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Abstract. In this paper, we introduce a viscosity approximation method for solving common solutions of vari-
ational inequality and fixed point problems. Strong convergence theorems are established in the framework of

Hilbert spaces.
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1. Introduction

Fixed point theory has emerged as an effective and powerful tool for studying a wide class of
real world problems which arise in economics, image reconstruction, transportation, network,
elasticity and optimization; see [1-5] and the references therein.

The computation of fixed points is important in the study of many real world problems,
including inverse problems; for instance, it is not hard to show that the split feasibility problem
and the convex feasibility problem in signal processing and image reconstruction can both be
formulated as a problem of finding fixed points of certain operators, respectively; see [6-8] for
more details and the references therein.
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The aim of this paper is to investigate a viscosity approximation method for solving common
solutions of variational inequality and fixed point problems. Strong convergence theorems are
established in the framework of Hilbert spaces. The organization of this article is as follows. In
Section 2, we provide some necessary preliminaries. In Section 3, a viscosity iterative method is

discussed. Strong convergence theorems of common solutions are established in Hilbert spaces

2. Preliminaries

From now on, we always assume that H is a real Hilbert space, whose the inner product and
the norm are denoted by (-,-) and || - ||, respectively. Let C be a closed convex subset of H and
let A: C — H be a mapping. We denote by P be the projection of H onto the closed convex

subset C. The classical variational inequality problem is to find u € C such that
(Au,v—u) >0, VYveC. (2.1)

We denoted by VI(C,A) the set of solutions of the variational inequality. One can see that the
variational inequality problem (2.1) is equivalent to a fixed point problem, that is, an element
u € C is a solution of the variational inequality (2.1) if and only if u € C is a fixed point of the
mapping Pc(I —AA), where A > 0 is a constant and / is the identity mapping.

Recall that a mapping A : C — H is said to be inverse-strongly monotone if there exists a

positive real number u such that
(Ax—Ay,x—y) > pllAx—Ay|?, VxyeC.
Recall that a mapping T : C — C is said to be nonexpansive if
ITx=Ty|| <[x—yll, vxyeC.

In this paper, we denote by F(T') the set of fixed points of T'. Recall that a mapping f:C — C

is said to be contractive if there exists ¢ € (0, 1) such that

1F () —fWI < eflx=yll, vx,yeC.
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Recall that a linear bounded operator B : C — C is said to be strongly positive if there exists a
constant ¥ > 0 such that (Bx,x) > 7||x||?, Vx € C. Recall that monotone mapping T : H — 2 is
said to be maximal if the graph of G(T) of T is not properly contained in the graph of any other
monotone mapping. Recall that set-valued mapping T : H — 2¥ is said to be monotone if, for
allx,y€ H, f € Txand g € Ty imply (x—y, f —g) > 0. It is known that a monotone mapping T
is maximal if and only if, for any (x, f) € H xH, (x—y, f —g) > 0 for all (y,g) € G(T) implies
feTx.
Let A be a monotone mapping of C into H and N¢v be the normal cone to C at v € C, 1.e.,

Nev={weH: (v—u,w) >0, Vu € C} and define

Av+Ncev, vedC,
Tv=

0, véC.

Then T is maximal monotone and 0 € T'v if and only if v € VI(C,A); see [9] and the references
therein.

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see [10-15] and the references therein. A typical problem is to mini-
mize a quadratic function over the set of the fixed points of a nonexpansive mapping on a real
Hilbert space H:

