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Abstract. In this paper, we use the notion of topological vector space valued cone metric space and generalize a
common fixed point theorem of a pair of multivalued mappings satisfying a generalized contractive type condition.

Our results extend some well known recent results in the literature.
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1. Introduction-preliminaries

Many authors [35, 6, 7, 8, 10, 22, 15, 27] studied fixed points results of mappings satisfying
contractive type condition in Banach space valued cone metric spaces. In recent papers [9]
the authors obtained common fixed points of a pair of mapping in a class of topological vector
space -valued (tvs-valued) cone metric spaces.The class of tvs-cone metric spaces is bigger than

the class of cone metric spaces studied in [8, 10, 22, 15, 27]. Recently Azam et al.[9] obtain
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common fixed points of mappings satisfying a generalized contractive type condition in tvs-
cone metric spaces.In this paper we continue these investigations to generalize the results in
[8, 15].

Let (E, T) be always a topological vector space (tvs) and P a subset of E. Then, P is called a
cone whenever
(i) P is closed, non-empty and P # {0},
(i1) ax+ by € P for all x,y € P and non-negative real numbers a, b,
(iii) PN (—P) = {0}.

For a given cone P C E, we can define a partial ordering < with respect to P by x <y if and
only if y—x € P. x < y will stand for x <y and x # y, while x < y will stand for y —x € intP,

where int P denotes the interior of P.

Definition 1.1. Let X be a non-empty set. Suppose the mapping d : X x X — E satisfies

(dy) 0 <d(x,y) for all x,y € X and d(x,y) =0 if and only if x =y,

(d2) d(x,y) =d(y,x) forall x,y € X,

(d3) d(x,y) <d(x,z)+d(z,y) for all x,y,z € X.

Then d is called a topological vector space-valued cone metric on X and (X,d) is called a

topological vector space-valued cone metric space.

If E is a real Banach space, then (X,d) is called (Banach space valued) cone metric space

[8, 10, 22, 15, 27].

Definition 1.2. Let (X,d) be a tvs-cone metric space, x € X and {x, },> a sequence in X. Then
(i) {xn}n>1 converges to x whenever for every ¢ € E with 0 < c¢ there is a natural number N
such that d(x,,x) < ¢ for all n > N. We denote this by lim,,_,cX;, = x Or X, — Xx.

(ii) {x4 }n>1 is a Cauchy sequence whenever for every ¢ € E with 0 < ¢ there is a natural number
N such that d(x,,x,) < ¢ for all n,m > N.

(iii) (X,d) is a complete cone metric space if every Cauchy sequence is convergent.

Lemma 1.3. [11] Let (X, d) be a tvs-cone metric space, P be a cone. Let {x,} be a sequence in
X and {a,} be a sequence in P converging to 0. If d(x,,xm) < ay, for every n € N with m > n,

then {x,} is a Cauchy sequence.
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The fixed point theorems and other results, in the case of cone metric spaces with non-normal
solid cones, cannot be proved by reducing to metric spaces. Further, the vector valued function

cone metric is not continuous in the general case.
2. Main results

In the sequel, let [E be a locally convex Hausdorff tvs with its zero vector 8, P be a proper,
closed and convex pointed cone in E with int P £ () and < denotes the induced partial ordering

with respect to P.

According to [9], let (X, d) be a tvs-valued cone metric space with a solid cone P and CB(X)
be a collection of nonempty closed and bounded subsets of X. Let T : X — CB(X) be a multi-

valued mapping. For any x € X, A € CB(X), define a set W,(A) as follows:
Wi(A) ={d(x,a) :a € A}.
Thus, for any x,y € X, we have

Wi(Ty) = {d(x,u) : u € Ty}.

Definition 2.1. [14] Let (X,d) be a cone metric space with the solid cone P. A multi-valued
mapping S : X — 2% is said to be bounded from below if. for any x € X, there exists 7Z(x) €E

such that Sx — z(x) C P.

Definition 2.2. [14] Let (X,d) be a cone metric space with the solid cone P. A cone P is said
to be complete if, for any bounded from above and nonempty subset A of E, supA exists in E.
Equivalently, a cone P is complete if, for any bounded from below and nonempty subset A of E,

infA exists in E.

