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Abstract. In this paper, a composite hybrid iteration method is investigated for approximating fixed points of
asymptotically nonexpansive mappings. Weak and strong convergence theorems are established in arbitrary Ba-
nach spaces. The results presented in this paper mainly improved the corresponding results in Miao and Li [Weak
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1. Introduction

Let E be an arbitrary Banach space and let T : E — E be a mapping. Recall that 7 is said

to be L-Lipschitzian if there exists L > 0 such that

ITx—Ty| < Llx—yll, VxyeE. (L1)
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T is said to be nonexpansive if L =1 1in (1.1). T is s and asymptotically nonexpansive if there

exists a sequence {k,} C [1,o0) with nlgg k, = 1 such that
IT%x =Tyl < kallx=yll,  Vx,y €E. (1.2)
T is uniformly L-Lipschitizian if there exists L > 0 such that
|T"x=T"| <L[x—y[, Vn>1 and Vx,y€E. (1.3)

The class of asymptotically nonexpansive mappings was introduced by Geobel and Kirk [1].
They proved that if K is a nonempty closed convex and bounded subset of a uniformly convex
Banach space, then every assymptotically nonexpansive self-mapping of K has a fixed point. It
is obvious that every nonexpansive mapping is asymptotically nonexpansive with the constant
sequence {k, } = {1} and every asymptotically nonexpansive map is uniformly L-Lipschitizian.

Let H be a Hilbert space, A mapping 7 : H — H is said to be 1-strongly monotone if there

exists 11 > 0 such that
<TX—Ty,X—y> < 77HX—)’H27 vx?)) €H. (14)

Note that the class of asymptotically nonexpansvie mappings is a natural generalization of the
important class of nonexpansive mappings. Iterative techniques for approximating fixed points
of asymptotically nonexpansive mappings have been extensively studied based on the Mann [2]
iteration by several authors; see, for example, [3, 4, 5, 6]). Recently, Xu and Kim [7], Yamada
[8] and Wang [9] introduced the hybrid iteration method which has been used in solving certain

variational inequalities.

Let H be a Hilbert space, T : H — H a nonexpansive mapping with F(T) ={x € H : Tx =
x}#0and F : H — H an n—strongly monotone and Lipschitz mapping. Let {a,}>_, C (0,1)
and {A,}7_, be real sequences in [0, 1), and u > 0. The sequence {x, }’_, is generated from an

arbitrary x; € H by

Xpp1 = Aty + (1 —an)TH40x,, n>1, (1.5)

where Tm+1x = Tx — Anp1WF (Tx), > 0. Using the result, Wang [9] obtained weak and strong

convergence of (1.5) to the fixed point of T'. Observe that if either A, =0,Vn > 1 or F =0, then
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(1.5) reduces to the well known Mann iteration method
Xp+1 = apxn+ (1 —ay)Tx,, n>1, (1.6)

which has been used by several authors for the approximation of fixed points of operators or
operator equations.
Motivated by the work of Wang [9] and earlier results of Xu and Kim [7] and Yamada [8],

Miao and Li generalized (1.5) by developing the following composite hybrid iteration process:

Let H be a Hilbert space, T : H — H a nonexpansive mapping with F(7') # @ and f(resp.g) :
H — H an 1 (resp.n,)—strongly monotone and k¢ (resp.kg) —Lipschitzian mappings. For any
x1 € H,{x,} is defined by

.
Xne1 = apxp+(1 —an)Tf Ty,

Y= bpxa+(1—b)TPx, n>1,
where

Moy
Tf Hx = Tx-— 7Ln+1,uff(Tx), ur=>0, VxeH,
Tgﬁ"x = Tx—PBuueg(Tx), Hg>0, VxeH,

and {a,} € (0,1),{b,} € (0,1) and A, € [0,1), B, € [0,1) satisfy the following conditions:

() a<a,<1-oa,f <b, <1-p,forsome ,f € (0,3);

(i) TF Ay < 4oo, 1By < oo
20y 21,
ks K2

Observe if b, = 1,Vn > 1, (1.7) reduces to (1.5) and if b, = 1,Vn > 1,A, =0o0r f =0, (1.7)