1
in - (Bx,x) — 2.2
min 5 (Bx,x) — (x,b), (2.2)

where B is a linear bounded operator on H, Q is the fixed point set of a nonexpansive mapping
S and b is a given point in H.
In [14], it is proved that the sequence {x,} defined by the iterative method below, with the

initial guess xo € H chosen arbitrarily,
Xnt1 = (I — 0,B)Sx, + 00, Vn >0,

converges strongly to the unique solution of the minimization problem (2.2) provided the se-

quence {a, } satisfies certain conditions.
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Recently, Marino and Xu [11] introduced a general iterative scheme by the viscosity approx-

imation method:
xo €H, xpy1=—0,B)Sx,+ a,yf(x,), Vn>0,

where S is a nonexpansive mapping on H, f is a contraction on H with the coefficient &, B is
a bounded linear strongly positive operator on H with the coefficient ¥ and ¥ is a constant such
that 0 < ¥ < 7/a. They proved that the sequence {x,} generated by the above iterative scheme
converges strongly to the unique solution of the variational inequality: ((B — yf)x*,x —x*) > 0,
Vx € F(S), which is the optimality condition for the minimization problem min ¢ ) %(Bx,x) —
h(x), where h is a potential function for yf (i.e., /' (x) = yf(x) forall x € H.)

Recently, variational inequalities and fixed point problems have been considered by many au-
thors; see [16-20] and the references therein. For finding a common element of the sets of fixed
points of nonexpansive mappings and solutions of variational inequalities for y-inverse-strongly

monotone mapping, liduka and Takahashi [21] proposed the following iterative scheme:
x1=x€C, xpy1 = 0x+ (1 —0,)SPc(x, — AAx,), VYn>1,

where {a,} is a sequence in (0,1) and {A,} is a sequence in (0,2u). They proved that the
sequence {x,} converges strongly to some z € F(S)NVI(C,A).

In this paper, we consider a mapping W,, defined by

Un7n+1 =1,
Un,n = YATnUn7n+1 + (1 - %t)la

Un,nfl == YnflTnflUmn + (1 - '}/nfl)la

Unk = WhUn k1 + (1 =701, (2.3)

Unji—1=Ye-1T—1Up i+ (1 = Ye—1)1,

Unp =pTUy 3+ (1 —p)I,

Wo=Us1 =nT1Us 2+ (1 —1)I,
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where 71, 75, ... are real numbers such that 0 < %, <1 and 71,75, -- be an infinite family of

mappings of C into itself. Nonexpansivity of each 7; ensures the nonexpansivity of Wj,.
Concerning W,,, we have the following lemmas which are important to prove our main results.

Lemma 2.1. [8] Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let T1,T»,- - be nonexpansive mappings of C into itself such that (> F(T,,) # 0 and 1,7, - --
be real numbers such that 0 < vy, < b < 1 for any n > 1. Then, for all x € C and k € N, the limit

limy, 0o U, 1 exists.

Using Lemma 2.1, one can define the mapping W of C into itself as follows.
Wx = lim Wyx = lim U, 1x, VxeC. (2.4)
n—soo n—soo

Such a mapping W is called the W-mapping generated by 71,75,--- and y;, %, - --.
Throughout this paper, we shall always assume that 0 <y < b < 1 foralli > 1.

Lemma 2.2. [8] Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let Ti,T,- - - be nonexpansive mappings of C into itself such that Oy ,F(T,) # 0 and 11,7, -
be real numbers such that 0 < 7y, < b < 1 foranyn > 1. Then F(W) = "_F(T,).

Lemma 2.3. [6] Let C be a nonempty closed convex subset of a Hilbert space H. Let Ty, T, - - -
be nonexpansive mappings of C into itself such that N_F(T,) # 0 and y,7%,--- be a real

sequence such that 0 < 7y, < b <1 foralln > 1. If K is any bounded subset of C, then

lim sup ||[Wx — W,x|| = 0.
= xeK

In order to prove our main results, we also need the following lemmas.
Lemma 2.4. [11] Assume that B is a strong positive linear bounded operator on a Hilbert space
H with coefficient ¥ > 0 and 0 < p < ||B||~!. Then ||I - pB|| <1—p7.

Lemma 2.5 [11] Let H be a Hilbert space, B be a strongly positive linear bounded self-adjoint
operator on H with the coefficient ¥ > 0. Assume that 0 <y < ¥/a. Let T : H— H be a

nonexpansive mapping with a fixed point x; of the contraction x — tyf(x) + (I —tB)Tx. Then
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{x:} converges strongly as t — 0 to a fixed point X of T, which solves the variational inequality:
(B—vf)x,x—z) <0, VzeF(T).

