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Abstract. In this paper, we approximate fixed points of generalized nonexpansive mappings in Banach spaces
under relatively faster iteration schemes and also prove some weak and strong convergence theorems. Our results

generalize and improve several previously known results of the existing literature.
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1. Introduction and preliminaries

Generally, a Banach space E is said to have the fixed point property for nonexpansive map-
pings provided every nonexpansive self-mapping of every nonempty, closed, convex, bounded
subset K of E has a fixed point. The fixed point property heavily depends upon geometric char-
acteristics of the classes of Banach spaces (under consideration) e.g., uniformly convex Banach
spaces, strictly convex Banach spaces and similar others. Nevertheless, if the norm of a Banach
space E has suitable geometric properties such as: uniform convexity and strict convexity, then
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every nonexpansive self-mapping defined on every weakly compact and convex subset of E has
a fixed point. In such instances, E is said to have the weak fixed point property. Here, it can be
pointed out that a nonexpansive self-mapping defined on a weakly compact and convex subset
K of E need not have a fixed point. A self-mapping T defined on a subset K of a Banach space

E is said to be nonexpansive if
|ITx—Ty| < ||lx—y||, forall x,y € K.

Although nonexpansive mappings are the most important class of mappings studied in metric
fixed point theory, yet one can find considerable research literature dealing with fixed points of
more general classes of mappings; see, e.g., [1, 2]. With similar quest, Suzuki [3] introduced
another class of self-mappings which falls in between the classes of nonexpansive and quasi-
nonexpansive mappings and referred such maps as maps satisfying condition (C) and utilized
the same to prove some fixed point theorems.

A mapping T : K — K is said to satisfy condition (C) if
1
Sl =Txll < =yl = [Tx =Ty| < [lx =y, Vx,y € K.

It is easy to see that every nonexpansive mapping satisfies condition (C) on K, but one can
find some examples of noncontinuous mappings satisfying condition (C) in [3].

Recently, Garcia-Falsat ef al. [4] defined two new generalizations of condition (C) and term
their new conditions as condition (E) and condition (C;) and also studied their asymptotic

behavior as well as existence of fixed points.

Definition 1.1. [4] A mapping T : K — K satisfies condition (C; ) on K if for all x,y € K and
A€ (0,1),

Ale=Tx|| < [lx =yll = [[Tx = Ty[| < [lx =yl

For A = %, we recapture the class of mappings satisfying condition (C). Notice that if 0 <
A1 < A2 < 1, then condition (Cj, ) implies condition (Cj,) but converse fails (e.g. Example 5 in
[4]).

Now, we recall another generalization of nonexpansive map under the name of condition (E).
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Definition 1.2. [4] A mapping T : K — K is said to satisfy condition (Ey) if for some p > 1
and for all x,y € K,

[l =Tyl < g floe = Tx[ + [be =y
We say that T satisfies condition (E) on K whenever T satisfies condition (E}, ) for some yu > 1.

In view of the foregoing definitions, one can make the following remarks:
1. If T : K — K is a nonexpansive mapping, then T satisfies condition (E}). But the converse is
not true in general.
2. From Lemma 1 in [3], one can see that if 7 : K — K satisfies condition (C), then T satisfies
condition (E3) but the converse is not true in general.

The following example supports the two preceding facts.

Example 1.1. [4] In the Banach space X = C[0, 1] under supremum norm, consider a nonempty

subset K of X defined as follows:

K={feC(0,1] : 0= f(0) < f(x) < f(1) = 1}.
To any g € K, associate a function F, : K — K defined by F;h(t) = (goh)(t) = g(h(t)).

It is easy to verify that F, satisfies condition (E;) but does not satisfy condition (C).
For approximating fixed points of nonlinear mappings, Picard [5], Mann [6] and Ishikawa [7]
introduced iteration schemes, which are respectively described in the following lines:
x1=x¢cKk,

Xpt1 =Txp, n €N,

x]=x€Kk,

Xp+1 = (1 —ap)xy+anTxy, n €N,

(

x1 €K,

Xn+1 = (1 _an)xn +anTyy,

\

where {a, } and {b, } are sequences in (0, 1).
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It is well-known that Picard iteration scheme converges for contractions but may not con-
verge for nonexpansive mappings whereas Mann iteration scheme converges for nonexpansive
mappings as well. Agarwal et al. [8] posed the following question:

Is there any scheme for contraction mappings which converges at a rate similar to Picard
iteration scheme?

