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Abstract. In this paper, we study and prove some fixed point theorems for fixed points of total asymptotically

quasi-nonexpansive nonself mappings in uniformly convex metric spaces.
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1. Introduction

Takahashi [1] introduced the notion of convex metric spaces and studied the fixed point theory
for nonexpansive mappings. A convex structure in a metric space (X,d) is a mapping W :

X x X x[0,1] — X satisfying, for all x,y,u € X and all A € [0, 1]
d(u,W (x,y,A)) < (1 —=2A)d (u,x)+Ad (u,y). (1.1)

A metric space with convex structure is called a convex metric space. Examples for convex
metric are convex Banach space, CAT (0) spaces and CAT (1) spaces with small diameters (see
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46 ANANTACHAI PADCHAROEN
[7]). A subset C of convex Metric space X is said to be convex if W (x,y,A) € C for all x,y € C
and A € [0,1]

A uinformly convex metric space have various authors(see [3, 5, 6, 7, 8] ) study fixed point
theory for nonexpansive mappings by using the Ishikawa iteration method (see e,g.,[7]).

Extend a convex structure as follows:

Definition 1.1. Let (X,d) be a convex metric space with a convex structure and I € [0, 1],
W:X3xP —X,T:X— X be an asymptotically quasi-nonexpansive mapping of X {a,},
{Bu}, {m},{a/n}, {B',}, {¥,} be six sequences in [0,1] with o, + B+ =1, &', + B/, +
Y,=1,n=0,1,2,....and Y>> | Yn <0, Yor |V, < oo, for any given xy € X define a sequence
X as follows,

Xpp1 =W (T))mxn; Un, a}’laﬁna 'Yn) )
(1.2)

Yn = w (Txnvxmun, a,Vl?B,n?}/n) s

where {u,},{vn} are two sequences in X satisfying the following conditions. For any nonnega-

tive integers n,m,0 <n <M if 8 (A, m) > 0, then

max {d(x,y):x € {uj,vi},y € {xj,yj,uj,v;}} < 8(Anm) (1.3)

n<i,j<m
where Ay = {xi, yi, Txi, Tyi, wi,vi:n <i<m},
5 (Anm) - Sup d (X,y) ) (14)
X7y€An,m
then {x,} is called the Ishikawa type iterative sequence with errors of asymptotically quasi-

nonexpansive mapping T.

Obviously, the Ishikawa iterative sequence is a special case of with 3, =0, ¥/, =0 and {u, } =
{vn} =0.
Lemma 1.1. Let E be a nonempty closed convex subset of a complete convex metric space
X, T :E — E, an asymptotically quasi-nonexpansive mapping of E with Y > k, < ccand F(T),

nonempty. Suppose that {x,} is defined by

x€E xpp1= W(Tnyn;xman)a

(1.5)

Vo =W (T"xp,%p,00,), n=0,1,2, ..,
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where {0t} , {Ba} satisfy that 0 < 04, By < 1 then, (a) d (xp+1,p) < d(1+kp)*d (xu, p).for all
p € F(T) and for alln > 1, (b) there exists a constant M > 0, such that d (x,1m,p) < Md (xn, p)
forall p € F(T) and for all n,m > 1.

Theorem 1.1. Let E be a nonempty closed convex subset a complete convex metric space
X, T : E — E, an asymptotically quasi-nonexpansive mapping of E (T need not be contin-
uous), and F(T), nonempty. Suppose that {x,},_, is an Ishikawa type lterative sequence
with errors defined by (1.4). Then, {x,},_, converges to a fixed point of T if and only if
lim, s infd (x,,F (T)) = 0, where d(y,X) denotes the distance of y to set X, i.e., d(y,X) =

infxexd (y7 )C) .
2. Preliminaries

Let (X,d) be a metric space and x,y € X with d(x,y) = 1. A geodesic path from x to y is a
isometry c : [0,/] — X such that ¢(0) = x and ¢(/) = y. The image of a geodesic part is called a
geodesic segment. A metric space X is a (uniquely) geodesic space, if every two point of X are
joined by only one geodesic segment. We will use [x,y] to denote a geodesic segment joining x

and y. A subset C of a geodesic space is said to be convex if [x,y]| € C for any x,y € C.

Definition 2.1 A geodesic metric space (X,d) is called uniformly convex if for any r > 0 and
any € € (0,2] there exists 6 € (0,1] such that for all a,x,y € X with d(x,a) < r,d(y,a)

< randd(x,y) < €r. It is the case that

d(m,a) <(1-9), (2.1)

where m stands for any midpoint of any geodesic segment [x,y|. A mapping 6 : (0,00) x (0,2] —
(0, 1] providing such & = & (r,€) for a given r > 0 and € € (0,2 is called a modulus of uniform
convexity.