(i) 0 < py < 0<u, <

reduces to the well known Mann iteration method. Using (1.7), Miao and Li [10] proved the

following:

The iterative process {x,} as in (1.7) satisfies:
(1) lim ||x, — p|| exists for each p € F(T),
n—y+oo
(2) ngTw ||xn — Txy|| = 0.
The sequence {x,} converges weakly to a fixed point of 7. Let T be completely continuous or

demicompact, The iterative process {x, } converges strongly to a fixed point of 7.
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It is our purpose in this paper to extend the above results from a Hilbert spaces to arbitrary
Banach spaces and from nonexpansive mappings to the more general asymptotically nonexpan-
sive mappings. Our results are much more general and also more applicable than the results of
Miao and Li [10] because the strong monotonicity condition imposed on f and g is not required

in our results.
2. Preliminaries

Let E be a Banach space. A mapping 7 with domain D(T) and range R(T') in E is said to be

oo

n=1

demiclosed at a point p € D(T) if whenever {x, }*°_, is a sequence in E which converges weakly

to a point x € E and {T'x,} ;_, converges strongly to p, then Tx = p. Furthermore, 7 is said to
be demicompact if whenever {x,};_, is a bounded sequence in D(T') such that {x, — Tx,}"_,
converges strongly, then {x,}_, has a subsequence which converges strongly. 7 is said to
satisfy condition (A) if F(T) # 0 and there exist nondecreasing functions f : [0,00) — [0,00)
and g : [0,00) — [0,00) with £(0) = 0,g(0) =0, f(r) > 0 and g(r) > 0 V¢ € (0,%0) such that
|x—Tx|| > f(d(x,F(T))) and ||x —Tx|| > g(d(x,F(T))) for all x € D(T) where d(x,F(T)) :=
inf{llx—pll:peF(T)}.

Lemma 2.1 [6] Let E be a uniformly convex Banach space and K a nonempty closed convex
(not neccessarily bounded) subset of E. T : K — K a asymptotically nonexpansive mapping
with {k,} C [1,00), nlggkn = 1 and F (T ) nonempty fixed point set. Then (I —T) is demiclosed
at 0, i.e. for any sequence {x,} in K s.t. {x,} converges weakly to p and {x, — Tx,} converges

strongly to 0, Then (I —T)(p) = 0.

Lemma 2.2 ([6], see also [11]). Let {an};_,{bn};_, and {6,};_, be sequences of non-
negative real numbers satisfying the inequality an+) < (1+ 6p)an +bp,n > 1. If Yo 18y <
oo and Y7 b, < oo, then lim,_,eay, exists. If in addition {a,};,_, has a subsequence which
converges strongly to zero, then lim,_.a, = 0.

[}

~_ be areal

Lemma 2.3 ([12], see also [13]). Let E be an arbitrary normed space and let {t, }

sequence satisfying the conditions:

(i) 0<t, <t <1, and for somet € (0,1),
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(ii) £ty = oo,
Let {u,}_ and {v,}_, be two sequences in E such that
(iii) upy1 = (1 —ty)up +t,vy, VYn>1
(iv) ,}E{LH”"” =d for some d € [0,),
(v) limsup||v,| <d,
(vi) {Z?:]tjvj};:’l is bounded. Then d = 0.

Definition 2.1. A bounded convex subset K of a normed space E is said to have normal structure
if every non-trivial convex subset C of K contains at least one non-diametrical point, that is,
there exists x” € E such that sup{||x" —x|| : x € C} < sup{||x—y|| : x,y € C} = d(C) where d(C)

is the diametre of C.

Every uniformly convex Banach space E has a normal structure and every compact convex

subset K of a Banach space E has normal structure.