In an attempt to answer the same, they introduced the following iteration scheme known as

S-iteration scheme:

)
x1 €K,
Xp+1 = (1 —ay)Txy+ a,Tyy,

yn = (1=bp)xy+b,Txp, n €N,

\
where {a,} and {b,} are sequences in (0, 1).
On the other hand, Yao and Chen [9] introduced an iteration scheme for approximating the

common fixed points of two mappings 7,S : K — K, which runs as follows:

x1=x€eKk,

Xpa1 = apXp + by Tx, + cpSxy,, n € N,

where {a,} and {b,} are sequences in [0,1] and a, + b, + ¢, = 1. Notice that this scheme
reduces to Mann iteration scheme when 7' =17 or S =I.

Agarwal et al. [8] also posed the following question.

Is there any scheme to compute the common fixed points for two contraction mappings which
converges at a rate similar to Picard scheme and faster than its counter parts?

In an attempt to answer the preceding question, Khan et al. [10] introduced the following
iteration scheme to compute the common fixed points of mappings S and 7'.

;

x1 €K,

Xn+1 = (1 —an)Tx, + anSyn, (1.1)

yn = (1=bp)xy+b,Txp, n €N,

\

where {a,} and {b, } are sequences in (0, 1).
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Further, Khan et al. [10] introduced yet another iteration scheme for nonexpansive non-self
mappings, wherein the idea of retraction map is utilized:

A subset K of E is called a retract of E if there exists a continuous map P : E — K such
that Px = x for all x € K. Every closed convex subset of a uniformly convex Banach space is a
retract. A map P : E — E is said to be a retraction if P> = P. It follows that if P is a retraction,
then Py =y for all y in the range of P.

Let 7,S : K — E be two nonexpansive non-self mappings and P : E — K a nonexpansive

retraction. Define {x,} by

(

x1 €K,

§ X1 = P((1 —an)Tx, +anSy,), (1.2)

yn=P((1 —=by)x,+b,Tx,), n €N,

\

where {a,} and {b,} are sequences in (0, 1).
Motivated by S-iteration process, Sahu [11] introduced the normal S-iteration process as fol-

lows:

x1=x€Kk,

Xnr1 =T ((1—ap)xn+a,Tx,), n €N,

where {a,} is a sequence in (0,1).

Agarwal et al. [8] showed that S-iteration process involving contractions converges at the rate
of convergence of Picard iteration and even faster than Mann iteration. Sahu [11] demonstrated
that S-iteration process converges at a rate faster than both Picard and Mann iterations (involving
contractions) with the help of a numerical example.

Very recently, Kadioglu and Yildirim [12] introduced the following iteration scheme for one

mapping, whose rate of convergence is faster than both the S-iteration process and the normal
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S-iteration process:

(
x1 €K,
Xn+1 = Tyn,

Yn = (1 _an)Zn +an Tz,

Zn=(1=by)xy+b,Txy, n €N,

\
where {a,} and {b,} are sequences in (0, 1).

The process (1.3) is independent of all Picard, Mann, Ishikawa and S-iteration processes as
{an} and {b,} are in (0,1). Even if it is allowed to take a, = 0 and a, = b, = 0 in the pro-
cess (1.3), then this process reduces to normal S-iteration process and Picard iteration process
respectively. To appreciate the rate of convergence of scheme (1.3), one can see [12].

The main purpose of this paper is to prove some weak and strong convergence theorems for
approximating fixed points of generalized nonexpansive mappings.

With a view to make, our presentation self contained, we collect some basic definitions,
needed results and some iterative methods which will be used frequently in the text later.