From Definition 2.1, it is clear that uniformly convex metric spaces are uniquely geodesic.
The mapping 0 is monotone (resp. lower semi-continuous from the right) if for every fixed € it

decreases (resp. is lower semi-continuous from the right) with respect to r (see [5]).
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In this paper, we assume that all uniformly convex metric spaces have monotone or lower

semi-continuous from the right modulus of uniform convexity.

Definition 2.2 A mapping T : X — X is called:

(a) Nonexpansive if d (Tx,Ty) < d (x,y) for all x,y € X.

(b) Quasi-nonexpansive if d (Tx,p) < d (x,p) for all x € X and for all p € F(T).

(c) Asymptotically nonexpansive if there exists k, € [0,1) for all n > 1 with lim,, .k, = 0 such
that d (T"x,T"y) < (1+k,)d (x,y) for all x,y € X.

(d) Asymptotically quasi-nonexpansive if there exists k, € [0,1) for all n > 1 with lim,_,.k, =0
such that d (T"x,p) < (1 +k,)d (x,p) forallx € X, forall p € F(T).

(e) Total Asymptotically quasi-nonexpansive if F (T) # 0 and there exists nonnegative real se-
quence {k,} and {u,} with lim,_,ck, = lim,_,eut, = 0, and strictly increasing and continuous
functions & : [0,00) — [0,00) with & (0) = 0 such that d (T"x,p) < d (x,p) + knd (x,p) + uy all
x,y € X,n>1andforall pc F(T).

Remark 2.1 From Definition 2.2, the following implications are obvious:
(a) Nonexpansiveness implies Quasi-nonexpansiveness.
(b) Nonexpansiveness implies Asymptotically nonexpansiveness.
(c) Quasi-nonexpansiveness implies Asymptotically quasi-nonexpansiveness.
(d) Asymptotically nonexpansiveness implies Asymptotically quasi-nonexpansiveness.
(e) Asymptotically quasi-nonexpansiveness implies Total asymptotically quasi-nonexpansiveness.
The converses of these implications may not be true.

Let (X,d) be a metric space, and let C be a nonempty subset of X. Recall that C is said to be
a retract of X if there exists a continuous map P : X — C such that Px = x, for all x € C. Amap
P:X — C is said to be a retraction if P> = P. If P is a retraction, then Py = y for all y in the

range of P.

Definition 2.3. Let C be a bounded closed convex subset of a complete uniformly convex met-
ric space X and P be the nonexpansive retraction of X onto C. Let T : C — X be said to
be uniformly total quasi-asymptotically nonexpansive nonself mapping if F (T) # 0 and there

exist nonnegative real sequence {ky},{u,} with lim,_.k, = 0, lim,_,eu, = 0 and a strictly
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increasing continuous function & : [0,00) — [0,00) & (0) = 0 with such that all x € C, p € F (T)
d(p.T(PT)™'%) < d(p2)+kE(d(p2) 4ty Vn=1 (2.2)

where P is a nonexpansive retraction of X onto C.
Each quasi-asymptotically nonexpansive nonself mapping must be a total quasi-asymptotically

nonexpansive nonself mapping, but the converse is not true.

Lemma 2.1[6] Let {a,},{b,} and {c,} be three nonnegative sequences satisfying
ant1 < (1+by)ap+cp,, n>1. (2.3)

IfY  jcn<ooandy ) | b, < oothen
(a) lim,,_ay exists,

(b) If {an} has a subsequence which converges strongly to zero, then lim,_,ea, = 0.
3. Main results

In this section, we start by proving the following important result.

Theorem 3.1. Let C be a bounded closed convex subset of a complete uniformly convex metric
space X and P be the nonexpansive retraction of X onto C. Let T : C — X be uniformly total
quasi-asymptotically nonexpansive nonself mapping. Let T; : C — X, i = 1,2, be uniformly
total quasi-asymptotically nonexpansive nonself mappings with sequences {k,(,i)} and {u,(,i)}
satisfying limnﬁwk,(,i) =0 and lim,ku,(f) = 0 and strictly increasing function é(i) 2 [0,00) —

[0,00) with D (0) =0, i = 1,2. For arbitrarily chosen x| € C, the sequence {x,} is defined as

follows:

St =P (W (5 T (P vt ) ).
(3.1)
w

( (xn,Tz(PTz)”_lxn,ﬁn>>,

—P
with {k,gl)} , {k,(,z)} , {u,(i])} 7 {uﬁz)} EW EQ) Lo} and {B,} satisfy the following condition-

AN

(@ Y k) <o, ¥ ul) <ooi=1,2,
n=1 n=1

Yn
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(b) there exist constants a,b € (0,1) with0 <b(1—a) < % such that {a,} C [a,b] and {B,} C
[a, ]

(c) there exists a constant M* > 0 such that £V (r) < M*r,r >0,i=1,2 and F := F (T}) N
F(T») = {x € C: T\x=Thox = x} # 0. Then, the sequence {x,} is bounded and lim,_,od (x,,q)

and lim,_,d (x,, F) exists,q € F.