Definition 2.3. [9] Let (X,d) be a tvs-valued cone metric space with the solid cone P. A multi-
valued mapping T : X — CB(X) is said to have the lower bound property ( 1.b. property)
on X if, for any x € X, the multi-valued mapping Sy : X — 2F defined by S,(y) = Wy(Ty) is
bounded from below, that is, for any x,y € X, there exists an element {, (Ty) € E such that
Wy (Ty) — €x (Ty) C P. £x(Ty) is called the lower bound of T associated with (x,y).
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Definition 2.4. [9] Let (X,d) be a tvs-valued cone metric space with the solid cone P. A multi-
valued mapping T : X — CB(X) is said to have the greatest lower bound property (for short,
g.1.b. property) on X if the greatest lower bound of Wy (Ty) exists in E for all x,y € X. We denote
d(x,Ty) by the greatest lower bound of Wy(Ty), that i,

d(x,Ty) =inf{d(x,u) : u € Ty}.
According to [26], we denote s(p) ={q € E: p < q} forall g € E and

s(a,B) = bLEJBs (d(a,b)) = bgB{x cE: d(a,b) xx}

foralla € X and B € CB(X). For any A,B € CB(X), we denote

s(A,B)z(aQAs(a,B)>ﬂ< (b,A)).

ns
beB
Remark 2.5. [26] Let (X, d) be a tvs-valued cone metric space. If E = R and P = [0, +o0), then

(X ,d) is a metric space. Moreover, for any A,B € CB(X), H(A,B) = inf s(A, B) is the Hausdorff

distance induced by d.

Theorem 2.6. Let (X ,d) be a complete tvs-valued cone metric space with the solid (normal or
non-normal) cone P and let S,T : X — CB(X) be multivalued mappings with g.1.b property

such that
2.1 Ad(x,y)+Bd(x,Sx) +Cd(y,Ty) + Dd(x,Ty) + Ed(y,Sx)) € s (Sx,Ty).

forall x,y € X, where A,B,C,D and E are non negative real numbers withA+B+C+D+E <

1. Then S and T have a common fixed point.
Proof. Let xy be an arbitrary point in X and x; € Sxg. From (2.1), we have

Ad (x0,x1) + B(x0,Sx0) +Cd(x1,Tx1) + Dd(x0, Tx1) + Ed(x1,Sx0) € s(Sxo, Tx1).
This implies that

Ad (x0,x1) + B(x0,Sx0) +Cd(x1,Tx1) + Dd(x0,Tx1) + Ed(x1,Sx0) € < N s(x,Tx1)>

XESXg

and

Ad (xp,x1) + B(x0,8x0) +Cd(x1,Tx1) + Dd(xp,Tx1) + Ed(x1,Sx0) € s(x,Tx1),Vx € Sxo.
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Since x; € Sxp, we have
Ad (x0,x1) + B(x0,Sx0) +Cd(x1,Tx1) +Dd(x0,Tx1) + Ed(x1,S8x0) € s(x1,Tx1)

and

Ad (x0,x1) 4 B(x0,Sx0) +Cd(x1,Tx1) + Dd(x0,Tx1) + Ed(x1,Sx0) € s(x1,Tx1)
:xe%qs(d (x1,x)).

So there exists some x> € Tx; such that
Ad (x0,x1) 4 B(x0,Sx0) +Cd(x1,Tx1) + Dd(x0,Tx1) + Ed(x1,Sx0) € s (d(x1,x2)).
That is
d(x1,x2) < Ad (x9,x1) + B(x0,Sx0) + Cd(x1,Tx1) + Dd(xp,Tx1) + Ed(x1,Sx0).
By using the greatest lower bound property (g.1.b property) of S and 7', we get
d(x1,x) = Ad (xp,x1)~+ B(x0,x1) + Cd(x1,x2) + Dd(x0,x2) + Ed(x1,x1),
which implies that
d(x1,x) 2 (A+B+D)d (x0,x1)+ (C+D)d(x1,x7).

This further implies that

A+B+D
< ,
d(xl,)Q) = I_C_Dd(xO,xl)

Similarly, from (2.1), we get
Ad (x1,x2) 4+ B(x2,8x2) + Cd(x1,Tx1) + Dd(x2,Tx1) + Ed(x1,8x2) € s (Tx1,5x2).

This implies that

Ad (x1,x2) 4+ B(x2,8x2) + Cd(x1,Tx1) + Dd(x2, Tx1) + Ed(x1,5x2) € < A s(x,sz))
xelx;
and
Ad (x1,x2) + B(x2,8%2) + Cd(x1,Tx1) + Dd(x2,Tx1) + Ed(x1,5x%2) € 5(x,8x%2),Vx € Tx;.

