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Abstract. In this paper, we investigate the fourth-order second-point nonhomogeneous singular boundary value
problem X" +a(r) f(x) = 0,0 <t < 1, x(0) = ot,x(1) = B,x'(0) = A,x'(1) = —u, where, a(t) may be singular
atr=0,1=1,a € C((0,1),[0,00)) satisfying 0 < [J K(t(s),s)a(s)ds < oo. f(x) € C([0,00),[0,0)). We study the
existence and nonexistence of positive solutions and the dependence of the solutions on the parameters o, 3, A, i
for the above boundary value problems. The proof of our main results is based upon the Guo-Krasnoselskii fixed

point theorem and Schauders fixed point theorem.
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lem; fixed point theorem in cones.

2010 AMS Subject Classification: 34B10, 34B18.

1. Introduction

The deformations of an elastic beam in equilibrium state with fixed both endpoints can be

described by the fourth-order boundary value problem
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X)) +a(t)f(x)=0,0<t <1,

(1.1)
x(0) = ot,x(1) = B,X'(0) = 4,X (1) = —p.

Since the problem (1.1) cannot transform into a system of second-order equation, the treat-
ment method of second-order system does not apply to the problem (1.1). Thus, existing lit-
erature on the problem (1.1) is limited. Recently, when o« = B = A = u = 0, the existence of
positive solutions of the problem (1.1) has been studied by several authors, see [1-6].

Also the existence of positive solutions for the nonhomogeneous boundary value problem-
s have been studied by some authors, see [7-14]. Among them, it is worth mentioning that
Chen [10] and Ma [12] studied the existence of positive solutions of three-point nonhomo-
geneous boundary value problems of second-order ordinary differential equations. Kong and
Kong [11,12] considered multi-point nonhomogeneous boundary value problems of second or-
der ordinary differential equations. By employing the Guo-Krasnoselskii fixed point theorem
and Schauder’s fixed point theorem, Sun [9] studied the existence and nonexistence of positive
solutions to the third order three-point nonhomogeneous BVP. Zhang [10] studied the existence
of positive solutions of three-point nonhomogeneous boundary value problems of second-order
ordinary differential equations. Hao, Liu and Wu [14] has used the Guo-Krasnoselskii fixed
point theorem, the upper-lower solutions method and topological degree theory to study the
existence, nonexistence and multiplicity of positive solutions for the second order m-point non-
homogeneous singular boundary value problem. However, to the author’s knowledge, fewer
results on the fourth-order second-point nonhomogeneous singular boundary value problem
(1.1) can be found in the literature.

Inspired and motivated by the works mentioned above, in this paper, we will consider the

existence or nonexistence of positive solutions to BVP (1.1).

2. Preliminaries

For convenience, we list the following conditions:
(H1) >0, >0,A >0,u>0.
(H2) f(x) € C([0,%0),[0,0)).
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(H3) a € C((0,1),[0,0)), and 0 < [} K(z(s),s)a(s)ds < co.
(H4) fo =0, fo = oo.
(HS) fo =10, f=0.

Where fo = lim,_o+ £, £ = Tim, o, £

Tx

Lemma 2.1. [2, 3] The Green’s function K(t,s) for the homogeneous BVP
ME)=0,0<t<1,
x(0)=x(1)=x(0)=x(1)=0

is given by

Lemma 2.2. [2, 3] Let (H1) hold, then the unique solution of the following BVP
MiE)=0,0<t<1,
x(0) = a,x(1) = B,x'(0) = 4,x'(1) = —u

is given by
x(1) = agi(1) +Bo2(r) +A93(2) + 1 ¢a(t),

where

01(0) = (1-1)2(2r+1),92(r) = 1(1—1)%,43(1) = 1*(3 - 21), 9u(1) = 1*(1 1).

Proof. The proof is obvious, so we omit it.

Lemma 2.3. [2, 3] K(t,s) defined by (2.1) satisfies

c(t)K(t(s),s) < K(t,s) < K(t(s),s), Vt, s € [0,1],

where
2 3
1L og<s<d (1) gcg<l
3-2s7 =2 =2 3(3-2s)2" " =22
T(S) = { 9 ! K(T(S),S) = 2_9(3(1—3))2 1
1+2s° zSSStgl, 3(1+23)27 QSSStglv

(2.2)

(2.3)
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c(t) = %min{tz, (1—1)%}. (2.6)

Remark 2.4. (i) For any 0 € (0, %), there exists a constant y5 > 0, for any ¢ € [0,1 — 8], such

that

2
K(t,s) > 5521((1(3),5), Vs € [0,1], (2.7)
where K(¢,s) defined by (2.1).
(if) Let (H1) hold, then the unique solution x defined by (2.2) satisfies

x(t) >0, vr €10,1]. (2.8)
Lemma 2.5. [2, 3] Let (H1) hold, for y € C(0,1) and fol K(t(s),s)y(s)ds < oo, then the unique

solution of the following BVP

M) +y(r)=0,0<t <1,
x(0) = a,x(1) = B,X(0) =A,x (1) = —p.

