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Abstract. In this paper, strictly pseudocontractive and monotone operators are investigated based on a viscosity
splitting method. Strong convergence theorems for common solutions are established in the framework of Hilbert

spaces.
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1. Introduction-preliminaries

In what follows, we always assume that H is a real Hilbert space with the inner product (-, -)
and the norm || - [|. Let C be a nonempty, closed and convex subset of H. Let S: C — C be a
mapping. F(S) denoted by the fixed point set of S. S is said to be contractive iff there exists a

constant & € (0,1) such that
[Sx =Syl < aflx =y, Vx,yeC.
S is said to be nonexpansive iff

15x =Syl < flx=yll,  VxyeC.
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S is said to be strictly pseudocontractive iff there exits a constant A € [0, 1) such that
182 =SyI* < e =y [P+ Al = S)x— (I =S)y*, VxyeC.

The class of strictly pseudocontractive mapping was introduced by Browder and Petryshyn [1].
It is clear that the class strictly pseudocontractive mapping includes the class of nonexpansive
mappings as a special case.

Let A : C — H be a mapping. Recall that A is said to be monotone iff
(Ax—Ay,x—y) >0, Vx,yeC.
Recall that A is said to be inverse-strongly monotone iff there exists a constant k¥ > 0 such that
(Ax — Ay, x—y) > k||[Ax—Ay||>, Vx,yeC.

It is not hard to see that every inverse-strongly monotone mapping is monotone and continuous.

Recall that a set-valued mapping B : H = H is said to be monotone iff, for all x,y € H, f € Bx
and g € By imply (x —y, f — g) > 0. In this paper, we use B~!(0) to stand for the zero point
of B. A monotone mapping B : H =% H is maximal iff the graph Graph(B) of B is not properly
contained in the graph of any other monotone mapping. It is known that a monotone mapping
B is maximal if and only if, for any (x, f) € H x H, (x—y, f —g) > 0, for all (y,g) € Graph(B)
implies f € Bx. For a maximal monotone operator B on H, and r > 0, we may define the single-
valued resolvent J, : H — Dom(B), where Dom(B) denote the domain of B. It is known that J,.
is firmly nonexpansive, and B~ (0) = F(J,).

Maximal monotone operators have been extensively studied by many authors; see [2-22] and
the references therein. One well-known example of such a mapping is d f, the subdifferential

of a proper closed convex function f : H — (—eo, | which is defined by
df(x):={x"€H: f(x)+{y—xx") < f(y),YyEH}, Vx€H.

Rockafellar [5] proved that d f is a maximal monotone operator. It is easy to verify that 0 €
df(v) if and only if f(v) = minyey f(x). Another example is M + N¢, M is a single valued

maximal monotone mapping that is continuous on C, and N¢ is the normal cone mapping

Ne(x):={x*€H: (x",y—x) <0,Vy e C},
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for x € C and is empty otherwise. Then, 0 € Mx + N¢(x) iff x € C satisfies the variational
inequalities of (Mx,y —x) >0 forally € C.

For approximating zero points of maximal monotone operator 7', classical methods for doing
this is the proximal point algorithm, proposed by Martinet [19] and generalized by Rockafellar
[4-6]. In the case of T = A + B, where A and B are monotone operators on H. The following

splitting method

Xn1 = I, ([ —1rpA)xy, n>1,

where {a,} is real number sequence, was proposed by Lions and Mercier [23], by Passty [24]
and, in a dual form for convex programming, by Han and Lou [25].

Since many nonlinear problems arising in applied areas such as image recovery, signal pro-
cessing, and machine learning are mathematically modeled as a nonlinear operator equation
and this operator is decomposed as the sum of two monotone nonlinear operators (T = A + B),
splitting methods recently have been investigated for treating monotone operators; see [26-31]
and the references therein. Splitting methods mean an iterative method for which each itera-
tion involves only with the individual operators A and B , but not the sum A + B. Indeed, the
backward step involves B only, so some portion of 7" can be put into A to facilitate problem
decomposition.

In this paper, we investigate common solutions of fixed point problems and zero points of
the sum of two monotone operators based on a viscosity splitting method. Strong convergence
theorems for the common solutions of the two problems are established in Hilbert spaces. In

order to prove our main results, we also need the following tools.