Since x, € Tx;, we have

Ad (x1,x2) + B(x2,8x2) +Cd(x1,Tx1) +Dd(x2,Tx1) + Ed(x1,8x%) € 5(x2,8%2)
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and

Ad (x1,x2) 4+ B(x2,8x2) + Cd(x1,Tx1) 4+ Dd(x2, Tx1) + Ed(x1,8x2) € s(x2,5x2)

= xELgxgs (d(x2,x)).
So there exists some x3 € Sxp such that

Ad (x1,x2) + B(x2,8x2) + Cd(x1,Tx1) + Dd(x3,Tx1) + Ed(x1,5x2) € s(d(x2,x3)).

That is,

d(x2,x3) 2 Ad (x1,x2) + B(x2,8x2) + Cd(x1,Tx1) + Dd(x2, Tx1) + Ed(x1,5x2).
By using the greatest lower bound property (g.1.b property) of S and 7', we get

d(x2,x3) < Ad (x1,x2) + B(x2,x3) + Cd(x1,x2) + Dd (x2,x2) + Ed(x1,x3),
which implies that
d(x2,x3) X (A+CHE)d (x1,x2) + (B+E)(x2,x3).

This further implies

A+C+E
d(XQ,X3)< Te+

“1opopd )

Let 6§ = max{ /]‘fgfg, 4+C+EY | Then § < 1. Thus inductively, one can easily construct a se-

quence {x,} in X such that

Xon41 € Sx2n,  Xon42 € Tx2p41

and
d(Xon,Xon41) < 0d(X2n—1,%20)-

for each n > 0. We assume that x,, # x,,+1 for each n > 0. Otherwise, there exists n such that
Xon = Xon+1. Then xo, € Sxz, and xy,, is a fixed point of S and hence a fixed point of 7. Similarly,
if x2,+1 = X242 for some n, then x,, 1 is a common fixed point of 7 and S. Similarly, one can

show that

d(xXon-41,X2n42) < 0d(X20,X2n41)-
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Thus we have
d (Xn,Xn41) < 8d(xn—1,%0) < 82d (Xp—2,20-1) < -+ < 8"d(x0,x1)
for each n > 0. Now, for any m > n, consider

d(Xm, xn) < d(Xn, Xnt1) +d(Xns1, Xps2) + -+ d(Xp—1, Xm)
< [8 48 8" d(x0,x1)

5”!
< |:1_5:|d(-x0;x1)-

Let 8 < ¢ be given and choose a symmetric neighborhood V of 6 such that c+V C intP. Also,
choose a natural number & such that [I(ST"] d(xp,x;) €V for all n > k;. Then %d (x1,%0) < ¢
for all n > k. Thus we have

Sn
1-0

Ao 1) < { }d(aco?xl) <e

for all m > n. Therefore, {x,} is a Cauchy sequence. Since X is complete, there exists v € X

such that x,, — v. Choose a natural number k; such that

1+E A
(22) —d(V,X2n+1) < §7 —d(XZnav) < E and

B c
d _
1—C 1_C 3 and 7 e, x) <3

for all n > k». Then, for all n > k,, we have
Ad(x2,v) + Bd(x21,8%2,) + Cd(v, Tv) + Dd(x2,,, TV) + Ed(V,Sx2,) € 5 (Sx20,TV).
This implies that

Ad(x2,,,v) + Bd(x2,8x%2,,) +Cd (v, Tv) + Dd (x2,, TV) + Ed(V,Sx2p) E< N s(x,Tv))

xeszn

and we have

Ad(x2,v) + Bd (x4, Sx2,) +Cd (v, Tv) +Dd(x2,,, TV) + Ed(V,Sx2,,) € s (x,TVv) forall x € Sx

2n°

Since x,, ,, € Sx,,, we have

2n+1

Ad(x2,,v) + Bd(x24,8x2,) + Cd(v,Tv) + Dd(x2,,, TV) + Ed(V,Sx2,,) € s (xz”+1 , Tv) )
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It follows that

Ad(xp,v) + Bd(x2,8x2,) + Cd (v, Tv) + Dd(x2,, TV) + Ed(V,Sx2,,) € s (x

= Us (d (x2n+l ) u/)) )

w'eTu

Tv)

2n+1?