(2.9)

is given by

)= [ Kl (s)ds +a01(0)+ Bo0) + Ads(1)+ 10400 (210

Proof. By Lemma 2.1, Lemma 2.2 and the condition fol K(t(s),s)y(s)ds < oo, we easily get

Lemma 2.5.

Lemma 2.6. Let (H1) hold. For y € C(0,1) and [, K(t(s),s)y(s)ds < oo, If x € CT[0,1],

then the unique solution x(t) of the BVP (2.9) is nonnegative and satisfies

N
min () > 1] (2.11)

Proof. Let x € C*[0,1], it is obvious that x is nonnegative. For any 7 € [0, 1], by (2.4) and

Lemma 2.5, it follows that
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1

=/ (s)ds+adi(t)+Boa(t) +AP3(r) + 1da(t)

1 (2.12)
<[ K(t ds+oc+—[3+7t+ M
0
and thus,
4
(2 ||</K s)ds+a+ 5 [3+7L+—,u (2.13)
On the other hand, (2.4) and Lemma 2.5 imply that, for any € [3,1 — §],
)= [ KU (6)ds + 001 6) + Bor(1)+ 2050) + 0n(0)
52/K (s)ds+ ad2(3—28) + B&2(1— 8) + A62(3 — 28) + ud*(1 - §),
> 1oL K((6),5)y(6)ds 4 AoB+ A+ Ao = il
(2.14)
where

ys = min{§52, 52(3—28), 24—752(1 _5).

Define an operator A by

) = [ K0,5)als) (6(6))ds + @01 (0) + Boa(1) + A05(0) + 0u(s) 1= (A9)(0),  (215)

where K(z,s)is given in (2.1). Let

= {x |xe€Cl0,1], x(r) >0, min x(¢)> }/5||x||} ,
te8,1-9]

where, ¥s is given by Lemma 2.6.

Lemma 2.7. If conditions (H1), (H2) and (H3) are satisfied, then BVP (1.1) has a positive

solution x = x(t) if and only if x is a fixed point of A.
Proof. By Lemma 2.5 and the conditions (H1), (H2) and (H3), we easily get Lemma 2.7.

Lemma 2.8. If conditions (H1), (H2) and (H3) are satisfied, then A : P — P is completely

continuous.
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Proof. For any y € P, let x(t) = Ty(t),t € [0, 1]. Obviously, x(¢) is a solution of the following
BVP

M) +a)f(x) =0,0<r <1,
x(0) = ot,x(1) = B,x'(0) = A,X'(1) = —p.
From Lemma 2.6, we have x(t) > 0,z € [0, 1], min,¢(5 ) x(#) > ¥s||x[|, and A(P) C P.

Next, we show that A is completely continuous. Define an a, () : (0,1) — [0, 4o0) by

inf{a(t),a(%)}v 0<t< %,
an(t) = § a(r), Layp<nzl
inf{a(t),a(1)}, =1<r<1

It is easy to see that a, € C(0,1) and 0 < a(t) < a,(t),t € (0,1). Furthermore, we define an

operator A, : P — P as follows:

A0 = | K(t,5)an(s) F(x(5))ds + 0y (1) + Ba(0) + A0s(0) + (r)on > 2.

Obviously, A, : P — P is a completely continuous operator on P for each n > 2. For r > 0,

set B, = {x € P: ||x|| < r}, then A, converges uniformly to A on B,.

In fact, for r >0 and x € B,, by (H1), (H2), (H3) and the Lebesgue dominated conver-

gence theorem, we get

1
[Anx(2) — Ax(t)] = | /0 K(t,5)[an(s) —a(s)]f (x(s))ds]

S/O K(t,s)|an(s) —a(s)|f(x(s))ds
1
+ n;lK(t,s)|an(s)—a(s)|f(x(s>)ds

n

<M

1 I
/0 K(t,s)|a,,(s)—a(s)|a’s+/n1 K(t,s)|ay(s) —a(s)ds
— 0 (n— o),

where M = max,cy | f (x). So we conclude that A,, converges uniformly to A on B, as n — oo,

and therefore A is completely continuous.
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Theorem 2.1. [20] Let E be a Banach space and P C E be a cone . Assume €1 and ) are open
subsets of E with © € 1, Q1 C Q. Let A: PN (Q\ Q) — P be a completely continuous
operator. In addition suppose either

(D) ||Au|| < ||u||,u € PN AL, and ||Au|| > ||u||,u € PNAQ,,or

(2.16)
(ii) || Aull > [|u]l,u € PNy, and ||Aul| < |Jul,u € PNy

holds. Then A has a fixed point PN (Q\ Q1).
3. Main results

Throughout this section, we shall use the following notation:

1 3
- 1 My = 2 1-6
5Jo K(t(s),s)a(s)ds 462%ys s~ “K(T(s),s)a(s)ds

M,

It is obvious that M, > M| > 0.