Lemma 1.1. [31] Let A : C — H be a mapping, and B : H = H a maximal monotone operator.
Then F(J,(I—rA)) = (A+B)~1(0).

Lemma 1.2 [32] Let E be a Banach space and let A be an m-accretive operator. For A > 0,
u >0, and x € E, we have Jyx = J, <%x+ <1 - %)],pc), where J, = (I+AA)"! and J,, =
(I+pA)~L

Lemma 1.3 [33] Let {x,} and {y,} be bounded sequences in a Banach space E, and {f,}

be a sequence in (0, 1) with 0 < liminf,_, B, < limsup,_., B, < 1. Suppose that x,,;1 = (1 —
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Bn)yn + Buxn, ¥Yn > 1 and

limsup({|yn+1 = yal| = [|xn+1 —xal[) <O.
N—yoo

Then lim,, e ||y, — x4|| = 0.

Lemma 1.4 [34] Let {a, } be a sequence of nonnegative numbers satisfying the condition a, 1 <
(1 —t,)an+tnby + ey, Yn > 0, where {t,} is a number sequence in (0, 1) such that lim, . t, =0
and Y, _ytn = oo, {bp} is a number sequence such that limsup, _, ., b, < 0 and {e,} is a number

sequence such that) ~_oe, < . Then lim,_,..a, = 0.

Lemma 1.5 [34] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be a A-strictly pseudocontractive mapping. Define S; by S; = tx+ (1 —t)Tx, where
t € [A,1). Then S; is nonexpansive with F(S;) = F(T) and I — T is also demiclosed.

2. Main results

Now, we are in a position to give our main results.

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A : C — H be an a-inverse-strongly monotone mapping and let B be a maximal monotone
operatoron H. Let f : C — C be a k-contractive mapping and let T : C — C be a A-strictly pseu-
docontractive mapping with fixed points. Assume that Dom(B) C C and F(T) N (A + B)~'(0)
is not empty. Let {a, } and {B,} be real number sequences in (0,1) and {r,} be a positive real
number sequence in (0,2¢t). Let {x,} be a sequence generated in the following process: x; € C

and
Yn = O f (xn) + (1 = 04 )2,
X1 = Bpxn + (1= Bn)SaJr,(0n — raAyn +en), Vn>1,
where S) = Ax+(1—A)Tx, J,, = (I+r,B) "' and {e,} is a sequence in H suchthat Y>>, ||e,|| <
oo, Assume that the above sequences satisfy the following restrictions:
(@) lim, o 0, =0, Y7 Oy = 0;
(b) 0 < liminf, . B, <limsup,_,., B < 1;

©)0<a<r<b<2aandy, ||tn—rn—1] <oe,



STRICTLY PSEUDOCONTRACTIVE AND MONOTONE OPERATORS 267

where a and b are two real numbers.Then {x,} converges strongly to q = Pr(ryn(a+B)-1(0) f(q).

Proof. For any x,y € C, we find that

(I = rpA)x — (I — raA)y||*
=[x —y|I* = 2 {x — y,Ax — Ay) + r,* | Ax — Ay||*
< [lx = y[1* = ra(20 — 1) [ Ax — Ay||*.

Using the restriction (c), we obtain that I — r,A is nonexpansive. Fixing p € (A+B)~1(0)N

F(S), we see that

lyn = P < 04| f(xn) — pl| + (1 — o) ||, — p||

< O[] £ (n) = f (P 4 0l £ (P) =PIl 4 (1 = &) — Pl
17 (P) — Pl

< (1= (1 =) = pll + 04 (1 — ) ==——— 1—x

It follows that

%1 =PIl < Ballxn — pll + (1= Ba) IS4 Tr, (yn — 7uAyn +e€n) — p||
< Ballxn = pll 4 (1 = Bu) 95, (yn — raAyn + €n) — p||
< Ballxn — pll 4 (1 = Bu) | (V0 — rnAyn +en) — p|
< Bullxn — Il + (1= Ba)llyn — Pl + [lenl