Let S ={x € E : ||x|| = 1} and E* be the dual of E. Then the space E has :

(1) Gateaux differentiable norm if

t —
e

t—0 t ’

exists for each x and y in S;
(i1) Fréchet differentiable norm ([13]) if for each x € S, the above limit exists and is attained
uniformly for y € S and in this case, it is also well-known that

b+ < (h,d (x)) +%HXHZ+1)(H/1H)

1 1
() + 5 P < 5

for all x,h € E, where J is the Fréchet derivative of the functional %HHZ atx € X, (.,.) is the

dual pairing between E and E*, and b is an increasing function defined on [0,0) such that
lim 2 — 0

1—0 ! ’

(iii) Opial’s condition ([14]) if for any sequence {x,} in E, x, — x implies that

lim sup ||x, — x|| < lim sup||x, —y||, Vy € E, y # x.
n—oo n—oo
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Examples of Banach spaces satisfying this condition are Hilbert spaces and all [, spaces (1 <

p < o). On the other hand, L,[0,2] with 1 < p # 2 fail to satisfy Opial’s condition.

Definition 1.3. [15] Let K be a non-empty subset of a Banach space E. Two mappings 7,5 : K —
K are said to satisfy the condition (A’) if there exists a nondecreasing function g : [0,00) — [0, )
with g(0) =0, g(r) > 0 for all r € (0,00) such that either ||x — Tx|| > g(D(x,F)) or ||x— Sx|| >
g(D(x,F)) for all x € K, where D(x,F) =inf{||x—z|| : z€F}and F =F(T)NF(S).

Remark 1.1. For S = T in Definition 1.3, condition (A’) reduces to condition (A), (see [16]).

An important property of uniformly convex Banach space is the following lemma:

Lemma 1.1. [17] Let E be a uniformly convex Banach space and 0 < p <t, < q <1 for
all n € N. Suppose that {x,} and {y,} are two sequences of E such that li_r}n sup ||x,|| <,
n—oo

lim sup |, < 7 and
lim ||tpx, + (1 —t,)yul| =1
n—oo
hold for some r > 0. Then li_r>n 1% — ynll = 0.
n—oo
We use the following lemmas in order to prove our main results:

Lemma 1.2. [18] Let T be a mapping on a bounded and convex subset K of a uniformly convex
Banach space E. Assume that T satisfies condition (C). Then (I —T) is demiclosed at 0. That

is, if {xn} in K converges weakly tow € K and li_r>n | Tx, — x| = 0, then Tw = w.
n—oo

Lemma 1.3. [3] Let T be a mapping on a subset K of a Banach space E. Assume that T satisfies
condition (C). Then for each x,y € K,

(i) e = Ty[| < 3T —x] + [[x =y,

(it) [ly = Ty[} < 3[| T — x[| + 2{}x — y][-

2. Main results

Now we prove some weak and strong convergence theorems of generalized nonexpansive
mappings. We prove our results in three sections. In first two sections we prove some weak
and strong convergence theorems for approximating common fixed points of two generalized

nonexpansive self mappings and non-self mappings through iteration schemes (1.1) and (1.2)



612 ANUPAM SHARMA, MOHAMMAD IMDAD

respectively while in the last section we prove some convergence theorems with the help of

iteration scheme (1.3) for the class of generalized nonexpansive mapping in Banach spaces.
2.1. Convergence theorems for generalized nonexpansive mappings

We start this section with the following existence theorem through an iteration scheme (1.1).
In the sequel, F = F(T)NF(S) denotes the set of common fixed points of the mappings 7" and
S.

Lemma 2.1.1. Let K be a nonempty closed convex subset of a uniformly convex Banach space
E. Let T and S be two self mappings of K satisfying condition (C). Let {x,} be defined by the
iteration scheme (1.1) where {a, } and {b,} are in [€,1 — €] for all n € N and for some € € (0,1).

