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Abstract. Let I be any index set. By using some existence theorems of maximal elements for a family

of set-valued mappings involving a better admissible set-valued mapping under noncompact setting of

FC-spaces, we first give a coincidence theorem and a Fan-Browder type fixed point theorem. Next, we

obtain some existence theorems of solutions for a system of Ky Fan type minimax inequalities involving

a family of GB-majorized mappings defined on the product space of FC-space. Our results improve and

generalize some recent results.
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1. Introduction

Recently, Ding [9] introduced the concept of FC-space, which includes many classes of

topological spaces with various convex structure appearing in nonlinear analysis as special

cases, for example, L-convex space (see Ben-EI-Mechaiekh et al. [2]) and G-convex space
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(see Park and Kim [15]). The concept has become an adequate and important tool for

studying various problems in nonlinear analysis, and for the works on the fixed point

theorems, coincidence theorems and maximal elements established in spaces with these

sorts of abstract convex structure, we refer to Ref. [1], [9], [10]. This paper is a continuum

of the preceding paper of the author [12]. For the concepts and notations of FC-space,

CFC-space, the class B(Y,X) of better admissible mappings, generalized GB-mappings,

generalized GB-majorant mappings and the related notions, the reader may consult the

paper [12].

In this paper, we will continue to study some problems in nonlinear analysis in FC-

spaces. By applying the existence theorems of maximal elements obtained by the author

[12], we present a component version of coincidence theorem and a Fan-Browder type

fixed point theorem. We obtain some existence theorems of solutions for a system of Ky

Fan type minimax inequalities involving a family of GB-majorized mappings defined on

the product space of FC-space. Our results improve and generalize the corresponding

results in Ref. [4], [5], [6], [7], [8], [13], [14].

2. Preliminaries

In order to prove our main results, we need the following Lemmas. The following results

are Lemma 2.1, Theorem 3.5 and Theorem 3.6 in [12], respectively.

Lemma 2.1. Let I be any index set, for each i ∈ I, (Yi, ϕNi
) be an FC-space, Y =

∏
i∈I Yi

and ϕN =
∏

i∈I ϕNi
. Then (Y, ϕN) is also an FC-space.

Lemma 2.2. Let X be a topological space, K be a nonempty compact subset of X and I

be any index set. For each i ∈ I, suppose (Yi, ϕNi
) is an FC-space and Y =

∏
i∈I Yi such

that (Y, ϕN) is an FC-space defined as in Lemma 2.1. Let F ∈ B(Y,X) such that for each

i ∈ I, Ai : X → 2Yi be a generalized GB-mapping such that for each i ∈ I and Ni ∈ 〈Yi〉,

there exists a compact FC-subspace LNi
of Yi containing Ni and for each x ∈ X\K, there

exists i ∈ I satisfying LNi

⋂
cintAi(x) 6= ∅. Then there exists x̂ ∈ K such that Ai(x̂) = ∅

for each i ∈ I.
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Lemma 2.3. Let X be a topological space and I be any index set. For each i ∈ I, let

(Yi, ϕNi
) be an CFC-space and Y =

∏
i∈I Yi. Let F ∈ B(Y,X) be a compact mapping

such that for each i ∈ I,

(i) Ai : X → 2Yi be a generalized GB-majorized mapping;

(ii)
⋃

i∈I{x ∈ X : Ai(x) 6= ∅} =
⋃

i∈I cint{x ∈ X : Ai(x) 6= ∅}.

Then there exists x̂ ∈ X such that Ai(x̂) = ∅ for each i ∈ I.

3. Fixed points and coincidence points in product FC-spaces

In this section, by applying our existence theorems maximal elements, we have the

following component version of coincidence theorem and Fan-Browder type fixed point

theorem in the product space of FC-spaces.