Lemma 2.4 [14] Let E be a real Banach space with normal structure N(E) > max(1, &), & >0,
K a nonempty bounded closed convex subset of E and T : K — K a uniformly L—Lipschitzian

mapping with L < o, o« > 1. Then T has a fixed point.
3. Main Results

Lemma 3.1. Let E be a normed space and let T : E — E be a uniformly L—Lipschitzian map-
ping with nonempty fixed point set F(T). Let f(resp.g) : E — E be L¢(resp.Lg)—Lipschitzian

mappings. For any x| € E, generate {x,} by

A
Xpr1 = anxn+(1 _an)Tf Hyn’
Yn = bnxn+(1 _bn)Tgﬁnx"’ n=>1,
where
Ty = T'x—lpyiptef(T'%), gy >0, Vx€E,

TPy = T —Buugg(T"x), e >0, Vx€E,
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and {an},{bn} are sequencesin (0,1) and {A,},{B,} are sequences in [0,1) such that £ A, <
+o0 and £, By < +oo. Then

bw = Txall < o — Tl {27+ (14 L)L (14 LptyA) (1 + g CBor)
+0(1 4+ L)LppAn || Xn—1 — 7" %, |
{1+ DL+t tellx 1 — pll+ ()11} B

H (A +L)Lug[llxn—1 = pl + £ (P)[[]} An-

Proof. For p € F(T), set ®, = ||x, — T"x,|| and £ = max{Ly,L,}. Then

[ = T x| < flotn — T"xa| —|—LHT”_1xn — Xn||
<@+ L2y — X1 ||+ L|xn — T Lo,y |
< @y + L2y + LP|yn—1 — Xn—1 | €L Al p||yn—1 — Xu—1 |
+ L2t LT )+ (1= b )L T st — x| (3.1)
+ L Dot |yt = n 1 ||+ Lnpt | (T 00|
< @+ 120,y + L2(1+ L) (1 + LAt | TP 0 — x|

+ (1+ L) Laaps | f(T" oin) -
On the other hand, we have

1T 0t =] = 7" 1 = Bat (T 1) = 201 |

<P, +ﬁn—1.ug”g(Tn_1xn—l)||

3.2
<Dy g + B 1 || T it — X1 ||+ B Mgl g (1) 2
< (4 B 1 gl)Pp—1 + Bt gl xn—1 — pl| + Ba—114el|8(P) |
and
AT )| < €@t + (| ()|
(3.3)

<UD, +Lxp—1 — ||+ |l (p)]]-
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Substituting (3.2) and (3.3) into (3.1), we have
20 — T || < @+ L2®y 1 + L2 (1+ L) (1 4+ L2 p) { (1 + Bre 1 gl) P
+ B tglllxn—1 — pll + Ba-11tellg ()|}
+ (1 + L) LAt { €Dy +£||x0—1 — pll + . f(P)II}
= [t — T"xl |+ {L + (1+ L)L (14 Lptphn) (1 + pglBo-1) (3.4)
+ (1 + L)Lt An 0 = Tt |
LU+ L)L2 (14 L) g [€lxn—1 = Pl + g (P) 1]} Ba-1

{0+ L)Ly [lllxn—1 = pll + £ ()T} n-

Theorem 3.1. Let E be an arbitrary Banach space, T : E — E a asymptotically nonexpan-
sive mapping with F(T) # 0 and sequence {ky} C [1,00) such that £= (k, — 1) < +oo, and
f(resp.g) : E — E are Ly (resp.Lg)—Lipschitzian mappings. For any x| € E,{x,} is generate
by

A
Xntl = apxp+ (1 —an)Tf y, (35)

yu= b+ (1=by)T "%,
where
Tfx = T'x—Agattp f(T'%), py >0, VxeE,
Tgﬁ”x = T"x—B.ueg(T"x), uUg>0, VxekE,
and {a,} € (0,1),{b,} € (0,1) and A, € [0,1), B, € [0,1) satisfy the following conditions:
(i) 0 < o < ay < 1, for some a € (0,1);
(ii) 2,2 (1 —ay) = +oo;
(iii) Z;:l(l —by) < Hoo;
(iv) %A, < 4oo;
(v) Zy 5 B < oo,
Then we have
(a) lim,_ o ||x, — p|| exists for each p € F(T);
(b) lim,_ 4o || — Txp|| =0

(c) {xn} converges strongly to a fixed point of T if and only if liminf,_, ;o d(x,,F(T)) = 0.