Equivalently, X = Pp(yf +1— B)X.

Lemma 2.6. [22] Let H be a Hilbert space, C a closed convex subset of H, f : C — C a
contraction with the coefficient @ € (0,1) and B a strongly positive linear bounded operator

with the coefficient ¥ > 0. Then, for any 0 <y < g,

(x=y,B=vf)x—B-v)y) > (7—ya)|lx—y|?, VxyeC.
That is, B—yf is strongly monotone with the coefficient ¥ — Q..

Lemma 2.7. [23] Assume that {0y, } is a sequence of nonnegative real numbers such that
Olp+-1 S (1 - '}/n)an + 5n7

where {y,} is a sequence in (0,1) and {8,} is a sequence such that
(1) Z;ozl Y = 9o
(ii) limsup,,_,, % <0orY,; ||6n < ee.

Then lim,,_o. 0, = 0.
3. Main Results

Theorem 3.1. Let H be a real Hilbert space and let C be be a nonempty closed convex subset of
H suchthat C£C CC. Let A :C — H be a l-inverse-strongly monotone mapping. Let f : C — C
be a contraction with the coefficient @ and let T\, T>,--- be a sequence of nonexpansive self-
mappings on C. Let B be a strongly positive linear bounded self-adjoint operator of C into itself

with the coefficient ¥ > 0. Assume that 0 < y < g. Let the sequence {x, } be generated by
x1 €C, Xpp1 = 0Yf(Wuxy) + (I — a,B)W,,Pc(I — 2,A)x,, Yn2>1,

where the mapping W, is defined by (2.3), {0y, } is a sequence in (0,1) and {A,} is a sequence
in (0,2u). If F =N F(T;)NVI(C,A) # 0 and {&,} and {A,} are chosen such that

(a) lim, e 0ty = 0;
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(b) Xy 0y = oo;
©) Yo [ A1 — An| < oo and Yoo |01 — Oty | < o0

(d) {Au} C [u,v] for some u,v with 0 <u <v <2,

then the sequence {x,} converges strongly to some x* € F, which uniquely solves the following

variation inequality:
(Bx" —yf(x"),x" —p) <0, VpeF.
Equivalently, we have x* = Pr(yf +1— B)x".

Proof. First, we show that {x,} is bounded. Note that the mapping I — A,A is nonexpansive for

each n > 1. Indeed, from the condition (d), for Vx,y € C, we have
107 = ApA)x — (1 = A )y
< e =yI1? = 22 (Ax — Ay,x = y) + A; | Ax — Ay®
< =7 = 2Aup ]| Ax — Ay|* + 24,7 Ax — Ay|®
= [Pe = y[I? + A (A —211) | Ax — Ay||?
< e3P,
This shows that I — A4,A is a nonexpansive mapping. Noticing that condition (a), we may as-
sume, with no loss of generality, that o, < ||B||~! for all n > 1. Using Lemma 2.4, we know
that, if 0 < oy, < ||B||~! for all n > 1, then ||l — a;,B|| < 1 — &, 7. Fixing p € F, we have
[snd
= [lota (VS (Waxn) — Bp) + (I — 0uB)(WaFe (I = AnA)xa — p)|
< [ ¥f (Waxn) = Bpl| + (1 — 0 7) [WaPc (I = AnA)xn — p||
< oYl f (Waxn) = f(P) || + 0l 7/ (P) — Bpll + (1 — 0t ) || — Pl
< 1= 0u(¥—va)llln — pll + oul[vf () — Bpl|-

By simple inductions, we obtain

B _
ew— | < max{ i — pfl, LBE=H DIy s

D
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which yields that the sequence {x,} is bounded. Putting p,, = Pc(I — A,A)x,, we have

1Pn+1 = Pall
= [|Pc(l = Au41A)Xn+1 — Pe(I — 2pA) x|
< = Ans1A)Xn1 — (1 = AnA) x|
= (I = Ans1A) %011 — (I = A1 A)xn + (I = A1 A) X0 — (1 — ApA) x|
= [Pt 1 = Xall + [Ang1 = Al [| A% .
It follow that