Theorem 3.1. Let X be a topological space, K be a nonempty compact subset of X and

I be any index set. For each i ∈ I, let (Yi, ϕNi
) be an FC-space and Y =

∏
i∈I Yi such

that (Y, ϕN) is an FC-space defined as in Lemma 2.1. Let F ∈ B(Y,X) and Ai : X → 2Yi

be a set-valued mapping such that for each i ∈ I and x ∈ X, Ai(x) is FC-subspace of Yi.

Suppose that

(i) for each i ∈ I and yi ∈ Yi, A−1
i (yi) be transfer compactly open in Yi;

(ii) for each i ∈ I and Ni ∈ 〈Yi〉, there exists a nonempty compact FC-subspace

LNi
of Yi containing Ni and for each x ∈ X\K, there exists i ∈ I satisfying

LNi

⋂
cintAi(x) 6= ∅;

(iii) for each x ∈ K, there exists i ∈ I such that Ai(x) 6= ∅;

Then there exists i0 ∈ I and (x̂, ŷ) ∈ (X, Y ) such that x̂ ∈ F (ŷ) and ŷi0 = πi0(ŷ) ∈ Ai0(x̂).

Moreover, if F = S is a single-valued continuous mapping, then we have ŷi0 = πi0(ŷ) ∈

Ai0(S(ŷ)).

Proof. By condition (iii), Lemma 2.2 does not hold. By Lemma 2.2, there exists i0 ∈ I

such that Ai0 : X → 2Yi0 does not satisfy the condition (a) in the definition of a generalized

GB- mapping, i.e., there exists N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N such
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that F (ϕN(∆k))
⋂

(
⋃

y∈N1
cintA−1

i0
(πi0(y))) 6= ∅. It follows that (x̂, ŷ) ∈ (X, Y ) such that

ŷ ∈ ϕN(∆k), x̂ ∈ F (ŷ), and x̂ ∈
⋃

y∈N1
cintA−1

i0
(πi0(y)). Hence we have πi0(N1) ⊂

cintAi0(x̂) ⊂ Ai0(x̂). Since Ai(x̂) is FC-subspace of Yi, we have

ŷi0 = πi0(ŷ) ∈ πi0(ϕN(∆k)) = ϕNi0
(∆k) ⊂ Ai0(x̂).

Furthermore, if F = S is a single-valued continuous mapping, then S ∈ B(Y,X), and so

we have ŷi0 ∈ Ai0(S(ŷ)).

Remark 3.1. (1) Theorem 3.1 improves and generalizes Theorem 4 in [8] in several

aspects: (1.1) from G-convex space to FC-space without linear structure; (1.2) from

compactly open to transfer compactly open. (1.3) condition (ii) of Theorem 3.1 is weaker

than condition (ii) of Theorem 4 in [8].

(2) Theorem 3.1 generalizes Theorem 6 and Theorem 9 in [5] from the product space of

a nonempty convex subsets of topological vector spaces to the product space of FC-spaces

and from S is a single-valued continuous mapping to F ∈ B(Y,X).

(3) Theorem 3.1, in turn, generalizes Theorem 5.1 of Deguire and Lassonde in [4], and

the corresponding results of Lassonde [13] and Ding [6, 7] in several aspects.

Theorem 3.2. Let I be any index set. For each i ∈ I, suppose (Xi, ϕN ′i
) and (Yi, ϕNi

)

are FC-spaces, X =
∏

i∈I Xi and Y =
∏

i∈I Yi such that both (X,ϕN ′) and (Y, ϕN) are

FC-spaces defined as in Lemma 2.1. For each i ∈ I, Ai : X → 2Yi and Bi : Y → 2Xi

are set-valued mappings such that for each x ∈ X, y ∈ Y , Ai(x) is FC-subspace of Yi and

Bi(y) is FC-subspace of Xi. Suppose that there exist a nonempty compact subset K of X

and a nonempty compact subset L of Y such that

(i) for each i ∈ I and (xi, yi) ∈ Xi × Yi, A
−1
i and B−1

i are both transfer compactly

open in Yi and Xi, respectively;