< Ballxn = pll+ (1= Ba) (1 — (1 = ) [lxa — pl|

+ou(1 =1 -0 L2
< (1= 01— B)(1— )l + (1~ B~ )PPy
This implies that the sequence {x,} is bounded. Note that
130111 0l C5) = ol L C5n0) 501~
+ (1= o) [|xn — X1 | (2.1)

< (1= (1))t =5l )~ —
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Set z, = y, — rAy, + e,. Using Lemma 1.2, we find that

||JrnZn _‘]"'nlen*1 ||

14 —1 12 -1
<1 = zan) (1= 2 =)
n n
[ (2.2)
<Mlzn = 21| + ——— 1,20 — zul|
HJrnZn_ZnH
< |yn = Yn-1ll + [rn—1 = ra| ([[Ayn—1 || + ————=) + llenl| + [len—1]]-

Substituting (2.1) into (2.2) yields that

1 rzn = I, 1 zn—1]] < (1 — 0 (1 - K)) [l — X1 || + [ f (1) = Xn—1][ [0 — a1

Jr 72— 2
= rul (Mg | + Wmn =2l

+ llenll + llen-ll-
It follows that

HSQLJrnZn_SJLJrn_lzn—lH

< Wnzn=Jn, 1 zn-1

< (1 — o (1 — K)) 260 —xn—1[| + [ f Cen—1) — Xn—11[| 0t — Q1]

||JrnZn_Zn||)

+ 11 = ral ([Ayn-1 [ + +llenll +llenr]l-

Using the restrictions (a) and (c), we find that

limsup (|[S3Jr,2n — Sadr, 2n—1 | = [|%n — xn—1]|]]) < 0.

n—oo

Using Lemma 1.3, we see that limy, e ||S3J, 20 — X»|| = 0. Since x4 1 —x, = (1 — B) (SpJr, 20 —

xn), we find that

,}ig}oﬂxnﬂ — x|l =0. (23)
Since y, = o, f(xn) + (1 — o )x,, we find from the restriction (a) that

Jim [l x| = 0. 2.4

Note that

lyn = pII? < all £ (xa) = P11 + (1 = 00) [0 = p|*.
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Hence, we have
||xn+1_P||2Sﬁnnxn_pnz‘f'(l_ﬁn)HS/lJrnZn_PHz
< Bullxn = P + (1= Bu) 15, (I = raA)yn +ea) = p|>
< Bulln = plI? + (1= B[ (( = raA)yn+en) — (I —ra)p||?
< Bulln = pI2+ (1= B) (117 = rad)yn — (1= ra) ]| + [fenl])?
< Bulbn = pl* + (1= Bo) (I[( = raA)yn — (I = raA) p|?
+ llenll(leall +2]lya = pID)
< (1= 0 (1= B) lxn = pII> + (1= Ba) ol f () = pI?
— (200 = 1) (1= Bu) Ay — AP + llenll (lenll + 2]y — pI)
< Jlxw = pI* ol £ (xn) = pII* = ra(20 = 1) (1 = Bo) [ Avn — Ap][?

+ llenll(llenll +2[lyn = pID)-
Therefore, we have
ra(1 = Ba) (20 — 1) [Ayn — Ap||?
< (e = Pl [Pent1 = pID Pnss =%l + @l £ () =PI + llenll(llenll 4 2[lyn — -

Using the restrictions (a), (b) and (c), we find from (2.3) that
lim [[Ay, — Ap| = 0. (2.5)
Since J,, is firmly nonexpansive, we see that

[, 2n — P” < (Jr,zn = P, (Yn — TnAyn) — (P — 1Ap))
1 2 2
= 5 (IMn2n =PI+ 100 = ratva) = (p = ra) |
[ Urzn =) = (G = revn) = (= 1)) 1)
1
< 5 (Wrzn =PI+ I = P12 = 20 = vl
_||”nA)’n_”nAPH2+2’"nHAyn_AP”HJrnZn_ynH)'
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It follows that
15,20 = PII* < 1y = PII* = 1,20 — yull®
— |[rnAyn — ”nAPHZ +2ry||Ay, — Ap|| HJrnZn — Yal|
2 2 2
< | f(xn) = Pl 4+ (1= o) [|%0 — P~ = [[Ir,20 = Yul