Lemma 3.1. [20] If conditions (H1), (H2), (H3) and (H4) are satisfied, then BVP (1.1) has
at least one positive solution for all (o, 8,2, 1) € R* \ {0,0,0,0} with  + 8 + A + p small

enough.

Proof. Since fy = 0, there exists Ry > 0 such that @ < Mj, x € (0,R;]. Therefore,
f(x) <Mix, x € (0,Ry]. (3.1)
Set Q) ={x € C[0,1] : ||x]| <R}, and let ct, B, A, u satisfy

1 27 1 27
0 < —-Ry,0 < —R;,0<A < —-R;,0 < —R;. 3.2
<(X_5 1, <ﬁ_20 15 < =3 1, <.u'_201 ( )

Then, for any x € P and ||x|| = Ry, it follows from Lemma 2.3, Lemma 2.5, (3.1) and (3.2)

that
1

Ax0) < [ K(3(6),)a(5)(x(5)ds-+ 2011 + Boae) + 205(0) + 110400
<M, /OIK(’L'(S),S)a(S)ds- x|l 4+ o+ %ﬁ +A+ %u

1 1 1 1
Ri+ —Ri+ -Ri+-R1+ =R = |||,

<!
=5 TSI TS
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and thus

|Ax|| < [|x]|, Vx € PNIQ. (3.3)

Since f. = oo, for M > 0, there exists R, > R such that@ > 2M,, for x € [YsRy,0). Thus we

have
f(x) > 2Msx, x € [YsRa, ). (3.4)

Set Q; = {x € C[0,1][||x|| < R2}, For any x € PNJQ;, by Lemma 2.4, one has min,¢[s ;5 x(¢) >
Ys|/x|| > Rz. Thus, from (2.5) and (3.4), we can conclude that
1

Ax (%) _ /01 K (%s) al(s)f(x(s))ds + o+ %/3 FoAt o

1
Z [y peitin S}K(I7S)a(8)f(X(S))ds

> 252.0m, / 0 K (2(s).8)a(s)x(s)ds

which implies that

|Ax|| > ||x]|, Vx € PN Q. (3.5)

Therefore, by (3.3), (3.5) and the first part of Theorem 2.1, we know that the operator A has at

least one fixed point x* € PN (ﬁz\Ql), which is a positive solution of BVP (1.1).

Lemma 3.2. If conditions (H1), (H2), (H3) and (H4) are satisfied, then BVP (1.1) has no
positive solution for all (a,B,A,p) € R* \{0,0,0,0} with a+ B + A + u large enough.
Proof. Suppose there exist sequences {¢, }, 0, >0, {B.}, B >0, {A,}, 4, >0, {w,}, >0
with lim,, e (0, + B + Ay + Uy) = +oo, such that for any positive integer n, the BVP

M) +a()f(x) =0,0<r <1,

(3.6)
x(0) = ay,x(1) = B,,x'(0) = A,,,x' (1) = — .

has a positive solution x,(z). By (2.10), we have

ax(3) = [Tk (Ls) a0 u(ods + Lot Lot 22 v L
)C2 —0 2as a(s) f(xn(s))ds % g P A 16“71
1

>
— 16

(0 + B+ An + ) — o0, (n— o).
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[lxn || = o0, (n — o0). (3.7)

Since f. = oo, for M, > 0, there exists R > 0 such that £ > 4M, for x € [ygﬁ, o), which

X

implies that
f(x) > 4Myx, x € [YsR, o). (3.8)

Let n be large enough that ||x,|| > R. Then

1
Il 2 2(5)

1 1 1 1 1 1
= [ K (35) s tsds + Jou+ 4 pha+ i
1

2/0 ZEmin K(t,s)a(s)f(x,(s))ds

[5,1-8]

2 5 1-6
256 -4M, s K(t(s),s)a(s)xn(s)ds

1-8
5°Mays K@) s)als)ds - |xall = 2[xll,

which is a contradiction. The proof is complete.