Proof. Let ¢ € F. Set k, = max {k,(ll),k,(,z)} and u, = max{u,gl),u,gz)}, n=1,2,...,0 and

condition (a), we have

d(ni1,q) =d (P(W (50, Ti(PT)" v, 00) ) q)
<d (W (x0T (PT)" ' y000) ) )
< (1—04)d (xn,q) + and <T1(PT1)n_IYn,Q) |

< (1-00)d (30,) + 0 [d )+ (@ (,)) + 10

Since 5(1) is an strictly increasing function, we see that there exists a constant M* > 0 such that

é(l) (r) < M*r,r > 0. It follows that

d (Xur1,9) < (1— ) d (xn,9) + 0t [d s @) +kn& W (d (y,9)) +
< (1—ot)d (xn,q) + 0[d (Yn,q) +knM*d (Y4, q) + up | (3.3)

< (1—ay)d (xn,q) + o [(1 +k,M*)d (yn,q) + un |

and

d(yn,q) =4d (P (W (x,,, TZ(PTz)nflxn,ﬁn>> ,q)
<d (W (6, B(PT2)" 50 B0 ) 19) e
< (1= B)d (v,0) + Bud (T(PT)" ' 51,9) |

< (1= Bu)d (xn,q) + Buld (xn,q) +kn§(2) (d (xn,q)) + tn].
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Since 5(2) is an strictly increasing function, we find that there exists a constant M* > 0 such

that £2) (r) < M*r,r > 0. Hence, we have

d (yn:q) < (1= Ba)d (X, q) + Puld (X, q) +kn& P (d (x0,9)) + 1]
< (1= Bu)d (xn,q) + Buld (xn,q) + knM*d (xn,q) + ]
< d (Xn,q) = Bud (Xn,q) + Bud (xn,q) + BaknM"d (xn,q) + Britn (3.5)
<d (xn,q) + BnkaM"d (xn,q) + Butn

< (1 "’ﬁnan*)d(xVHQ) +ﬁnu”‘

Substituting (3.3) and (3.5) gives that

d (%n11,q) < (1= 04)d (xn,9) + 0 [(1 4+ kM) (14 BuknM™) d (xn,q) + Butn) + tn]
= [1— oty 4+, (1 +k,M*) (14 B kM ™)|d (x,q) + 04y (1 +knM™) Bty + Oty
= [1— 04y + 0 + Otk M™ + 04 B kM + (CuknM™) (BuknM™)|d (X, q)
+ 0ty (14 kuM™) Bty + ity
= [L+ (14 Bn + BuknM") 0nknM™)d (xn, q) + [(1 -+ kM) B + 1] Gttty

= [14 (14 Bo+ Buknb™) kM *]d (X0, q) + (1 + B+ BukneM™) Ot
(3.6)

and
d (xXpy 1, F) <[4 (14 B+ BukaM™) OkyM*]d (X, q) + (14 By + BuknM™) Oyt (3.7)

Since Y k, < oo, ¥ u, < e, we find from Lemma 2.1 that the sequence {x,} is bounded,
n=1 n=1

limy,_,eod (X, q) and limy,_,cd (X, F') exists, q € F. This completes the proof.

Theorem 3.2. Let C be a bounded closed convex subset of a complete uniformly convex metric
space X and P be the nonexpansive retraction of X onto C. Let T : C — X be uniformly total
quasi-asymptotically nonexpansive nonself mapping. Let T; : C — X, i = 1,2, uniformly total
quasi-asymptotically nonexpansive nonself mappings with sequences {k,(li)} and {ug)} satisfy-

L) ()

ing limy,_yeky’ = 0 and limy,_seotty,’ = 0 and strictly increasing function & : [0, 00) — [0, 00) with
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E()(0) =0, i = 1,2. For arbitrarily chosen x| € C, the sequence {x,} is defined as follows:

Xpp1 =P <W (xnuTl (PTl)nilynaan>> )

(3.8)
yp =P (W (xn, Tz(PTz)”_lxn,[)’n)> :

with {k,(ll)} , {k,(lz)} , {uﬁll)} , {uf,z)} EW EQ) Lo} and {B,} satisfy the following condition-
s:
(@ ¥ kD <o, ¥ ul) <ooi=1,2

n=1 1

n=

(D) there exist constants a,b € (0,1) with0 <b (1 —a) < % such that {ay, } C [a,b] and {B,} C
[a,b]

(c) there exists a constant M* > 0 such that £ (r) < M*r,r >0,i=1,2 and F := F (T}) N
F(Ty) ={x € C:Tix = Tox = x} # 0. Then, the sequence {x,} converges strongly to a common
fixed point of T;,i = 1,2, if and only ifliminf, ,.d (x,,F) =0, where d (x,,F) = infyerd (X4,q) , n >
1.