— ||7aAyn — ruAPp||* + 27u|| Ayn — Ap|| |5, 20 — Yu|

2 we find that

X1 = PII* < Bullxa — pII> + (1 = Ba) ISa T, 20 — P
Sﬁonn_sz‘l'(l_Bn)HJrnZn_PHZ
< |lx, — p||*> + —plI> = (1= B) Iy 20 — yull?
< [Jxz = pl| || f (xn) = P ( Bn)ll rnin Yall
+21||Ayn — Ap|||J7, 20 — Yal|-

It follows that
(1 _Bn)HJrnZn_yn”2 < (Hxn_PH + [IXn1 _pH)Hxn_anrl” +O‘n||f(xn) _PH2
+ 214 ||Ayn — Ap||[17, 20 — Yall-

Using the restrictions (a) and (b), we from (2.3) and (2.5) see that

lim ||/, 2z, — ya|| = 0. (2.6)
n—soeo
Since Pr(yn(a+p)-1(0)f 1s contractive, we see that there exits a unique fixed point. Next, we use

¢ to denote the unique fixed point. Now, we are in a position to show that limsup,_,..(f(q) —
q,yn—q) < 0. To show it, we can choose a subsequence {y,, } of {y,} such that

limsup(f(q) = ¢,yn = q) = lim(f(g) = ¢, yn — ).

n—soo
Since {y,, } is bounded, we can choose a subsequence {)’n,-j} of {yn,} which converges weakly

some point x. We may assume, without loss of generality, that y,. converges weakly to x.

Now, we are in a position to prove that x € F(T). Setting wy, = J;. z,, we find that

1 B
”S)LWn yn||< ﬁ ||xn+l )’nH_" nﬁ Hyn XnH
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Using (2.3) and (2.4), we find that This implies that lim,_,e ||S; w,, — yu|| = 0. Note that
1Sawn —wall < |Sawn — Yl + |yn —wall.

In view of (2.6), we find that ||S; w, — wy|| — 0. In view of demiclosed of the mapping, we find
thatx € F(S,) =F(T).

Now, we are in a position to show that x € (A +B)~!(0). It follows that
Yn— rnAYn +e, € (I+ rnB>Wn

That is, 2% — Ay, + e, € Bw,. Since B is monotone, we get, for any (i, V) € B, that

<wn—u,yn_wn —Ay,+e,—Vv) >0.

n

It follows from (2.6) that

(x—pu,—Ax—v) >0

This gives that —Ax € Bx, that is, 0 € (A + B)(x). This proves that x € (A + B)~!(0). This
complete the proof that x € F(T) N (A+B)~!(0). Hence

limsup(f(q) —q,y» —q) < 0.

n—soo

Finally, we show that x,, — ¢g. Notice that

||)’n _CIH2 < an<f(xn) —4;Yn _Q> + (1 - an)Hxn _QHHyn —61||

< (1= 0 (1 = %)) lxa — qlllyn — gl + & (f(9) — @, 30 — @)

This implies that
lyn = qll* < (1= 06 (1= ) |16 — gl|* + 206 (f (q) — 4,30 — q)
It follows that
bene1 = qll* < Ballxn = qll* + (1= Ba) 1521, (v = rnAva +en) — 4>
< Ballxa —ql* + (1= Ba)llyn —qlI* + 1| + lleal ([leal| +2]ly2 — ql)
< (1= 061 = Ba) (1 = K)) [Pen — g 1> + 206 (1 = Bu)(f(9) — 4,30 — @)

+ [lenll(lenll +2[[yn — gll)-
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Using the restrictions (a) and (b), we find from Lemma 1.4 that x, — g. This completes the

proof.
If T is nonexpansive, then we have the following.

