Available online at http://scik.org
Advances in Fixed Point Theory, 2 (2012), No. 1, 47-57
ISSN: 1927-6303

COINCIDENCE THEOREM AND EXISTENCE THEOREMS OF
SOLUTIONS FOR A SYSTEM OF KY FAN TYPE MINIMAX
INEQUALITIES IN FC-SPACES

RONG HUA HE*

Department of Mathematics, Chengdu University of Information Technology,

Chengdu 610103, Sichuan, P.R. China.

Abstract. Let I be any index set. By using some existence theorems of maximal elements for a family
of set-valued mappings involving a better admissible set-valued mapping under noncompact setting of
FC-spaces, we first give a coincidence theorem and a Fan-Browder type fixed point theorem. Next, we
obtain some existence theorems of solutions for a system of Ky Fan type minimax inequalities involving
a family of Gg-majorized mappings defined on the product space of FC-space. Our results improve and
generalize some recent results.
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1. Introduction

Recently, Ding [9] introduced the concept of F'C-space, which includes many classes of
topological spaces with various convex structure appearing in nonlinear analysis as special

cases, for example, L-convex space (see Ben-EI-Mechaiekh et al. [2]) and G-convex space
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(see Park and Kim [15]). The concept has become an adequate and important tool for
studying various problems in nonlinear analysis, and for the works on the fixed point
theorems, coincidence theorems and maximal elements established in spaces with these
sorts of abstract convex structure, we refer to Ref. [1], [9], [10]. This paper is a continuum
of the preceding paper of the author [12]. For the concepts and notations of F'C-space,
C'FC-space, the class B(Y, X)) of better admissible mappings, generalized Gg-mappings,
generalized Gg-majorant mappings and the related notions, the reader may consult the
paper [12].

In this paper, we will continue to study some problems in nonlinear analysis in F'C-
spaces. By applying the existence theorems of maximal elements obtained by the author
[12], we present a component version of coincidence theorem and a Fan-Browder type
fixed point theorem. We obtain some existence theorems of solutions for a system of Ky
Fan type minimax inequalities involving a family of Gp-majorized mappings defined on

the product space of F'(C-space. Our results improve and generalize the corresponding

results in Ref. [4], [5], [6], [7], [8], [13], [14].
2. Preliminaries

In order to prove our main results, we need the following Lemmas. The following results

are Lemma 2.1, Theorem 3.5 and Theorem 3.6 in [12], respectively.

Lemma 2.1. Let I be any index set, for eachi € I, (Y;, ¢n,) be an FC-space, Y =[], Y:

and on = [[,c;on,. Then (Y, ¢n) is also an FC-space.

Lemma 2.2. Let X be a topological space, K be a nonempty compact subset of X and I
be any index set. For each i € I, suppose (Y;, pn,) is an F'C-space and Y = [[,.,Yi such
that (Y, pn) is an FC-space defined as in Lemma 2.1. Let F' € B(Y, X)) such that for each
iel, A;: X — 2 be a generalized Gg-mapping such that for each i € I and N; € (Y;),
there exists a compact FC-subspace Ly, of Y; containing N; and for each x € X\ K, there
exists i € I satisfying Ly, () cintA;(z) # (0. Then there exists & € K such that A;(Z) =0

for each i € I.
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Lemma 2.3. Let X be a topological space and I be any index set. For each i € I, let
(Yi, on,) be an CFC-space and Y = [[,.;Y:. Let F € B(Y,X) be a compact mapping

i€l 71

such that for each i € I,
(i) A; 2 X — 2Y be a generalized Gg-magorized mapping;
(i) Ujer{r € X Ay(x) # 0} = U,; cint{z € X : A;(x) # 0}.

Then there exists & € X such that A;(z) =0 for each i € I.

3. Fixed points and coincidence points in product F(C-spaces

In this section, by applying our existence theorems maximal elements, we have the
following component version of coincidence theorem and Fan-Browder type fixed point

theorem in the product space of F'C-spaces.