Theorem 3.3. (i) conditions (H1), (H2), (H3) and (H4) are satisfied, if f is nondecreasing,
then there exist positive constants (o, B*, A%, u*) € Ri \ {0,0,0,0} such that BVP (1.1) has at
least one positive solution for any o € (0,0*),B € (0,8%),A € (0,A%),u € (0,u*) and has no
positive solution as satisfying at least one of @ € (*,00), B € (B*,00), A € (A*,00), u € (U*,00).
(ii) conditions (H1), (H2), (H3) and (HS5) are satisfied, then the BVP (1.1) has at least one
positive solution for any o € (0,00), € (0,00),A € (0,00), 1t € (0,00).
Proof. (i) LetX = {(, 3,4, )| BVP (1.1) has at least one positive solution}, and (a*,B*,A*, u*) =
supX = {(supo,supfB,supA,supu)| BVP (1.1) at least one positive solution}; it follows from
Lemma 2.1 and Lemma 2.2 that 0 < a* < o0, 0 < f* < 00, 0 < A* < 00,0 < u* < oo, From the
definition of (o*, B*,A*, u*), we know that for any a € (0,a*),B € (0,8%),A € (0,A%),u €
(0, ™) there are o, > g > o, B > Po > B, A« > Ao > A, i, > Ho > U such that BVP

M) +a(t)f(x)=0,0<r<1,
x(0) = ap,x(1) = Po,x'(0) = Ao,x'(1) = —pto
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has a positive solution xy(¢). Now we prove that for any a € (0, ), € (0,0),A € (0,A),u €
(0, o), BVP (1.1) has a positive solution.

In fact, let
P(xp) ={x € Plx(t) <xo(t), t €[0,1]}.

For any o € (0,),B € (0,B0),A € (0,4), 1 € (0,1p), x € P(xp), it follows from (2.10) and

the monotonicity of f that we have that
Ax0) < [ K(2(5),5)als) (x(5))ds + @1 0) + Ba(1)+ 2650) + 16400
< /0 K (2(s),s)a(s)f (x(s))ds + aodi (1) + Bod2(t) + Ao@3(2) + Hoda(t)

:x()(t).

Thus A(P(x0)) € P(xp). By Schauders fixed point theorem, we know that there exists a fixed
point x € P(xg) which is a positive solution of BVP (1.1). Theorem 3.3 (i) of the proof is
complete.

(ii) Since fj = oo, there exists R; > 0 such that

f(x) > 2Myx, x € [0,Ry). (3.10)

So, for any x € P, and ||x|| = R}, and any A > 0, we have

Ax G) _ /01 K (%S> al(s) F(x(5))ds + 5@+ LB+ 1A+ e

1
> 7 min | K(t.s)a(s)(x6))ds
1-6
> %52-2M2/6 K(7(s),s)a(s)x(s)ds

4 1-6
> 26y [ K(5(6).s)a(s)ds ] = ]

and consequently ||Ax|| > ||x||. So, if we set Q; = {x € C[0, 1]|||x|]| < Ry}, then

|Ax|| > [|x]|, Vx € PNIQ. (3.11)

Next we construct the set ;. We consider two cases: f is is bounded or is unbounded.
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Case (1). Suppose that f is bounded, say f(x) < M for all x € [0,). In this case, we choose

M 20 20
Ry = 2Ry, — 50, = -
2 max{ 1 M175a727ﬁ751727.u}’

and then for x € P with ||x|| = Ry, we have
1

Ax(r) < K(T(S%S)a(S)f( (s))ds + g1 (t) + B2 (t) +Ad3(r) + 1194 (7)

<M/ K(z(s),s)a(s) ds+OH——[3+7L+ M

1 1 1 1
S 4 ZRy+-Ry+—-Ry+-R
_5M1+5 2Rt Rt gk

Al ry e lry i Lk Ix])-
- - - - —Ry = ||x
sghersRat vtk

So,

[Ax]| < [|x]|-
Case (2). When f is unbounded. Now, since f.. = 0, there exists Ry > 0 such that

f()C) < M1x7 X € [R07°o)’

LetRy: Ry > maX{ZRl, Ro, 5a, 27[3 51, 27,u} and be such that

f(x) < f(Ra), for0<x<Ry.

(3.12)

(3.13)

(3.14)

(We are able to do this since f is unbounded.) For x € P with ||x|| = R,, from (2.5), (3.14)

and (3.13), we have

= [ K als) )+ 1)+ B0) + A0s(6) + ()

/ K(t s)ds - f(R2)+oc+—ﬁ+l+iu

1 1. 1. 1
< MR / K(2(s),5)a(s)ds + ~Ro+ ~Ra+ ~Ra + —Ro
0 5 5 5 5
1R+1R+1R+1R+1R Ry = |||
- — R =Ry =||x
2 5 2 5 2 5 2 5 2 = N2 =

Thus, ||Ax|| > ||x||. Therefore, in either case we may put

o))

Q> = {x € Cl0,1]||[x]| < R} .

(3.15)
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It follows that

[|Ax]| < [lx[|, Vx € PNIQy. (3.16)

So, it follows from (3.11) and (3.16) and the second part of the Theorem 2.1 that A has a fixed
point x* € PN (54\93). Then x 1s a positive solution of BVP (1.1). The proof is complete.
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