Corollary 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C —
H be an a-inverse-strongly monotone mapping and let B be a maximal monotone operator on
H. Let f:C — C be a x-contractive mapping and let T : C — C be a nonexpansive mapping
with fixed points. Assume that Dom(B) C C and F(T)N (A + B)~1(0) is not empty. Let {a,}
and {B,} be real number sequences in (0,1) and {r,} be a positive real number sequence in

(0,2c). Let {x,} be a sequence generated in the following process: x| € C and

Yn = anf(xn) + (1 - an)xn:

Xn+1 :ﬁ”xn+(1_BH)TJrn(yn_rnAyn+en)7 Vn>1,

where J,, = (I +r,B)~! and {e,} is a sequence in H such that Y°_, ||e,|| < oo. Assume that the
above sequences satisfy the following restrictions:

(a) limy, e 0t = 0, ZZO:O Ol = oo;

(b) 0 < liminf, e B, < limsup,_... B, < 1;

©0<a<m<b<2aandy, |rn—rp—1] <ee,
where a and b are two real numbers.Then {x,} converges strongly to g = Peryna+s)-1(0)f (q)

If T is the identity mapping, then we have the following.

Corollary 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C —
H be an a-inverse-strongly monotone mapping and let B be a maximal monotone operator on
H. Let f : C — C be a k-contractive mapping. Assume that Dom(B) C C and (A+B)~1(0) is
not empty. Let {a,} and {B,} be real number sequences in (0,1) and {r,} be a positive real
number sequence in (0,2¢). Let {x,} be a sequence generated in the following process: x; € C

and

Y = O f (Xn) + (1 — 0t ) X,

Xp+1 = ﬁnxn+ (1 _ﬁn)-]rn()’n - rnA)’n+en)7 Vn>1,
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where J, = (I+r,B)~" and {e,} is a sequence in H such that ¥°_, ||e,|| < . Assume that the
above sequences satisfy the following restrictions:

(@) limyyeo 0, =0, Y7 () Oy = 0;
(b) 0 < liminf, . B, <limsup,_., By < 1;
© 0<a<rm<b<2aandy; ||rn—rp—1] <oo,

where a and b are two real numbers.Then {x,} converges strongly to q = Paip)y10)f (q).
3. Applications

In this section, we give applications of the main results. Let F be a bifunction of C x C into

R, where R denotes the set of real numbers. Recall the following equilibrium problem.
Find x € C such that F(x,y) >0, VyeC. (3.1)

In this paper, we use EP(F) to denote the solution set of the equilibrium problem (3.1).

To study the equilibrium problems (3.1), we may assume that F' satisfies the following con-
ditions:

(Al) F(x,x) =0forall x € C;

(A2) F is monotone, i.e., F(x,y)+ F(y,x) <0 forall x,y € C;

(A3) foreachx,y,z € C,

limsup F(tz+ (1 —1t)x,y) < F(x,y);
tl0

(A4) for each x € C, y — F(x,y) is convex and weakly lower semi-continuous.
Lemma 3.1. [30] Let C be a nonempty closed convex subset of a real Hilbert space H, F a
bifunction from C x C to R which satisfies (A1)-(A4) and Ar a multivalued mapping of H into
itself defined by
Apr— {zeH:F(x,y) > (y—x,2), VyeC}, x€C, (52)
0, x¢C.

Then Ar is a maximal monotone operator with the domain D(Ar) C C, EP(F) = A;'(0) and

Tox=(I+rAp) " 'x, VxeH,r>0,
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where T, is defined as

1
Lx={zeC:Fzy)+ {y-22-x) 20, VyeC}

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A :
C — H be an a-inverse-strongly monotone mapping and Let Fp be a bifunction from C X C to R
which satisfies (A1)-(A4). Let T : C — C be a A-strictly pseudocontractive mapping with fixed
points. Assume that F (T )NEP(F) is not empty. Let { &, } and {P,} be real number sequences in
(0,1) and {r,} be a positive real number sequence in (0,2a). Let {x,} be a sequence generated

in the following process: x| € C and

Yn= anf(xn) + (1 - an)xm

Xnt1 = Brxn+ (1= Bn)Sa Ty, vn — rAyn +en), Yn>1,

where S; = Ax+(1—A)Tx, T,, = (I+rAr) "' and {e,} is a sequence in H such that Y>_, ||e,|| <
oo, Assume that the above sequences satisfy the following restrictions:

(@) lim; 5006, = 0, Y7 Oy = 0,

(b) 0 < liminf, . B, < limsup,_ ., B, < 1;

© 0<a<rm<b<2aandy; ||rn—rp—1] <eo,
where a and b are two real numbers.Then {x,} converges strongly to g = Prrynep(F) f(9)-

