l _an} <0. (3-4)

n—oo

By virtue of Lemma 2.6, we obtain that

Tim [l — x| = 0. (35)

It follows that
Jim [0 =] = 0. (3.6

It follows that
Tiny [, =]l = 0. (3.7

For p € F, we have

1o — plI*

= ||Pc(I = raA)x, — Pe(I — rA)p|1?

< [|(xn = p) — ra(Ax, — Ap)|?

= |lxn = plI* = 21 (%0 — p,Axy — Ap) + 17| Ax, — Ap||? (3.8)
< | = plI* = 2ra[=YI|Axy — AplI* + rllxa — plI*] + rallAx, — Ap||?

< | = plI* +2ra Y| Ax, — Ap||* = 277, — plI* + ral|Ax, — Ap|)?

21, r
< |on = pI* 4+ Qray+ra — M—Z)Ilen —Ap|*.

Observe that
||)’n _sz = ||ﬁn<Yf(xn) —Bp) + (I_ﬁnB)(Wnpn _p)HZ

< (ﬁn”?’f(xn)_BpH+(1_ﬁn7)’|pn—p”)2 (3.9)

< Bullvf (xn) = BplI* + [|pn — pII* +2Bull v (x) — Bplll| pn — plI-
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‘We find that

Hanrl _pH2 = ||an(xn _p) + (1 - an)(yn _p)Hz

< Gy lla = pII* + (1 o) |y — pI?
< Onln = pII” + (1 @) [Bull ¥ (xn) = BplI* + llpw — p1I°

+2ﬁn||Yf(xn) _BPH ”pn _pH]'

Substituting (3.8) into (3.10), we arrive at

e = pII?

2ryr

< |l = Pl + Ballvf (xa) = Bpl|® + 2ruy + 15 — 2 A, —Apl[?

+2Bullvf () = Bpllllpn — plI-

It follows from the condition (iv) that
r}grolo ||Ax, —Ap]| = 0.

Observe that

1P — PII> = Pe(I = raA)xn — Po(I — raA) p||?
§<(1_rnA)xn_(I_rnA)papn_p>
1 2 2
=5 U = raA)xn = (I = raA) p||” + [l = |
— | = ruA)xn — (I = raA)p = (pu — p)|I*}
<Ll = P12 llpn = I = |Gt — po) — (A — Ap) P
_2{||xn plI=+1lpn = plI* = l|(xn = pn) — ru(Axn — Ap)|[|°}
1
=§{||xn—p||2+llpn—l7||2—||xn—Pn||2—r%||Axn—Ap||2
+2"n<xn_pnann_Ap>}7

which yields that

o = pPII* <lbin = pII* = 1Pn = xal|* + 27| o — xall | Axn = Apll.

193

(3.10)

(3.11)

(3.12)

(3.13)
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Substituting (3.13) into (3.10), we have
(1= a)llpn — x|
< ben =PI = w1 = I + Ball v (%) = BpII* + 27| o — x| A — Ap||
+2Bullvf (xn) — Bpllllon — Pl
< (Il = Pl 2+t = PID 1w = i1 |+ Ball ¥ (xa) — Bp|®
+2rallpn = x| [ Axn — Apl| + 2Bl v (xa) — Bp |l on — PII-

From the conditions (i), (ii), (3.6) and (3.12), we have
r}gg”pn_xn” =0. (3.14)

On the other hand, we have || p, — W,,0u| < [|xn — Pull + %2 — Yull + ||[yn — Wapnl| - It follows from
(3.5), (3.7) and (3.14) that lim,, . |W,,0,, — pu|| = 0. From Remark 3.1 of [23], we have for any
€ > 0, there is N such that |[Wp —W,p|| < € for all p € {p,} and for all n > N. Therefore, we

have |Wp, — W,p,|| — 0 as n — oo. Notice that

W pn— pull < [[Wapn — Pull + [[Wapn —Wpall,

from which it follows that
lim |Wp, —pa| = 0. (3.15)
n—soo

Since Pr(yf + (I — B)) is a contraction, we find that Pr(yf + (I — B)) has a unique fixed point,
say g € H. Thatis, ¢ = Pr(yf+ (I —B))(g). To show it, we choose a subsequence {x,, } of {x,}

such that

limsup(yf(q) —Bq,x» —q) = im (y/(q) — Bg, xn; — q)-

n—oo
As {xy, } is bounded, we have that there is a subsequence {xnij} of {x,, } converges weakly to p.
We may assume that without loss of generality that x,,, — p. Hence we have p € F. Indeed, let

us first show that p € VI(C,A). Put

Awi+Ncwy, w1 €C
Twy =

@, wi QC.
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Since A is relaxed (7, r)-cocoercve and the condition (iii), we have
(Ax—Ay,x—y) > (=Pl Ax = Ay[* + rllx = y[* = (r—yu®) = yI* > 0,

which yields that A is monotone. Thus 7 is maximal monotone. Let (wj,w;) € G(T'). Since

wy —Awy € Newq and p, € C, we have
(Wi — pu, w2 —Awy) > 0.

On the other hand, from p,, = Pc(I — r,A)x,, we have (w; — pp,, pp — (I — r,A)x,) > 0 and hence
(W1 = Py W2) = (W1 — Py AP, — Axn,) — (Wi — Py, 221 which implies that (wi — p, w2) > 0.
We have p € T~'0 and hence p € VI(C,A). Next, let us show p € (=, F(T;). Since Hilbert

spaces are Opial’s spaces, from (3.15), we have
liminf|{|p,, — p[| <liminf||p, —Wp]|
1—ro0 1—yo0

= 1il.fgglfHPni — W+ Wapn, —Wp|

< liminf [Wp,, — Wp|
11—

< limiﬂfHPm - P” )
j—o0

which derives a contradiction. Thus, we have p € F(W) = (-, F(T;). On the other hand, we

have

limsup(yf(q) — Bq,x, — q) ZY}gglo(Yf(CI) — Bq,xn, — q)
P (3.16)

=(vf(q) —Bg,p—q) <0.

It follows from Lemma 2.5 that

R a2
Ion =gl <SRBI g 2ty @) Bann—a
_ Y 2
e M
g 0~ Ba—q (.17)
2Ba(7— ay)
S[l—W]HXn—CIHZ
2Bu(7—ay) 1 0, 7

= (vf(q) = Bg,yn—q) +

1—B.yor '7—ay 25— ap) )
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where Ms is an appropriate constant. On the other hand, we have

X1 = PlI* = [0 (xa — p) + (1 — o) n — p) I
(3.18)
< 0l — 1>+ (1= 06)lyn — plI>
Substitute (3.17) into (3.18) yields that
zﬁn 7_0"}/
et = < 1= (1 ) BT =00y
Yo
2$a(7— o)1 B
(Y — QY nY
+ (1 — o - 1(q) —Aq,yn—q) + 57— Ms].
( ) o [},_a},w (9) ) T ay) 5]
Put = (1 — 04) B0 and 1, = — L (y£(q) — Ag,yn — g) + 525 Ms. Thatis,
[ %41 _CIH2 < (1 =1)]|xn _Q||2+lntn~ (3.20)

Notice that
(vf(q) —Aq,yn—q) = (Yf(q) —Aq,yn — Xn) +{¥f(q) —Aq,x, — q)

<|1vf(q) —Aqllllyn —xall + (vf(q) — Ag,xa — q).
From (3.5) and (3.16) that

limsup(yf(q) —Aq,y. —q) <0.

n—yoo

Apply Lemma 2.4 to (3.20) to conclude x;,, — g as n — oo.
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