(ii) for each i ∈ I,Mi ∈ 〈Xi〉 and Ni ∈ 〈Yi〉, there exist nonempty compact FC-

subspace LMi
of Xi containing Mi and LNi

of Yi containing Ni, and for each

(x, y) ∈ (X × Y )\(K × L), there exists i ∈ I such that LMi

⋂
cintBi(y) 6= ∅ and

LNi

⋂
cintAi(x) 6= ∅;

(iii) for each (x, y) ∈ K × L, there exists i ∈ I such that Ai(x) 6= ∅ and Bi(y) 6= ∅;



COINCIDENCE THEOREM AND EXISTENCE THEOREMS 51

Then there exists i0 ∈ I and (x̂, ŷ) ∈ X × Y such that ŷi0 ∈ Ai0(x̂) and x̂i0 ∈ Bi0(ŷ).

Proof. Let C = K×L. Then C is a nonempty compact subset of X×Y . Clearly, for each

i ∈ I, Yi×Xi and Y ×X =
∏

i∈I(Yi×Xi) are also FC-spaces. By condition (ii), for each

i ∈ I and Ni×Mi ∈ 〈Yi×Xi〉, there exists a nonempty compact FC-subspace LNi
×LMi

of Y ×X containing Ni×Mi. Define a mapping F : Y ×X → 2X×Y by F (y, x) = {(x, y)},

then we have F ∈ B(Y ×X,X × Y ). Define a mapping Wi : X × Y → 2Yi×Xi by

Wi(x, y) = Ai(x)×Bi(y), ∀(x, y) ∈ X × Y.

We first show that W−1
i is transfer compactly open in Yi×Xi. Indeed, for any nonempty

compact subset D×E of X×Y , if (x, y) ∈ (W−1
i (yi, xi)

⋂
(D×E)), then x ∈ A−1

i (yi)
⋂
D

and y ∈ B−1
i (xi)

⋂
E. Since both A−1

i and B−1
i are transfer compactly open in Yi

and Xi, respectively. There exist (ŷi, x̂i) ∈ Yi × Xi. x ∈ intD(A−1
i (ŷi)

⋂
D) and y ∈

intE(B−1
i (x̂i)

⋂
E). So we have (x, y) ∈ (intD(A−1

i (ŷi)
⋂
D)) × (intE(B−1

i (x̂i)
⋂
E)) ⊂

intD×E(A−1
i (ŷi)×B−1

i (x̂i))
⋂

(D × E). Now

(u, v) ∈ W−1
i (ŷi, x̂i) ⇔ (ŷi, x̂i) ∈ Wi(u, v) = Ai(u)×Bi(v)

⇔ ŷi ∈ Ai(u) and x̂i ∈ Bi(v)

⇔ u ∈ A−1
i (ŷi) and v ∈ B−1

i (x̂i)

⇔ (u, v) ∈ A−1
i (ŷi)×B−1

i (x̂i).

This shows that W−1
i (ŷi, x̂i) = A−1

i (ŷi)×B−1
i (x̂i). Therefore, we have

(x, y) ∈ intD×E(W−1
i (ŷi, x̂i)

⋂
(D × E)) = cintW−1

i (ŷi, x̂i)
⋂

(D × E).

Hence, we infer that W−1
i is transfer compactly open in Yi ×Xi. Clearly, the conditions

(ii) and (iii) of Theorem 3.2 imply conditions (ii) and (iii) of Theorem 3.1. By Theorem

3.1, there exist i0 ∈ I and (x̂, ŷ) ∈ (X, Y ) such that

(ŷi0 , x̂i0) ∈ Wi0(F (ŷ, x̂)) = Wi0(x̂, ŷ) = Ai0(x̂)×Bi0(ŷ),

and hence, we have ŷi0 ∈ Ai0(x̂) and x̂i0 ∈ Bi0(ŷ).
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Remark 3.2. Theorem 3.2 improves and generalizes Theorem 10 in [5] and Theorem 4.3

in [4] from convex subsets of topological vector spaces to the product space of FC-spaces.