If T = I, the identity mapping, we have the following result.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A :
C — H be an o-inverse-strongly monotone mapping and Let Fg be a bifunction from C x C
to R which satisfies (A1)-(A4). Assume that EP(F) is not empty. Let {0, } and {f,} be real
number sequences in (0,1) and {r,} be a positive real number sequence in (0,2a). Let {x, } be

a sequence generated in the following process: x| € C and

Y = O f (Xn) + (1 — €)X,

Xn+1 = ann+(1 _.Bn)Trn(yn_rnA n+en)a Vn > I,
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where T,, = (I +rAr) " and {e,} is a sequence in H such that Y'>°_, ||e,|| < oo. Assume that the
above sequences satisfy the following restrictions:

(@) limy o0, =0, Y7 Oy = 0;
(b) 0 < liminf, . B, <limsup,_,., B, < 1;
© 0<a<rm<b<2aandy; ||rn—rn—1] <oo,

where a and b are two real numbers.Then {x,} converges strongly to q = Pepr)f (q).

Recall the classical variational inequality is to find u € C such that
(Au,v—u) >0, WYveC.

The solution set of the inequality is denoted by VI(C,A) in this section. Let f : H — (—oo, +-o0]
a proper convex lower semicontinuous function. Then the subdifferential d f of f is defined as

follows:
df(x)={veH:f(z) = fx)+(z—xy), z€H}, VxeH.

From Rockafellar [5], we know that d f is maximal monotone. It is easy to verify that 0 € d f(x)

if and only if f(x) = minyeq f(y). Let Ic be the indicator function of C, i.e.,

0, xeC,
Ic(x) = (33)
+oo, x¢C.
Since I¢ is a proper lower semicontinuous convex function on H, we see that the subdifferential

dIc of I¢ is a maximal monotone operator.

Lemma 3.4 [5] Let C be a nonempty closed convex subset of a real Hilbert space H, Projc the
metric projection from H onto C, dl¢ the subdifferential of I, where I¢ is as defined in (3.2)
and J;, = (I +A0dIc)~\. Theny = Jyx <=y = Projcx,Vx € H,y € C.

Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C —
H be an a-inverse-strongly monotone mapping and let T : C — C be a nonexpansive mapping

with fixed points. Assume that F(T)NVI(C,A) is not empty. Let {0y, } and {B,} be real number

sequences in (0,1) and {r,} be a positive real number sequence in (0,2¢t). Let {x,} be a
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sequence generated in the following process: x; € C and

Yn = Onf(xn) + (1= 0p)xn,
Xn1 = Buxn+ (1= Ba) TPc(yn — radyn +en), Vn=1,
where {e,} is a sequence in H such that Y, | |len|| < oo. Assume that the above sequences
satisfy the following restrictions:
(@) limyeo 0, =0, Y7 () Oy = 00;
(b) 0 < liminf, . B, <limsup,_ ., B, < 1;
© 0<a<rm<b<2aandy; ||rn—rp—1] <eo,
where a and b are two real numbers.Then {x,} converges strongly to g = Pp(p\qvi(c.a)f(q)-
Proof. Putting Bx = dI¢, we find from Lemma 3.4 the desired conclusion immediately.

If T is the identity mapping, then we have the following.

Corollary 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A :
C — H be an a-inverse-strongly monotone mapping. Assume that VI(C,A) is not empty. Let
{o,} and {B,,} be real number sequences in (0, 1) and {r,} be a positive real number sequence

in (0,2¢). Let {x,} be a sequence generated in the following process: x; € C and

Y = O f (Xn) + (1 — 0t ) X,
Xn+1 :ﬁnxn+(1_Bn)PC(yn_rnAyn+en)7 Vn > 1;

where {e,} is a sequence in H such that },;_|||e,|| < eo. Assume that the above sequences
satisfy the following restrictions:

(@) limyse0 0y = 0, Y7 ) Oy = o0,

(b) 0 < liminf, e B, <limsup,_,., Bn < 1;

©0<a<m<b<2aandy; ||rn—rp—1] <ee,

where a and b are two real numbers.Then {x,} converges strongly to q = Pyyc a)f(q)-
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