If F # 0, then lim,_,« ||x, — z|| exists and lim,_,e ||, — Txn || = 0 = limy, 0 ||, — Sx ||

Proof. Let z € F. By use of condition (C), we get

1
Sle=Tzl =0 < |xw —zl| = [[Txn = Tzl| < [bn — 2], (2.1)

1
Sllz=Szll =0 < llyw =zl = [ISyn =Szl < [lyn — 2. (2.2)

Using inequalities (2.1) and (2.2) along with (1.1), we have

ot =2l = [[(1 = an)(Txy —2) + an(Syn —2)||
< (T=an)|[Txn —zl| 4 anl|Syn — 2]
< (T—an)lxn =2zl +anllyn 2|
= (I—an)llxn —zll +anl (1 = bp)xn + bnTxn — 2
< (L—an)|lxn —zl[ +an(1 = ba)[lxn — zl| + anbn|| Txn — 2
< (L=an)|lxn —zl[ + an(1 = bn) |lxn — zl| + anbullxn — 2

[l — ][

Therefore 1i_r>n ||lx, — z|| exists for any z € F. Let li_r>n ||x» — z|| = a. Consider
n—o0 n—oo

|bnTxy + (1 —by)x, — 2|

< anTxn _ZH + (1 _bn)Hxn _ZH
anxn _ZH + (1 _bn)Hxn _ZH

Iy =2l

IA

[l — 2
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which implies that

lim sup ||y, —z|| < a. (2.3)
n—soo
Using (2.1) and (2.2), we have
lim sup || Tx, —z|| < aand lim sup ||Sy, —z|| < a. (2.4)
n—oo n—oo
Moreover, we have
a=lim ||x,+1 —z|| = lim ||(1 — a,)(Tx, — 2) + an(Sy, — 2)||- (2.5)
n—oo n—oo

Therefore by using (2.4), (2.5) and Lemma 1.1, we have
lim sup ||Tx, — Sy,|| = 0. (2.6)
n—oo

On the other hand, we have

|xn1 =2zl = [[(1—an)Txy+anSyn —7z||
= |[(Txn—2) +an(Sy, — Txn)||
< T —zl| 4+ an| Txn — Syal-

Taking lim inf on both the sides, we get a < lgll inf ||Tx, — z||, which implies from (2.4) that
n—>co
r}l_t)IgoHTxn—zH =a. (2.7)

Using (2.7), we have
ITx,—2z)| < [|Tx0—Syall +11Sy. — 2]l
< | Txn = Syl + |lyn — 2|

Taking lim inf on both the sides and using (2.7), we find that

a < lim inf ||y, — z||. (2.8)
Hence by (2.3) and (2.8), we have
lim |y, —<l| = a. (2.9)

Since
a= lim ||y, —z|| = lim ||(1 —b,)(x, —z) + ba(Tx, — 2) |,
n—oo n—oo
we find from Lemma 1.1 that

}i_r}goHTxn—an =0. (2.10)
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Since ||y, — xn|| = bul| Txn — x,||, making use of (2.10), we get
lim [y, — | = 0. @.11)

Using (2.6), (2.10), (2.11) and Lemma 1.3 (ii), we have

IN

3||yn _SynH +2Hxn _ynH
3|[yn — Txnl| + 3[| Tx — Synl| + 2[Jxn — yn||
BI(1—=by)xy + bpTxy — Txyl| 4 3| Txn — Syn|| + 2|20 — |

[t — Sax ||

I IA

3(1 = bn)len = T2l + 3] Tx0 = Synl| + 20 = yall,

yielding thereby lgn ||Sx;, — x,|| = 0. This concludes the proof.
n—oo

Lemma 2.1.2. In addition to the hypotheses of Lemma 2.1.1, suppose that 71,2 € F. Then,
li_r>n (xn,J(z1 — 22)) exists. In particular, (p —q,J(z1 —z2)) =0 for all p,q € ®(xy), the set of
n—roo

all weak limits of sequence {x,}.

Proof. The proof of this lemma is the same as that of Lemma 2.3 of Khan et al. [10], hence

proof is omitted.
By using Lemma 2.1.2, we prove the following weak convergence theorem:

Theorem 2.1.1. Let E be a uniformlye convex Banach space and let K,T,S and {x,} be the
same as in Lemma 2.1.1. Assume that

(a) E satisfies Opial’s condition,

(b) E has a Fréchet differentiable norm.