[xn+2 — Xn41]|
= (I = @ut-1B) (Wit 1Pns1 — Wapn) — (Ons-1 — 0n) BWypp
+ Y1041 (f Wag1Xn11) — f (Waxn)) + f () (0r 11 — 0a) ]|
< (1= @1 7) (IPns1 = Pull + [War 100 = Wapnll) + | Qg1 — 0| BWypn|

+ Y001 & bnrr =Xl + [[Wag 1260 = Woa || 4 [ f () [ | Gn-4-1 = ]

Since 7; and U, ; are nonexpansive, we find that
[ Was1Pn = Wapn|| = 111 T1Un1,.2P0 — Y1 T1Un 294 ||
<Y Uns1200 = Un 24l
= NlnDUur1300 — 1T2Us 3P4
<NVl Uus1,3Pn — Un3Pn||

<NY YallUnt1.041Pn — Unnt-1Pnl|

n
SMIHYh
i=1

(3.1)

(3.2)

where M) > 0 is an appropriate constant such that || U1 44+1Pn — Upnt1Pn|| < M) foralln > 1.

Using (3.1) and (3.2), we arrive at

ons2 = || < [1 = i (7= )]st — ]

n
+M2(2H7i+2‘05n+1 — 0| + [ A1 — Anl),
=1

1=

(3.3)
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where M, is an appropriate constant such that

M, = max{M,,sup{||Ax, | }, ysup{||f (xa) ||}, sup{|| BW.pul[ } }.
n>1 n>1 n>1
Using the restrictions (a), (b) and (c), we find that
Jim [0 =] = 0.

Note that
10n — PII* < [|(xn — P) — An(Ax, — Ap)|?

= |lxn = pI* = 22 (xa — P, Axa — Ap) + A, || Ay — Ap|?
< Jotn = pII? = 2Antl|Axn — Apl I + 2 |Axy — Ap]®

= [Pin — pII* + 2 (A —218) | Axy — Ap .

On the other hand, we have
a1 = plI?
= || 0¥/ (xn) + (I — 0uB)Wops — p|®
< (ol|7f (Waxn) = Bp| + (1 = 06 7) | Wapn — )
< (|7 (Waxa) — Bpl| + (1 = au D)l pn — p1)?

< o ||V (Waxy) _BPHZ + |lpn _PHZ + 206 || 7f (Waxn) — Bl pn — pl|-

Substituting (3.5) into (3.6), we obtain
[Pnr1 = pII* < 00l v (W) = BpI> + [n — pII* + AR — 218) | Ax, — Ap]|?
+ 20017/ (xa) = Bplllon — pII-

It follows that

u(2pt —v)[|Ax, — Apl|?

< 0|7 (xn) = B> + |10 = pII* = [Pnr1 — plI?

+ 20071 (%) = Bpl[ll on — Pl
< 0| 7f (en) = BPI* 4 (bn = pll + [[xa+1 = Pl Pxn = X1 |

+20,|[7f () = Bpl|lpn—p-

237
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Using (2.4), we see that
lim ||Ax, —Ap|| =0.
n—roo
Since Pc is firmly nonexpansive, we find that
“pn _p||2 S((I—A,,ZA)X,, - (I_lnA)papn _p>
1 2 2
=5 U = AnA)xn = (I = 2uA) " + [lpw = |
- H(I_)LnA)xn - (I_)LnA)p_ (pn _p)Hz}
1 2 2 2
<5 Ul = plI"+ llpn =PI = [[(xa = Pu) = An(Axn — Ap)[|7}
1
=§{||xn—p||2+llpn—PH2— X2 = Pull® — A7 [|Ax, — Apl|?
+ 24, (xp — Pn,Axn —Ap) },
which yields that
| on —p||2 <I|xn _P||2+27Ln||xn — Pal|[|Axn — Ap|| — [|xn _anZ-

This in turn implies that

%41 _pH2 < ||V (Waxn) _BP||2+ (B _P||2+27Ln||xn — Pal|[|[Ax, — Apl|

+20u/|7/ (Waxa) = Bpllllon — pl| — s — pul|*.