WEAK AND STRONG CONVERGENCE 127

Proof. Let p € F(T) be an arbitrary and set £ := max{Ly,L,}. Then

%041 = Il = llan(tn — p) + (1 = an) (T"yn — p) = (1 = an) Ay 1 s f (T"y0) |
< aplxn = pll + (1= an)[IT"yn = pll + (1 = an) A1 s [|£(T"y0) |
< aplxn = pll + (1= an)knl[yn = pll + (1 = a@n) Anr1 i {LF(T"y0) = F(O + 1 F (PN
< apllxn — pll +{(1 = an)kn + (1 — an) Ani1 rknl} [ yn — p|

+ (1 =an) lnrriar |l £ (Pl
(3.6)

and

1yn =PIl = 116 (xn = p) + (1 = b)(T"xn = p) = (1 = bn) Butteg (T"xn) |
< bl = pll+ (1 = ba) 177060 = pl| + (1 = ba) Butte ("5 )|
< bullxn = pll 4 (1 = bu)kn||xn — pl| + (1 = ) Bubte {1 8(T"xa) — g(p) | + llg(P) I}

< {bn + (1 _bn)kn + (1 _bn)ﬁn.u(gkng}Hxn —pH + (1 _bn)BnNgHg(p)H-

(3.7)
Substituting (3.7) into (3.6), we find that
01— pll
= ap|Pen = pll +{(1 = @n)kn + (1 = @) A1 skl }{ b+ (1 = by ey
+ (1= bn) Buttghnl} X0 — p|
+{(1=an)kn + (1= an) An g1 ka3 (1= B) Bubtg ¢ (P) 1] + (1 = @n) A 11| (p) |
= [1= (1= an) + (1 = an)bpkn + (1 = an) (1 = ba)ky + (1 = a)bp Ay 1 fpknt (3.8)

+ (1 —an)(1- bn)k%)tnﬂufz"‘ (1= an) (1 = by ) Brpig
+ (1 =an)(1- bn)anrlﬁan‘ugkrztgz] % = pl|
{1 = an)kn + (1 = @) A1 Hpkn} (1 = ) Babdellg(P)I] + (1 = @n) Ansriis| ()]

= [1+8]lloen = pl[ + O,
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where
o, = (1 —an)(kn — 1){(1 — bn)kn + 1} +(1 —a,,)b,,?LnH,ufknE
+(1—a)(1- bn)kilnﬂﬂfg"' (1—ay)(1- bn)";%ﬁn.ugf
+ (1 —ay)(1— bn)lnﬂﬁn“f“gk%gz
and

On = {(1 —an)k, + (1 _an)knJrlufkne}(l —by) Bulgllg(p)] + (1 —an) A1 liy]| £(P)||

= (1= an)(1 = bn) Butigkn|[g(P) || + (1 = an) (1 = bn) An1 s Brbigkn| g (p)

+ (1 —an)Anipir | £ (Pl

Since Y7 | 0, < eoand Y’ | 0, < oo, it follows from Lemma 2.2 that lim, . |x, — p|| exists.
This completes the proof of (a). Consequently, {||x, — p||} is bounded. Since {x,} is bounded,

then there exists M > 0 such that ||x, — p|| < M. Observe that

141 = T"%n1[| < @nll2n — T"xn1 || + (1= @) [ T"vn — T" g1 | 4+ (1 = an) A1 pr || f (T ) |
< anl|xn — T" X1 || 4 (1 = an)knl[yn — Xn1 || + (1 = an) dps 1 gkl [y — p|
+ (1 =an) A1 ir [l F (D)
< Jan + (1 = an)kn] [1xn = Xy 1 || + @nllXn 1 = T %011
+ (L= an)|(1 = ba)(T"xn — xu) — (1 = bn) Bubteg (T"xn ) |
+ (1 =an) A1 oknlllyn — pll + (1= an) X 11| £ ()]
< an + (1 —an)kn]||xn — Xnc1 || +anl|Xnr1 — T" %041 ||
+ (L= an) (1= ba)[|T"%n — xn| + (1 — an) (1 — by) Buligknl|| 0 — p|
+ (L= an)(1 = byn) Buttellg(P)[| + (1 = an) Ans 1 pknl||yn — Pl