Theorem 3.2 generalizes Theorem 5 in [8].

4. System of minimax inequalities

In this section, some existence theorems of solutions for a system of Ky Fan type

minimax inequalities (see Ky Fan in [11]) will be proved under much weaker assumptions.

Definition 4.1 ([3]). Let X and Y be two topological spaces, f : X×Y → R∪{−∞,+∞}

be a function. Then f is said to be transfer compactly lower semicontinuous (in short,

transfer compactly l.s.c) in y, if for each y ∈ Y , for any nonempty compact subset K

of Y and γ ∈ R with y ∈ {u ∈ Y : f(x, u) > γ}
⋂
K, there exists x̄ ∈ X such that

y ∈ cint{u ∈ Y : f(x̄, u) > γ}
⋂
K. f is said to be transfer compactly u.s.c in y if and

only if −f is transfer compactly l.s.c in y.

Let X be a topological space and I be any index set. For each i ∈ I, suppose (Yi, ϕNi
)

is an FC-space and Y =
∏

i∈I Yi such that (Y, ϕN) is an FC-space defined as in Lemma

2.1. Let F ∈ B(Y,X) and for each i ∈ I, fi : X × Yi → R be a real valued function.

(1) for each x ∈ X, the function fi(x, yi) is said to be FC-quasiconvex (resp., FC-

quasiconcave) in yi, if for each λ ∈ R, the set {yi ∈ Yi : fi(x, yi) < λ} (resp., {yi ∈ Yi :

fi(x, yi) > λ}) is an FC-subspace of Yi.

(2) fi(x, yi) is said to be generalized GB-majorized if the following conditions are sat-

isfied: for each λ ∈ R, if there exists (x, yi) ∈ X × Yi such that fi(x, yi) > λ, then

there exist a nonempty open neighborhood N(x) of x in X and a real valued function

fi,x : X × Yi → R such that

(a) fi(z, yi) ≤ fi,x(z, yi) for all (z, yi) ∈ N(x)× Yi;

(b) for each yi ∈ Yi, fi,x(z, yi) be transfer compactly lower semicontinuous in yi;

(c) for each N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N , and for each

y ∈ ϕN(∆k) and z ∈ F (y), fi(z, πi(y)) ≤ λ implies that there exists y′ ∈ N1 such that

fi,x(z, πi(y
′)) ≤ λ.
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Theorem 4.1. Let X be a topological space and I be any index set. For each i ∈ I,

suppose (Yi, ϕNi
) is a CFC-space and Y =

∏
i∈I Yi. Let F ∈ B(Y,X) be a compact

mapping and for each i ∈ I, the function fi : X × Yi → R satisfy that for each x ∈

X, fi(x, yi) be transfer compactly lower semicontinuous in x. Then at least one of the

following statements holds:

(1) For each λ ∈ R, there exists x̂ ∈ X such that supi∈I supyi∈Yi
fi(x̂, yi) ≤ λ;

(2) There exist i ∈ I, λ ∈ R, N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N such

that F (ϕN(∆k))
⋂

(
⋂

y∈N1
cint{x ∈ X : fi(x, πi(y)) > λ}) 6= ∅.

Proof. By using similar argument as in the proof of Theorem 3.5 in [12], we can show

that (Y, ϕN) is also a CFC-space. If the statement (2) is false, then for any λ ∈ R, i ∈ I,

N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N , we have

F (ϕN(∆k))
⋂

(
⋂
y∈N1

cint{x ∈ X : fi(x, πi(y)) > λ}) = ∅.