Hence, we have
”xn _pn||2 < O‘nHYf(ann) _BPH2+ [|xn —p||2 - ||xn+1 _PH2
+ 2 [xn — pull|Axn — Ap|| + 204 || vf (Waxn) — Bpl|[|pn — Pl

< 0|7 (W) = Bp I* + ([l = pll + 301 = pI1) [[xn-1 =26

+ 221060 = pall A% — Apl| + 200 | Y/ (Wan) = Bpl[[| o = pII-

This yields that
Jim [, = .
Notice that
100 = Wapn|| < |[Xnr1 = Wapal| 4 [1X0 — X1 || 4 ||X2 — pal|

< O‘"H’}/f(xn) _BWnan + Hxn — Xn+1 || + Hxn —an
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Using the restriction (a), we find from (3.4) and (3.9) that
r}l_?;loHpn_Wnan =0. (3-10)

Since the sequence {x, } is bounded, we see that {p, } is also a bounded sequence in C. Without
loss of generality, we can assume that there exists a bounded set K C C such that p, € K for all
n > 1. On the other hand, we have

IWpu — pull < |Wpn —Wapul| + [Wapn — pall

< sup [[Wp —Wup || + [|Wapn — pal-
pek
Using Lemma 1.3, we obtain from (3.10) that
lim [Wp, —pa| = 0. (3.11)

Now, we are in a position to show that x,, — x* as n — oo. First, we prove that the uniqueness
of the solution of the variational inequality (2.1), which is indeed a consequence of the strong
monotonicity of B— yf. Suppose that x* € F and x™* € F both are solutions to (2.1). Then we
have

(B—yf)x",x"=x™) <0
and

(B—yf)x™ x™ —x7) <0.

Adding up the two inequalities, we see that

(B=7yf)x" = (B—7yf)x™ x —x") <0.

The strong monotonicity of B — yf implies that x* = x** and the uniqueness is proved. Let x*
be the unique solution of (2.1). That is, x* = Pg(yf + (I — B))x™.

Next, we show that

limsup(Bx" — yf(x*),x" —x,) <0. (3.12)

n—oo

To show it, we choose a subsequence {x,, } of {x,} such that

limsup(Bx* — yf(x"),x" —x,) = lim (Bx" — yf(x™),x" — xp,).
1—o0

n—soo
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Since {xp,} is bounded, it follows that that there is a subsequence {xnij} of {x,} converges
weakly to p. We may assume that, without loss of generality, that x,,, — p. Therefore, we have
p € F. Indeed, let us first show that p € VI(C,A). Put

Av+Ncev, velC
Tw =

0, vé¢C.
Then T is maximal monotone. Let (v,w) € G(T). Since w —Av € Ncv and p, € C, we have
(v—pn,w—Av) > 0.
On the other hand, from p, = Pc(I — A,A)x,, we have (v — p,,pp — (I — A,A)x,) > 0 and

hence (v — p,, 2 ot +Axy) > 0. Tt follows that

<v_pnnw>
Pn; — Xn;
> <V_pni7Av> > <V_pniaAv> - <V_pni7 l)L l +Axni>
Pn; — Xn;
>V — P Ay — ——— — Axy,
> (v—pn, ™ )
Pn; — Xn
= <V_pfli7AV_Apni> + <V_pnnApni _Axni> - <V—Pnl~, 1 >
n; _xn,-
Z <V_pn,-7APn,-_Axn,->_<V_Pn,-7p )’ ' >7

which implies that (v — p,w) > 0. We have p € A~'0 and hence p € VI(C,A).