+ (1= an) A pir [ £ (P
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Substitute (3.7) into (3.9) to obtain

st = Tl < fan+ (1= @l [0 — T |+ anllns1 = 701
(1= an) (1= b) | 7" =3+ (1= @) (1 = by) Buttgkllxa —
(1= an)(1 = b) Buttellg (P + (1 = an) s 1 kb + (1 = by )k,
+ (1= by)Babteknt} | — p

+ (1= an) (1= bn) Ani1 iy Bubtghnll| g (P)[| + (1 — an) A1 sl £ (P) -

It follows that

[an+ (1 —ay)ky)
(1 —ay)

+ (1= bn) Butigknlocn — Il + (1 = bn) Bupte [l g (P)

X1 = T || < e = X1 | = (1= D) [| 776 = x|

(3.10)
+ A1 Upknl{bn + (1 = b))k + (1 = by) Buttgknl} ||xa — p||
+ (1= bn) A1 U Btk || g (D) + At 1 tirl £ (P
Note that
%41 = Xnll < (1= an) | T"yn = x|l + (1 = @n) An 1 b [LF (T" ) |
< (I —ap)(1 _bn)anxn - Tnan +(1 _an)Hxn - Tnan
(3.11)

+ (1= an)(1 = bn) Buttghnl |0 — pl| + (1 — an) (1 = bn) Bulig || (p) |

+ (1 _an)ﬂ‘rH—l.ufkneHyn _pH + (1 _an)A‘rH—l.uf”f(p)H'

Substitute (3.7) into (3.11) to obtain

%1 = Xul| < (1= an) (1= bn)kn|xn — T"xn| + (1 — @) |10 — T"x |

+ (1= an) (1 = bu) Buttgknl||xn — pll + (1= an) (1 — bn) Batte |2 (P)
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(1= @)A1 fknC{Tbn + (1= by eu + (1= b)Bubtghnl} |, — p
(1= bu)Batte [ (P + (1 = @) 11 £ ()
— (1= @) [(1 = bk + 1% = T 4+ (1 = @) (1 = by) Bubtghaflla — p
(1= an) (1= b,)Babte ()]

+ (1 = an) A1 gkl {bn + (1 — bn )k + (1 = by) Buptgknl } |0 — p||

(3.12)

+ (1 —an)(l _bn)ln—e—lufﬁnugkng”g(p)” + (1 _an)ln—l—l,uf”f<p)’|'

Substituting (3.12) into (3.10), we find that

ot 1 = T
<[4 (1= bu)ankn + (1= an) (1= ba)ky + (1= a) (kn — 1)+ (1 = by)] e — T |
+[an + (1 = an)kn + 1{ (1 = bn) Batbgknl + A1 rkn{bp + (1 — by kn
(1= b Bubtgka} 1w — P+ Bt {1+ A1 i} 1(1 = b+ (1 — i) + 1]g(p)]

+ Anifirlan + (1 —an)kn + 1] f(P)]-
It follows that
1 = T" X1 | < [1+ 0]l 30 — T"xn || + @,
where @, = (1 —b,)ank, + (1 —a,)(1 —by)k2 + (1 —ay)(k, — 1)+ (1 —by,) and

0 = [an+ (1= @)y + 1111 = ) Babtghal + A1k + (1= )k,
+ (1= bn) BubtghnC} M + Brptg{ 1+ Ans 1 pkn €} [(1 = bn)[an + (1 — an)ka] + 1][|&(P)]]
+ Antibylan + (1 = an)ka +1][ £ (P)]]-

From conditions (iii)- (vi), it follows that }' > ; @, < e and },> ; @, < co. Also it follows from

Lemma 2.2 that limy,_se || X, — T"x, || exists. Let lim, e ||X, — T"x, || = d and set u, = x, — T"x,,.