Theorem 3.1. Let X be a topological space, K be a nonempty compact subset of X and
I be any index set. For each i € I, let (Y;,on,) be an FC-space and Y = [[..,;Yi such
that (Y, o) is an FC-space defined as in Lemma 2.1. Let F € B(Y, X) and A; : X — 2%
be a set-valued mapping such that for each i € I and x € X, A;(x) is FC-subspace of Y;.
Suppose that

(i) for eachi € I and y; € Y;, A; ' (y;) be transfer compactly open in Yy;
(ii) for each i € I and N; € (Y;), there exists a nonempty compact FC-subspace
Ly, of Y; containing N; and for each x € X\K, there exists i € I satisfying
Ly, (cintA;(x) # 0;
(iii) for each x € K, there exists i € I such that A;(z) # 0;
Then there ezists ig € I and (Z,y) € (X,Y) such that & € F(7) and y;, = m;,(y) € A (T).
Moreover, if F = S is a single-valued continuous mapping, then we have y;, = m;,(y) €
A (5(9))-
Proof. By condition (iii), Lemma 2.2 does not hold. By Lemma 2.2, there exists iy € [

such that A4;, : X — 2% does not satisfy the condition (a) in the definition of a generalized

Gp- mapping, i.e., there exists N = {yo,...,yn} € (Y) and Ny = {ysy, .-, Yr, t € N such
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that F'(on(Ax) N(Uyen, cintA; (i, (y))) # 0. 1t follows that (&,9) € (X,Y) such that
J € on(Ag), T € F(9), and & € Uyep, cintA; ' (mi,(y)). Hence we have m;,(N;) C
cintA;,(z) C A (). Since A;(z) is FC-subspace of Y;, we have

Yip = Tig (?J) € Tig (@N(Ak)) = PNy, (Ak) C A (in)

Furthermore, if F' = S is a single-valued continuous mapping, then S € B(Y, X), and so

we have g;, € A;,(S(9)).

Remark 3.1. (1) Theorem 3.1 improves and generalizes Theorem 4 in [8] in several
aspects: (1.1) from G-convex space to FC-space without linear structure; (1.2) from
compactly open to transfer compactly open. (1.3) condition (ii) of Theorem 3.1 is weaker
than condition (ii) of Theorem 4 in [8].

(2) Theorem 3.1 generalizes Theorem 6 and Theorem 9 in [5] from the product space of
a nonempty convex subsets of topological vector spaces to the product space of F'C-spaces
and from S is a single-valued continuous mapping to F' € B(Y, X).

(3) Theorem 3.1, in turn, generalizes Theorem 5.1 of Deguire and Lassonde in [4], and

the corresponding results of Lassonde [13] and Ding [6, 7] in several aspects.

Theorem 3.2. Let I be any index set. For each i € I, suppose (Xi, ¢nr) and (Yi, on;,)
are FC-spaces, X = [[.c; Xi and Y = [],.; Y such that both (X, pn') and (Y, pn) are
FC-spaces defined as in Lemma 2.1. For eachi € I, A; : X — 2% and B; : Y — 2%

il

are set-valued mappings such that for each v € X,y € Y, A;(x) is FC-subspace of Y; and
Bi(y) is FC-subspace of X;. Suppose that there exist a nonempty compact subset K of X

and a nonempty compact subset L of Y such that

(i) for each i € I and (z;,y;) € X; x Yi, A7 and B;' are both transfer compactly
open in'Y; and X;, respectively;

(i) for each i € I,M; € (X;) and N; € (Y;), there exist nonempty compact FC'-
subspace Ly, of X; containing M; and Ly, of Y; containing N;, and for each
(x,y) € (X x Y)\(K x L), there exists i € I such that Ly, ()cintB;(y) # 0 and
Ly, (N cintA;(x) # 0;

(iii) for each (x,y) € K X L, there exists i € I such that A;(z) # 0 and B;(y) # 0;
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Then there ezists ig € I and (2,9) € X XY such that g;, € Aiy(Z) and &;, € By, (7).
Proof. Let C = K x L. Then C'is a nonempty compact subset of X xY . Clearly, for each
icl,YixX;and Y x X =[], (Y; x X;) are also F'C-spaces. By condition (ii), for each
i € I and N; x M; € (Y; x X;), there exists a nonempty compact FC-subspace Ly, X Ly,
of Y x X containing N; x M;. Define a mapping F': Y x X — 25 by F(y,z) = {(z,y)},
then we have F' € B(Y x X, X x Y). Define a mapping W; : X x Y — 2¥ix&i by

Wi(x,y) = Ai(z) x Bi(y), V(z,y) € X xY.