Next, let us show p € N2 | F(T;). Using the Opial’s condition, we find that
liminf{|p,, — p|| <liminf|[p,, —Wp||
1—yo0 |—>o00
= liligglf 10 =W Pn; +Wpn, —Wp||
< liminf|[Wp,, — Wp|
j—yoo
< liminf|[p,, — pll,
11—
which is a contradiction. Thus we have p € F(W) = N F(T;). On the other hand, we have
limsup(Bx™ — yf(x*),x" —x,) = lim (Bx" — yf(x*),x" — xp,)
i—yoo

n—oo

= (Bx" —yf(x"),x" —p) <0.
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Note that

X1 — x|
<(1- an7)2||WnPn _X*Hz + 200, (Vf (Wxn) — BX™, Xp 1 —x7)
< (1= 00 7)? [t = x> + Y0 (|0 — x*[1* + [0 1 —x*[|*)

+ 20, (yf(x*) = BX" , xpy1 — XF).

Therefore, we have

[

(1 _ an7)2+anya * (12 zan * * *
< B P — —_—
> 1_05”'}/05 ||xn X || + I—Oln’}/Ot <}/f(x ) Bx JXpil —X >
R R

ny O 1 — oy
2ay i . .
+W<Yf(x ) — Bx* Xy 1 — X°)
20, y—oy .
=[1- 1£a )y — |2
n YO
27— 0oy) | ) _ Bx* . oy
e o ay ) B =) 5 M,

where M3 is an appropriate constant such that M3 > sup,,~; ||x, —x* |%. Put

" 1—a,ay
b= —(yr() — Bx’ e BTy
n— — X — x,xn — Dy —— .
7—ay AT G =ay)

Hence, we have
g1 = X2 < (1= k) [0 = X" || + budly.

It follows that

(o]

lim k, =0, ) k, = oo, limsupd, < 0.

n—oo = o0

Using (2.7), we conclude the desired conclusion immediately. This completes the proof.

Putting Yy =1 and B = [ in Theorem 3.1, we have the following results.

241

Corollary 3.2. Let H be a real Hilbert space and let C be be a nonempty closed convex subset

of H. Let A : C — H be a u-inverse-strongly monotone mapping. Let f : C — C be a contraction
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with the coefficient o and let T\, T, - - - be a sequence of nonexpansive self-mappings on C. Let

the sequence {x,} be generated by
x1 €C,  Xpt1 = U f Wyxy) + (1 — )Wy Pe(I — AA)xy, Vn > 1,

where the mapping W, is defined by (2.3), {0y} is a sequence in (0,1) and {A,} is a sequence
in (0,2u). If F =02 F(T;)NVI(C,A) # 0 and {0y, } and {A,} are chosen such that

(a) lim;, 00 0, = O;

(b) Xy O =

©) X A1 —A| <ccand Y7y | Qi1 — Q| < oo

(d) {An} C [u,v] for some u,v with0 <u < v <2p,
then the sequence {x,} converges strongly to some x* € F, which uniquely solves the following
variation inequality:

(" —yf(x"),x"—p) <0, VpeF.
Equivalently, we have x* = Pr f(x*).
For a single mapping, we have the following.

Corollary 3.3. Let H be a real Hilbert space and let C be be a nonempty closed convex subset
of H such that C+C C C. Let A :C — H be a U-inverse-strongly monotone mapping. Let
f : C — C be a contraction with the coefficient o@ and let T be a nonexpansive self-mappings
on C. Let B be a strongly positive linear bounded self-adjoint operator of C into itself with the

coefficient ¥ > 0. Assume that 0 <y < g. Let the sequence {x,} be generated by
x1 €C,  xpp1 = Yf(Txy)+ (I — 0,B)TPc(I — AL A)x,, Yn>1,

{0, } is a sequence in (0,1) and {A,} is a sequence in (0,2u). If F = F(T)NVI(C,A) # 0 and
{0, } and {A,} are chosen such that

(a) lim; w0y, = 0;

(b) X1 O = oo

©) Yoot A1 —Au| <coand Yy |0y — 0| < 005

(d) {Au} C [u,v] for some u,v with0 < u <v <2,
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then the sequence {x,} converges strongly to some x* € F, which uniquely solves the following

variation inequality:
(Bx* —yf(x"),x"—p) <0, Vp€F.

Equivalently, we have x* = Pr(yf +1— B)x".
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