If F # 0, then {x,} converges weakly to a common fixed point of T and S.

Proof. Let z € F. Then by Lemma 2.1.1, r}grolo ||lx, — z|| exists. We prove that {x,} has a unique
weak subsequential limit in F. Let w; and w, be weak limits of the subsequences {x,} and
{xn, } of {x,}, respectively. From Lemma 2.1.1, we see that r}grolo sup ||x, —Tx,|| =0and (I—T)
is demiclosed with respect to zero from Lemma 1.2. Therefore Tw| = wy. Similarly, Sw; = wy.
In the same way, we can prove that w, € F. Next, we prove the uniqueness. To this end, first we

assume that (a) holds. Let us suppose that w; # wy. Since x,, — w; and wy # wa, by Opial’s
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condition, we have
lim ||x, —wy|| = lim ||x,, — wi]| < lim ||x, — wa2|| = lim ||x, —w2]|.
n—oo [—roo [—>oo n—oo
Again as x,; — wy and wp # wy, by Opial’s condition, we have
lim []x, —wa| = lim []x,, —wal| < lim |]x,; —w || = lim ||]x, —wq]].
n—oo Jj—roo J—roo n—oo

Thus, we get a contradiction. Hence w; = w».
Next, we assume that (b) holds. From Lemma 2.1.2, (p —q,J(z1 —z2)) = 0 for all p,q €

@, (x,). Therefore ||w; —wy||?> = (Wi — wa,J (W1 —w2)) = 0 implies wi = ws.

Now, we prove two strong convergence theorems in a real Banach space under iterative

scheme (1.1).

Theorem 2.1.2. Let E be a real Banach space and K, T,S,{x,} and F be the same as in Lemma

2.1.1. Then {x,} converges strongly to a point of F if and only if li_r>n infD(x,,F) = 0, where
n—o0

D(x,F)=inf {|lx—z|| : z€ F}.

Proof. Necessity is obvious. Suppose that ,}glgo infD(x,,F) =0. By Lemma 2.1.1, r}glgo %, — 2|
exists for all z € F. Therefore ,}5‘30 D(x,,F) exists. In view of the hypothesis, lirg ifolfD(x”’ F)=
0. Therefore we have ’}grolo D(x,,F) = 0. Now, we show that {x,} is a Cauchy sequence in
K. Since ’}glc}o inf D(x,,F) = 0, for given € > 0, there exists ng € N such that for all n > ny,
D(x,,F) < . In particular, inf {|[x,, —z|| : z€ F} < %. Hence, there exists z* € F such that

|xny — 2| < §. Hence for m,n > ng, we have
X+ =X | < X — 27|+ [0 — 27| < 2[|x0, — 27| <&

Thus, {x,} is a Cauchy sequence and therefore converges. Let {x,} converges to z. Since
li_r>n D(x,,F) =0, we get D(z,F) = 0. Consequently, z € F which amounts to say that {x,}
n—roco

converges weakly to a point of F. This completes the proof.

By using Theorem 2.1.2 under condition (A’), we prove another convergence theorem as

follows:
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Theorem 2.1.3. Let E be a real Banach space and K,S,T,{x,} and F be the same as in Lemma
2.1.1. Let T,S satisfy the condition (A") and F # 0. Then {x,} converges strongly to a point of
F.

Proof. In view of Lemma 2.1.1, we have li_r>n 1% — Txn|| =0 = ILH’I ||, — Sx,||. Hence, owing
n—roo n—oo
to condition (A’), we have

lim g(D(x,, F)) < lgn [xn — Txu|| =0,

n—oo

or, lim g(D(x,,F)) < lim ||x, — Sx,|| = 0.
n—oo Nn—yoo

Thus in both the cases, we have li_r>n g(D(xn,F))=0. Since g : [0,00) — [0,0) is a nondecreasing
n—oo
function satisfying g(0) = 0, g(r) > 0 for all r € (0,), therefore we have li_r>n D(x,,F)=0.
n—oo

Hence by Theorem 2.1.2, {x,} converges strongly to a point of F.