We first show that W;! is transfer compactly open in Y; x X;. Indeed, for any nonempty

)

compact subset D x E of X x Y, if (z,y) € (W, (yi, ;) (D x E)), then x € A (y;) (N D
and y € B;'(x;)(E. Since both A;' and B;' are transfer compactly open in Y;
and Xj, respectively. There exist (9;,4;) € Y; x X;. x € intp(A; 1 (y;) D) and y €
intp(B; () E). So we have (z,9) € (intp(A; (9:) D)) x (intg(B; ()N E)) C
intpxp(A;7(9:) x B (%)) (D x E). Now
(u,v) € W, N, 7)< (i, 75) € Wiu,v) = A;j(u) x B;(v)
~ yAZ S AZ(U) and ZT; € B1<U)
& ue A7 (y) and v € B (1)

& (u,v) € A7 (G:) x By (%)

This shows that W, ! (y;, #;) = A; () x B; (). Therefore, we have

(2,) € intpep(W; " (i, %) (D x E)) = cintW; (3, &) [ |(D x E).

Hence, we infer that W, ' is transfer compactly open in Y; x X;. Clearly, the conditions
(ii) and (iii) of Theorem 3.2 imply conditions (ii) and (iii) of Theorem 3.1. By Theorem
3.1, there exist igp € I and (z,7) € (X,Y) such that

(@iovjio) € Wlo(F(gvi)) - mo(j’g) = Alo(j) X Blo(?j)a

and hence, we have 9;, € A;,(2) and Z;, € By, (7).
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Remark 3.2. Theorem 3.2 improves and generalizes Theorem 10 in [5] and Theorem 4.3
in [4] from convex subsets of topological vector spaces to the product space of F'C-spaces.

Theorem 3.2 generalizes Theorem 5 in [8].

4. System of minimax inequalities

In this section, some existence theorems of solutions for a system of Ky Fan type

minimax inequalities (see Ky Fan in [11]) will be proved under much weaker assumptions.

Definition 4.1 ([3]). Let X and Y be two topological spaces, f : X XY — RU{—o00, +00}
be a function. Then f is said to be transfer compactly lower semicontinuous (in short,
transfer compactly l.s.c) in y, if for each y € Y, for any nonempty compact subset K
of Yand vy € Rwithy € {u € Y : f(x,u) > v} K, there exists £ € X such that
y € cnt{u € Y : f(z,u) > v} (K. [ is said to be transfer compactly u.s.c in y if and
only if —f is transfer compactly l.s.c in y.

Let X be a topological space and I be any index set. For each i € I, suppose (Y;, ¢n;,)
is an F'C-space and Y =[], Y; such that (Y, ¢y) is an F'C-space defined as in Lemma
2.1. Let F € B(Y, X) and for each i € I, f; : X x Y; — R be a real valued function.

(1) for each z € X, the function f;(z,y;) is said to be FC-quasiconvex (resp., FC-
quasiconcave) in y;, if for each A € R, the set {y; € Y; : fi(z,y;) < A} (resp., {y; € Y; :
fi(x,y;) > A}) is an F'C-subspace of Y;.