For each i ∈ I, define a mapping Ai : X → 2Yi by

Ai(x) = {yi ∈ Yi : fi(x, yi) > λ}, ∀ x ∈ X.

Hence we have

F (ϕN(∆k))
⋂

(
⋂
y∈N1

cintA−1
i (πi(y))) = ∅.

Since fi(x, yi) is transfer compactly lower semicontinuous in x, we have that for each

yi ∈ Yi, A
−1
i (yi) = {x ∈ X : fi(x, yi) > λ} is transfer compactly open-valued on Yi.

Hence, for each i ∈ I, Ai is a generalized GB-mapping, and the condition (ii) of Lemma

2.3 is also satisfied. By Lemma 2.3, there exists x̂ ∈ X such that Ai(x̂) = ∅ for all i ∈ I.

Hence, we have

sup
i∈I

sup
yi∈Yi

fi(x̂, yi) ≤ λ,

i.e., the statement (1) holds.

Remark 4.1. Theorem 4.1 generalizes Theorem 6 in [8] and Theorem 11 in [5].
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Theorem 4.2. Let X be a topological space and I be any index set. For each i ∈ I,

suppose (Yi, ϕNi
) is a CFC-space and Y =

∏
i∈I Yi. Let F ∈ B(Y,X) be a compact

mapping, for each i ∈ I. The function fi : X × Yi → R satisfies

(i) for each x ∈ X, fi(x, yi) is FC-quasiconcave in the first variable;

(ii) for each x ∈ X, fi(x, yi) be transfer compactly lower semicontinuous in x.

Then we have

(A) For any λ ∈ R, at least one of the following statements holds:

(1) there exists x̂ ∈ X such that supi∈I supyi∈Yi
fi(x̂, yi) ≤ λ;

(2) there exist i ∈ I, N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N such that

ŷ ∈ ϕN(∆k) and x̂ ∈ F (ŷ) such that fi(x̂, πi(ŷ)) > λ.

(B) the following minimax inequality holds:

inf
x∈X

sup
i∈I

sup
yi∈Yi

fi(x, yi) ≤ sup
i∈I

sup
N∈〈Y 〉

sup
x∈F (y)

sup
y∈ϕN (∆k)

fi(x, πi(y)).

Proof. By using similar argument as in the proof of Theorem 3.5 in [12], we can show

that (Y, ϕN) is also a CFC-space.

(A) For any i ∈ I and λ ∈ R, define a mapping Ai : X → 2Yi by

Ai(x) = {yi ∈ Yi : fi(x, yi) > λ}, ∀ x ∈ X.

Then by condition (i), for each x ∈ X, Ai(x) is an FC-subspace of Yi and for each

yi ∈ Yi, A
−1
i (yi) = {x ∈ X : fi(x, yi) > λ} is transfer compactly open-valued on Yi by

condition (ii). Now we assume that the statement (A) (2) is not true. We claim that Ai

is a generalized GB-mapping. Indeed, if Ai is not a generalized GB-mapping, then there

exists N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N such that

F (ϕN(∆k))
⋂

(
k⋂

j=0

cintA−1
i (πi(yrj))) 6= ∅.

It follows that there exist ŷ ∈ ϕN(∆k) and x̂ ∈ F (ŷ) such that πi(N1) ⊂ cintAi(x̂) ⊂

Ai(x̂). Since Ai(x) is an FC-subspace of Yi, we have

ŷi0 = πi0(ŷ) ∈ πi0(ϕN(∆k)) = ϕNi0
(∆k) ⊂ Ai0(x̂),
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i.e., fi(x̂, πi(ŷ)) > λ. This contradicts the assumption that (A) (2) is not true. Therefore

Ai is a generalized GB-mapping. Noting that each A−1
i (yi) is transfer compactly open-

valued on Yi, hence all conditions of Lemma 2.3 are satisfied and it follows that there

exists x̂ ∈ X such that Ai(x̂) = ∅ for all i ∈ I. Hence fi(x̂, yi) ≤ λ for all i ∈ I and

yi ∈ Yi, so that the statement (A) (1) holds.