Corollary 2.1.1. Let K be a nonempty closed convex subset of a uniformly convex Banach space
E. Let T : K — K be a mapping satisfying condition (C) and {x,} a S-iteration scheme where
{an} and {b,} are in [e,1 — €| for all n € N and for some € € (0,1). If F(T), (the set of fixed

points of T ) is nonempty, then {x,} converges strongly to a fixed point of T.
Proof. Putting S = T in Theorem 2.1.3, we conclude the desired result.

Corollary 2.1.2. Let K be a nonempty closed convex subset of a uniformly convex Banach space
E.Let T : K — K be a mapping satisfying condition (C) and {x, } be the Mann iteration scheme
where {a,} is in [€,1 — €| for all n € N and for some € € (0,1). If F(T), (the set of fixed points

of T) is nonempty, then {x,} converges strongly to a fixed point of T.
Proof. Putting 7 = I in Theorem 2.1.3, we conclude the desired result.
2.2. Convergence theorems for generalized nonexpansive non-self mappings

In this section, we outline the proofs of the theorems proved in the preceding section for
generalized nonexpansive non-self mappings. We begin with the following existence theorem
under the iteration scheme (1.2). As earlier, F = F(T) N F(S) denotes the set of common fixed

points of the mappings 7" and S.
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Lemma 2.2.1. Let K be a nonempty closed convex subset of a uniformly convex Banach space
E. Let T,S : K — E be two non-self mappings satisfying condition (C) and P : E — K be a

retraction satisfying condition (C). Let {x,} be defined by the iteration scheme (1.2), where
{an} and {b,} are in [e,1 — €] for all n € N with some € in (0,1). If F # 0, then lim ||x, — z||
n—soo

exists and lim ||x, — Tx,|| = 0= lim ||x, — Sx,||.
n—oo n—oo

Proof. Let z € F. Then by using condition (C), we get

1
Sle=Tzl =0 < |xw —zl| = [[Tx0 = Tzl| < [bxn — 2], (2.12)

1
Slz=8zll =0 < lyw =zl = [ISyn =Szl < [lyn — 2. (2.13)

In the same way, we have

1
S llz =Pzl =0 < [|(1 = an) T + anSyn — 2],

= ||P((1 —an)Tx,+ aySyn) — Pz|| < ||(1 —an)Txp + anSyn —z||- (2.14)

Similarly, we have

1
3l =Pl = 0 < (1 bu)oxu + buToxn — 2],

= ||P((1 =by)xy +b,Tx,) — Pz|| < ||(1 = by)xpn + by Tx, — 2| (2.15)

Employing the iterative scheme (1.2) and using (2.12)-(2.15), we have

[xn1 —zll = [|P((1 = an)Txn+ anSyn) — 2|
< (1 =an)Txn +anSyn — 2|
< (T=an)|[Txn —zl| 4 anl|Syn — 2|
< (I=an)lxn =zl +anllyn 2|
= (1 —an)|xn —zl[ +an[|[P((1 = bn)xn + by Txa) — 2|
< (1 —an)|]xn —zl| + an| (1 = bn)xn + by Txy — 2|
< (L—an)|lxn —zl[ + an(l = bn) |lxn — zl| + anbullxn — 2

[l = 2]
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Therefore lim ||x, — z|| exists for any z € F. Let lim ||x, — z|| = a. Consider
n—oo n—oo

[yn—zll = [[P((1=bn)xn+baTxn) — 2|
< (1 =bp)xy +b,Tx, — 2|
< (L=bn)llxn —zl| + bl | Txp — 2]
< b=zl

which implies that li_r)n sup ||yn —z|| < a. By using (2.12) and (2.13), we have
n—soo
lim sup ||Tx, —z|| < a and lim sup||Sy, —z|| < a.
n—oo n—oo

It follows that

lim ||(1 —an)(Tx, —2) +an(Syn — 2)|| = a. (2.16)

n—oo

Therefore by using Lemma 1.1, we have lgn sup || T'x, — Syn|| = 0. Again we consider
n—oo

1P((1 —an)Tx, +anSyn) — 2|
< |1 = an)Txn + anSyn — 2|

X1 =2

< || Txn —zl| + @nl| Txn — Syall.