(2) fi(z,y;) is said to be generalized Gg-majorized if the following conditions are sat-
isfied: for each A € R, if there exists (x,y;) € X % Y; such that f;(z,y;) > A, then
there exist a nonempty open neighborhood N(z) of z in X and a real valued function
fiz : X xY; = R such that

(a) fi(z,yi) < fiw(z, ;) for all (z,;) € N(z) x Vi

(b) for each y; € Y;, fi.(2,y:) be transfer compactly lower semicontinuous in y;;

(c) for each N = {yo,...,yn} € (Y) and Ny = {¥py,--,¥r,} C N, and for each
y € on(Ag) and z € F(y), fi(z,m(y)) < X implies that there exists y' € Nj such that

fi,x(fz; 7Tz<y/)) < A.
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Theorem 4.1. Let X be a topological space and I be any index set. For each i € I,
suppose (Y, pn,) is a CFC-space and Y = [[,.;Yi. Let F € B(Y,X) be a compact
mapping and for each i € I, the function f; : X X Y; — R satisfy that for each v €

X, fi(z,y;) be transfer compactly lower semicontinuous in x. Then at least one of the

following statements holds:
(1) For each \ € R, there exists & € X such that sup,c;sup,,cy, fi(%,y:) < A;
(2) There existi € I, A€ R, N = {yo, ..., yn} € (Y) and Ny = {Yry, -, Yr, } C N such
that F(ox(Ax) N(Nyen, cint{z € X : fi(z, m(y)) > A}) # 0.

Proof. By using similar argument as in the proof of Theorem 3.5 in [12], we can show
that (Y, ¢n) is also a CFC-space. If the statement (2) is false, then for any A € R, i € I,
N ={yo,...,yn} € (Y) and Ny = {ypy, ..., Y, } C N, we have

F(@N(Ak))ﬂ( ﬂ cint{x € X : fi(x,m(y)) > A}) = 0.

yeEN1

For each i € I, define a mapping 4, : X — 2 by
Ai(x) ={yi € Yi: filz,y;)) > A}, Ve € X.

Hence we have
Flon(A) ([ cintA7! (ri(y))) = 0.
YENT
Since f;(z,y;) is transfer compactly lower semicontinuous in x, we have that for each
yi €Yy, A7Ny) = {z € X : fi(w,y;) > A} is transfer compactly open-valued on ;.
Hence, for each i € I, A; is a generalized Gg-mapping, and the condition (ii) of Lemma
2.3 is also satisfied. By Lemma 2.3, there exists & € X such that A;(z) = for all ¢ € I.

Hence, we have

sup sup fi(@,y;) < A,
el y;€Y;

i.e., the statement (1) holds.

Remark 4.1. Theorem 4.1 generalizes Theorem 6 in [8] and Theorem 11 in [5].
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Theorem 4.2. Let X be a topological space and I be any index set. For each i € I,
suppose (Y, pn,) is a CFC-space and Y = [[,.;Yi. Let F € B(Y,X) be a compact
mapping, for each © € I. The function f; : X X Y; = R satisfies

(i) for each x € X, fi(x,y;) is FC-quasiconcave in the first variable;

(i) for each x € X, fi(x,y;) be transfer compactly lower semicontinuous in x.
Then we have
(A) For any A € R, at least one of the following statements holds:
(1) there exists T € X such that sup;c;sup,, ey, fi(Z, ;) < A
(2) there exist i € I, N = {yo,...,yn} € (Y) and N1 = {yry, .., Y, } C N such that
U € on(Ag) and & € F(y) such that fi(z,m(y)) > .

(B) the following minimaz inequality holds:

inf sup sup fi(z,y;) <sup sup sup sup fi(z,m(y)).
v€X il yiey; i€l Ne(Y) z€F(y) yEon (Ar)

Proof. By using similar argument as in the proof of Theorem 3.5 in [12], we can show
that (Y, pn) is also a CFC-space.
(A) For any i € I and X\ € R, define a mapping A; : X — 2 by

Ai(x) ={y; € Y;: filz,y;) > A}, Ve e X.