(B) Let λ0 = supi∈I supN∈〈Y 〉 supx∈F (y) supy∈ϕN (∆k) fi(x, πi(y)), then the the statement

(A) (2) is false, so that the statement (A) (1) must hold, i.e., there exists x̂ ∈ X such

that supi∈I supyi∈Yi
fi(x̂, yi) ≤ λ0. Hence, we have

inf
x∈X

sup
i∈I

sup
yi∈Yi

fi(x, yi) ≤ sup
i∈I

sup
N∈〈Y 〉

sup
x∈F (y)

sup
y∈ϕN (∆k)

fi(x, πi(y)).

This completes the proof.

Corollary 4.1. Let X be a topological space, K be a nonempty compact subset of X and

I be any index set. For each i ∈ I, suppose (Yi, ϕNi
) is an FC-space and Y =

∏
i∈I Yi

such that (Y, ϕN) is an FC-space defined as in Lemma 2.1. Let F ∈ B(Y,X) and for

each i ∈ I, fi : X × Yi → R be such that

(i) for each x ∈ X, fi(x, yi) is FC-quasiconcave in yi;

(ii) for each x ∈ X, fi(x, yi) be transfer compactly lower semicontinuous in x;

(iii) for each Ni ∈ 〈Yi〉, there exists a nonempty compact FC-subspace LNi
of Yi con-

taining Ni and for each λ ∈ R and x ∈ X\K, there exists i ∈ I and yi ∈ LNi

satisfying yi ∈ cint{ui ∈ Yi : fi(x, ui) > λ}.

Then we have

(A) For any λ ∈ R, at least one of the following statements holds:

(1) there exists x̂ ∈ K such that supi∈I supyi∈Yi
fi(x̂, yi) ≤ λ.

(2) there exist i ∈ I, N = {y0, ..., yn} ∈ 〈Y 〉 and N1 = {yr0 , ..., yrk} ⊂ N such that

ŷ ∈ ϕN(∆k) and x̂ ∈ F (ŷ) such that fi(x̂, πi(ŷ)) > λ.

(B) the following minimax inequality holds:

inf
x∈K

sup
i∈I

sup
yi∈Yi

fi(x, yi) ≤ sup
i∈I

sup
N∈〈Y 〉

sup
x∈F (y)

sup
y∈ϕN (∆k)

fi(x, πi(y)).
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Proof. By using the similar argument as in the proof of Theorem 5.2, for any i ∈ I and

λ ∈ R, define a mapping Ai : X → 2Yi by

Ai(x) = {yi ∈ Yi : fi(x, yi) > λ}, ∀ x ∈ X,

we can show that Ai is a generalized GB-mapping and A−1
i (yi) is transfer compactly open-

valued on X, condition (iii) of Corollary 4.1 implies condition (i) of Lemma 2.2 and hence

all conditions of Lemma 2.2 are satisfied. By Lemma 2.2 and Theorem 4.2, it is easy to

show that the conclusion of Corollary 4.1 holds.

Remark 4.2. Theorem 4.2 generalizes Theorem 7 in [8] in several aspects: (1.1) from CG-

convex space to CFC-space without linear structure; (1.2) from lower semicontinuous to

transfer compactly lower semicontinuous; (1.3) from FC-quasiconcave to G-quasiconcave.

Corollary 4.1 improves and generalizes Theorem 8 in [5] in several aspects: (2.1) from G-

convex space to FC-space without linear structure; (2.2) from lower semicontinuous to

transfer compactly lower semicontinuous; (2.3) from FC-quasiconcave to G-quasiconcave;

(2.4) condition (iii) of Corollary 4.1 is weaker than condition (iii) of Theorem 8 in [8].

Corollary 4.1 improves Theorem 12 in [5].
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