Taking lim inf of both the sides, we get
a < lim inf||Tx, — z|| so that lim ||Tx, —z|| = a.
n—oo n—oo
On the lines similar to (2.16), we obtain

lim ||(1—by)(x, —2) +bp(Tx, —2)|| = a.

n=soo
Using Lemma 1.1, we have
lim |7, — 3| = 0.
As x, € K, the range of P, therefore Px,, = x,, for all n € N. Owing to Lemma 1.3 (i), we have
[yn = xall = [|P((1 = bn)xn + baTxn) — X

< 3||Pxy — x| || (1 = bp)xyn 4+ bp Txp, — x|
= byl|xn — Txnl|-
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Therefore lim ||y, — x,|| = 0. Using Lemma 1.3 (ii) and the foregoing inequalities, we have
n—soo

IN

3|yn = Synll +2||xn — yall
3|lyn = Toxul + 3[|Txn — Syall +2[[xn — yall

[0 — Sax ||

IN

BI(1—=by)xy + bpTxy — Txyl| 4 3| Txn — Sya|| + 2|20 — |

3(1 = by)[xn — Txnl| + 3| Tx0 — Synl| + 2||xn — yall,

so that lim ||Sx, —x,|| = 0.
n—oo

The following theorems for generalized nonexpansive non-self mappings can now be proved

with appropriate modifications in the proofs of Theorems 2.1.1, 2.1.2, and 2.1.3.

Theorem 2.2.1. Let E be a uniformly convex Banach space and K,T,S and {x,} be the same
as in Lemma 2.2.1. Assume that

(a) E satisfies Opial’s condition,

(b) E has a Fréchet differentiable norm.

If F # 0, then {x,} converges weakly to a point of F.
Theorem 2.2.2. Let E be a real Banach space and K,T,S and {x,} be the same as in Lemma
2.2.1. Then {x,} converges to a point of F if and only if lim inf D(x,,F) = 0.

n—oo

Theorem 2.2.3. Let E be a real Banach space and K, T,S and {x,} be the same as in Lemma
2.2.1. Let T,S satisfy condition (A") and F # 0. Then {x,} converges strongly to a common
fixed point of S and T.

Remark 2.2.1. The above theorems can also be proved by using the iteration scheme (1.2) with

error terms.
2.3. Convergence theorems via a faster iteration scheme

In this section, we give some convergence theorems for a generalized nonexpansive mapping
using iteration process (1.3), whose rate of convergence is faster than the S-iteration process as

well a normal S-iteration process.

Lemma 2.3.1. Let K be a nonempty closed convex subset of a uniformly convex Banach space

E and T be a self mapping of K satisfying condition (C). Let {x,} be defined by the iteration
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process (1.3) where {a,} and {b,} are in (0,1) for all n € N. Then 1211 ||lxn — z|| exists for all
n—soo
z€ F(T) and lim ||x, — Tx,|| = 0.
N—yoo

Proof. Let z € F(T). Then using condition (C) on 7 in iterative scheme (1.3), we have

lzn =2l = 1I(1=bn)(%n —2) + bn(Txn — 2) |
S 1_bn Xn—Z +bn Txn_z
(1= bn) [0 — 2l + b I (2.17)
< (1 =bn) 0 — 2l + buflxn — 2|

[l = 2]

As earlier, using condition (C) on T in iterative scheme (1.3), we get

%041 =2l = 1Tyn =2zl < lyn—2ll
(1 —an)zn+anTz, — 2|

IN

(1 —an)|lzn — z|| + an || Tzn — 2|

< lzn =2l < [l =2

This shows that {||x, —z||} is decreasing, and hence lgn ||x, — z|| exists for all z € F(T). Let
n—oo
r}iigo||xn—z|| =a. (2.18)
Owing to condition (C) on T, we have
lim sup ||Tx, —z|| < a. (2.19)
n—yo0