Then by condition (i), for each z € X, A;(x) is an F'C-subspace of Y; and for each
yi €Y, A7 (y;) = {o € X : fi(x,y;) > A} is transfer compactly open-valued on Y; by
condition (ii). Now we assume that the statement (A) (2) is not true. We claim that A;
is a generalized Gg-mapping. Indeed, if A; is not a generalized Gg-mapping, then there

exists N = {yo, ..., yn} € (Y) and Ny = {y,y, ..., Y, } C N such that

Flow(A) (Y[ eint A (7)) #0.

j=0
It follows that there exist y € pn(Ag) and & € F(y) such that m;(Ny) C cintA;(z) C

A;(z). Since A;(z) is an FC-subspace of Y;, we have

Yio = Tig (Q) € T (@N(Ak)) = PNy, (Ak) - Aio (j;)v
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i.e., fi(z,m(y)) > A. This contradicts the assumption that (A) (2) is not true. Therefore
A; is a generalized Gg-mapping. Noting that each A;'(y;) is transfer compactly open-
valued on Y;, hence all conditions of Lemma 2.3 are satisfied and it follows that there
exists & € X such that A;(z) = () for all i € I. Hence f;(z,y;) < A for all i € I and
y; € Y, so that the statement (A) (1) holds.
(B) Let Ao = Sup;c; SUP ne (v SUP e p(y) SUDyepy (ay) fi(T; Ti(y)), then the the statement
(A) (2) is false, so that the statement (A) (1) must hold, i.e., there exists & € X such
that sup;c;sup,,cy, fi(Z,%:) < Ao. Hence, we have

inf sup sup fi(x,y;) <sup sup sup sup fi(z, m(y)).
T€X el yey; i€l Ne(Y)zeF(y) yeon (Ap)

This completes the proof.

Corollary 4.1. Let X be a topological space, K be a nonempty compact subset of X and
I be any index set. For each i € I, suppose (Y, on,) is an FC-space and Y = [],., Y
such that (Y, pn) is an FC-space defined as in Lemma 2.1. Let F € B(Y, X) and for
each v € I, f; : X xY; — R be such that

(i) for each x € X, fi(x,y;) is FC-quasiconcave in y;;

(i) for each x € X, fi(x,y;) be transfer compactly lower semicontinuous in x;

(iii) for each N; € (Y;), there exists a nonempty compact FC-subspace Ly, of Y; con-
taining N; and for each A € R and x € X\K, there exists i € I and y; € Ly,
satisfying y; € cint{u; € Y; : fi(z,u;) > A}.

Then we have

(A) For any A € R, at least one of the following statements holds:

(1) there exists & € K such that sup,c;sup,,cy; fi(%,y:) < A

(2) there exist i € I, N = {yo,...,yn} € (Y) and Ny = {yry, .., Y, } C N such that
U € on(Ag) and & € F(y) such that fi(z,m(9)) > \.

(B) the following minimaz inequality holds:

inf sup sup fi(z,y;) <sup sup sup sup fi(z, m(y)).
€K el yey; i€l Ne(Y) z€F(y) yeon (D)
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Proof. By using the similar argument as in the proof of Theorem 5.2, for any ¢ € I and

A\ € R, define a mapping A; : X — 2¥ by

we can show that A; is a generalized Gg-mapping and A; ' (y;) is transfer compactly open-
valued on X, condition (iii) of Corollary 4.1 implies condition (i) of Lemma 2.2 and hence
all conditions of Lemma 2.2 are satisfied. By Lemma 2.2 and Theorem 4.2, it is easy to

show that the conclusion of Corollary 4.1 holds.

Remark 4.2. Theorem 4.2 generalizes Theorem 7 in [8] in several aspects: (1.1) from C'G-
convex space to C'F'C-space without linear structure; (1.2) from lower semicontinuous to
transfer compactly lower semicontinuous; (1.3) from F'C-quasiconcave to G-quasiconcave.
Corollary 4.1 improves and generalizes Theorem 8 in [5] in several aspects: (2.1) from G-
convex space to F'C-space without linear structure; (2.2) from lower semicontinuous to
transfer compactly lower semicontinuous; (2.3) from F'C-quasiconcave to G-quasiconcave;
(2.4) condition (iii) of Corollary 4.1 is weaker than condition (iii) of Theorem 8 in [8].

Corollary 4.1 improves Theorem 12 in [5].
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