Proof. It follows from Theorem 3.1 that lim,,_,.d (x,,,q) exists. Without loss of generality, we

may assume that lim,_,.d (x,,q) = v > 0. Form (3.7), we have

d (xXp11,9) < [1+ (14 Bo+ BuknM™) 0k M*|d (X0, q) + (1 + B + BuknM™) 0yt
(3.9)
- d (-xnuq) +ln7

where I, = (1+ B, + BuknM™) 0k, M*d (x,q) + (1 + By + BuknM™) 0tyu,. Since {d(x,,q)} is

oo [

bounded and Y k, < oo, Y u, < oo, wehave ) [, < oo. Hance, (3.9) implies that
n=1 1 1

n— n—=

inf < inf 1
L;ng(er»DQ) _(;gpd(xn»Q)+lna (3 0)
that is
d(xp+1, F) <d(xp, F)+1,. (3.11)

It follows from lemma 2.1 and (3.10) that we have lim,_.d (x,, F) = 0. Next, we show that

{x,} is a Cauchy sequence. From (3.9), we see that that for any n > ng, any n > n; and any
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q €F
d(xn—i-mach) < d(xn—Q—m—hCIl) +ln+m—1

<d (xn+m727 611) + ln+m71 + ln+m72

<d (xn+m—3 ) C]l) Flntm—1 + bpm—2 + lntm-3 (3 12)

n+m—1
<d(xw,q1)+ Y, U

j=n
By (3.12), we have
d (Xnt1msXn) < d (Xnm,q1) + d (Xn,q1)

n+m—1 (3.13)
<2d (xn,q1)+ Y. 1.

j=n
By the arbitrariness of ¢; € F and from (3.13), we have that

n+m—1
d (XngmsXn) <2d (xa, F)+ Y. 1j, Vn>no. (3.14)

Jj=n

. .- £
For all € > 0, there exists a positive number n; > ng, such that for n > ny, (x,,F) < 1 and

n+m—1 e
Y i< > It follows from (3.13) that

j=n

n+m—1

26 €

2 (3.15)

and lgnd(xn+m,xn) =0,m>1.

Hence, {x,} is a Cauchy sequence in C. Since C is a closed subset of X and it is complete, we
have that there exists a ¢ € C such that x, — g as n — oo. Next, we show that g € F. Assume

that g ¢ F. Note that F is closed set, d(gq,F) > 0. Thus for all ¢ € F, we have

d(Q?Ql) Sd(qaxn)+d(xn7q1)' (316)
This implies that
d(q,F) <d(q,xn)+d (xn,F). (3.17)

From (3.16) and (3.17), we have that d(p,F) < 0. This is a contradiction. Hence ¢ € F. This

completes the proof.
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Corollary 3.3. Let C be a bounded closed convex subset of a complete uniformly convex metric
space X and P be the nonexpansive retraction of X onto C. Let T : C — X be a uniformly
total quasi-asymptotically nonexpansive nonself mapping. Let T; : C — X, i = 1,2, uniformly
total quasi-asymptotically nonexpansive nonself mappings with sequences {kg)} and {u,(f)}
satisfying limn_mk,(f) =0 and limn_>oou£,i) = 0 and strictly increasing function £ : [0,00) —

[0,00) with EW) (0) =0, i = 1,2. For arbitrarily chosen x| € C, the sequence {x,} is defined as

_ 1
Xpr1 =P (W (xn,n (PTY)" 'y, 5))

1
Yn (W (xnaTZ(PTZ)nlxna E)) )

=P
with {k,(ll)} , {kr(,z)} : {uﬁ,”}, {uﬁ,z)} L EW EQ) satisfy the following conditions:

(a) i kﬁ,i) < oo, i u,(li) < oo, i=1,2, (b) there exists a constant M* > 0 such that £V (r) <
n=1 n=1

M*r,; >0,i=1,2and F:=F(T\)NF(Ty) = {x€C:Tix=Tox=x} # 0. Then, {x,} con-

follows:

(3.18)

verges to converges strongly to a common fixed point of T;,i = 1,2.
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