As X1 —z2|| < lzn—2|| = 1i_r>n inf||x, 11 —z]| < li_r>n inf||z, — z||, and therefore,
n—oo Nn—oo

a < lim inf||z, — z||. (2.20)
n—oo
Moreover, (2.17) implies that
lim sup||z, —z|| < a. (2.21)
n—oo

In view of (2.20) and (2.21), we have lgn |lzn — z|| = a, which implies that
Nn—oo
a=lim ||z, —z|]| = lim [|(1 — b,) (xy, — 2) + bp(Tx, — 2)||- (2.22)
n—oo n—>o0

Using (2.18), (2.19), (2.22) and Lemma 1.1, we have 1i_r>n ||xn — Txy|| = 0.
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Lemma 2.3.2. Assume that all the conditions of Lemma 2.3.1 are satisfied. Then for 71,75 €

F(T), im (x,,J(z1 — 22)) exists. In particular, (p — q,J(z1 —z2)) = 0 for all p,q € @,,(x,), the
n—soo

set of all weak limits of sequence {x,}.
Proof. The proof of this lemma is the same as that of Lemma 2.3 of Khan et al. [10].

Now, we have our convergence theorems. The proofs of Theorems 2.3.1-2.3.3 run on the

lines of the proofs of Theorems 2.1.1-2.1.3 by setting S = 7, so we omit the proof.

Theorem 2.3.1. Let E be a uniformly convex Banach space and let K,T and {x,} be as in
Lemma 2.3.1. Assume that

(a) E satisfies Opial’s condition or

(b) E has a Fréchet differentiable norm.

IfF(T) # 0, then {x,} converges weakly to a fixed point of T.

Theorem 2.3.2. Let E be a uniformly convex Banach space and let K, T,{x,} and F(T) be as in

Lemma 2.3.1. Then {x,} converges strongly to a point of F (T) if and only if li_r>n infD(x,,F(T)) =
n—oo

0.

Notice that this condition is weaker than the requirement “7 is demicompact or K is compact”
(see [16]). Applying Theorem 2.3.2, we obtain a strong convergence of the iterative scheme

(1.3) under condition (A) as follows:

Theorem 2.3.3. Let E be a uniformly convex Banach space and let K, T and {x,} be the same
as in Lemma 2.3.1. If T satisfies condition (A), then {x,} converges strongly to a fixed point of
T.

Now, we prove Lemma 2.3.1 using condition (E).

Proposition 2.3.1. Let K be a nonempty closed convex subset of a uniformly convex Banach

space E and T be a self mapping of K satisfying condition (E). Let {x,} be defined by the

iteration process (1.3) where {a,} and {b,} are in (0, 1) for all n € N. Then lgn ||lxn, — z|| exists
n—soo

forallz€ F(T) and li_r)n ||x, — Txy|| = 0.
n—roo
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Proof. Let z € F(T). Since T satisfies condition (E), then for u > 1, we have

)
lz= Tzl < pllz =Tzl +llzn = zll = [[T2n —z]| < llza =2,

2= Tyall < pllz—Tzl| + lyn—2ll = | Tyn—2z| < llyn—z|, (2.23)

2= Tl < pllz =Tzl 4 llxn =2l = [ Txn = 2| < [loen —2]|-

Hence, using iterative scheme (1.3) and (2.23), we have
12n = 2]l < (1 =bu)l[xn = 2l[ + bl T — 2| < [0 — 2], (2.24)
while using (1.3) and inequalities (2.23) and (2.24), we have
1 = zll = [1Tyn = zll < {lyn =2l < lzn =zl < [l —zll;

which shows that {||x, —z||} is decreasing so that li_r>n ||x, — z|| exists for all z € F(T). Hence
n—oo

proceeding on the lines of the proof of Lemma 2.3.1, we have 1i_r>n 1% — Txn|| = 0.

Remark 2.3.1. Theorems 2.3.1-2.3.3 remain valid if condition (C) is replaced by condition

(E).
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