There exists some Vv, € Tv such that
Ad(x20,,v) + Bd (x21,8%2,,) + Cd(v,Tv) + Dd(x2,,, TV) + Ed(V,Sx2y,)

€s (x Tv)

2n+17

cs (d(‘x2n+1 ’ Vn)) ’

that is
d(x,,,,,Vn) 2 Ad(x24,v) + Bd(x24,8%2,) + Cd (v, Tv) + Dd (x2,, TV) + Ed(V, Sx2,).
By using the greatest lower bound property (g.1.b property) of S and 7', we have
d(x,,,,,vn) 2 Ad(x24,v) 4+ Bd(x2n,X2,) + Cd (v, V) +Dd (X2, V) + Ed(V, X2p41).
Now by using the triangular inequality, we get
d (X2041, V) 2 Ad(x24,V) + Bd(x2,X2n+1) + Cd (v, X2n11) + Dd (X2, Vi) + Ed(V,X2p41)

and it follows that

A B C+E
d (X2n4+1,Vn) = ﬁd(XZn,V) + md(XmeZn)) + ﬁd(‘/:xZn-i-l)'
By using again triangular inequality, we get
d(V,Vn) = d(V,XZ,H_])—I—d(Xz,H_],Vn)
A B C+E

= d(V,xm+1)+ ﬁd(xbzav) + ﬁd(x2n7x2n)) + ﬁd(vrxzrl-i-l)
14+ E A B

= ﬁd(\/,xZn—H)‘f‘ﬁ (xzmv)‘f'ﬁd(xzmxh)

< c n c N c
—+-—+-=c.
3 3 3

Thus, we get

(&
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for all m > 1 and so . —d(v,v,) € P for all m > 1. Since - — 6 asm — o and P is closed, it
follows that —d(v,v,) € P. But d(v,v,) € P. Therefore, d(v,v,) = 0 and v, — v € T, since Tv

is closed. This implies that v is a common point of S and 7. This completes the proof.

Corollary 2.7. [9] Let (X ,d) be a complete tvs-valued cone metric space with the solid (normal
or non-normal) cone P and let S,T : X — CB(X) be multivalued mappings with g.1.b property

such that

B d(x,8x)+Cd(y,Ty) € s(Sx,Ty)
forall x,y € X, where B,C are non negative real numbers withB+C < 1. Then S and T have a
common fixed point.

Corollary 2.8. [9] Let (X, d) be a complete tvs-valued cone metric space with the solid (normal
or non-normal) cone P and let S,T : X — CB(X) be multivalued mappings with g.1.b property

such that
Dd(x,Ty)+Ed(y,Sx)) € s(Sx,Ty)
for all x,y € X, where D,E are non negative real numbers with D+ E < 1. Then S and T have
common fixed point.
Hence, we have the following theorem which improves/generalizes the results in [8, 11].

Theorem 2.9. Let (X,d) be a complete topological vector space-valued cone metric space, P

be a cone. If mappings S,T : X — X satisfies:
d(Sx,Ty) <Ad(x,y) + B d(x,5x) + Cd(y,Ty) + D d(x,Ty) + E d(y,Sx)

for all x,y € X, where A,B,C,D,E are non negative real numbers with A+B+C+D+E <
1, B=CorD=E.Then S and T have a unique common fixed point.

By substituting D = E = 0 in Theorem 2.9 , we obtain the following result.

Corollary 2.10. Let (X,d) be a complete topological vector space-valued cone metric space, P

be a cone and m,n be positive integers. If mappings S,T : X — X satisfies:

d(Sx,Ty) <Ad(x,y)+Bd(x,Sx)+Cd(y,Ty)
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forall x,y € X, where A,B,C are non negative real numbers withA+B+C < 1. Then S and T

have a unique common fixed point.
By substituting B = C = 0 in Theorem 2.9 , we obtain the following result.

Corollary 2.11. Let (X,d) be a complete topological vector space-valued cone metric space, P

be a cone and m,n be positive integers. If mappings S,T : X — X satisfies:
d(Sx,Ty) <Ad(x,y)+Dd(x,Ty)+E d(y,Sx)

forall x,y € X, where A, D, E are non negative real numbers withA+D+E < 1. Then S and T

have a unique common fixed point.

Corollary 2.12. [8] Let (X,d) be a complete Banach space-valued cone metric space, P be a

cone. If a mapping S,T : X — X satisfies:
(2.5) d(Sx,Ty) < pd(x,y) + qd(x,Sx)+d(y,Ty)] + rld(x,Ty) + E d(y,5x)]

forall x,y € X, where p,q,r are non negative real numbers with p+2q+2r < 1. Then S and T

have a unique common fixed point.
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