It follows that

Upr1 = (1 —t,)up +tyvn, (3.13)
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wheret, =1 —a,, v,= (1_1—an)(T"xn —T"%pt1) + (T"yn = T"%) = Ap 1t L f(T"y).

lvall < T—a) 1770 = T"Xng1 ||+ Ty = T" x| + Ap 1 bp L (T"yn) |
n
k n
< ﬁl!xn — X1 || 4 Knl[yn — Xl + A 1 e 1F(T"y) = £ () + £ (D)
n
k
< s skl = Pl (4 Atk = Pl + Aty £ (P
n
(3.14)
Substitute (3.7) and (3.12) into (3.14) to obtain
vl < [ (1= bk + (k= D] [l — T |
+{Mn+1.ufk;%€+ (1 + ;Ln+1uf)kn]{bn + (1 - bn)kn + (1 - bn)Bn.ugkng}
+(1 = bn) Bubtghy €+ kin Y[ — pl| + (1= ba) Bubtghn[2 + A1 sl
A1 Lrknlll|g(P)N| 4 Ang 1ty (ki + D[ £(P)]-
It follows that
[vall < [T+ Walllxn — T x| + B, (3.15)

where W, = (1 —b,)k2 + (k, — 1) and
O = {1 kil + (14 Ay 1 g Vhn) LB A (1= by ey + (1 — by) Buttohnl}
(1= by) Bulbgh2l + ki YM + (1 — by) Buldohkn[2 + Ans 1 1050
F s 1 pknl]l|g(P) | + Ans 1ty (kn + 1) [ F ()]
From conditions (iii)- (vi), lim,_,e ¥, = 0 and lim 9, exists. Since lim,_,c ||x, — T"x,|| exists,
vall < |l = T"xa || + YD+ Q, D >0, Q > 0.

Therefore, limsup,,_,.. ||va|| < d. Observe that

n n n
1Y tvill << 2kalber = pll +kallyr = pll+ K (kn Y Ajir + g Y Bj) < W,
=1 =1 =1

Vn > 1 and for some W > 0. Hence {Z’J’-Zl tjvj}s_, is bounded. It follows from Lemma 2.3 that

lim, e || X, — T"x,|| = 0. Since {||x, — p||} is bounded, it also follows from Lemma 3.1 that
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limy,—ye0 || V|| = limy—ye0 || X7 — Tx,|| = 0. This completes the proof of (b). From (3.8), we obtain
that ||x,+1 — p|| < ||x. — p|| + &, where &, = 6,M + 0,,. Hence d(x,+1,F(T)) < d(xn,F(T))+&,.
Since Y7, &, < oo, it follows from Lemma 2.2 that r}g{}o d(x,,F(T)) exists. If x, converges
strongly to a fixed point p of T then lim, e ||x, — p|| = 0. Since 0 < d(x,, F(T)) < ||x» — pll,
we have liminf,,_,e d(x,, F(T)) = 0. Conversely, suppose liminf,_,..d(x,,F(T)) = 0, then we
have lim, e d(x,,,F(T)) = 0. Thus for arbitrary € > 0, there exists a positive integer N| such
that d(x,, F(T)) < §,Yn > N; . Furthermore, Y, ; §, < e implies that there exists a positive
integer N, such that Y7, §; < §,Vn > N, . Choose N = max{Ny, N>}, then d(xy, F(T)) < §

and .7y &; < § . It follows from Lemma 2.2 that V,m > N and for all p € F(T), we have

[n =2l < [l = Pl + [l =

< lw=pll+ ) Etlbv—rpl+ Y} &
j=N+1 J=N+1

< 2lxv—pll+2 Y, &
J=N+1

Taking infimum over all p € F(T), we obtain
%0 — x| < 2d(xn, F(T))+2 Z &j,Vn,m>N.
j=N+1
Thus {x,}>_, is Cauchy. Suppose 1i_r>n Xn = u, then since 1i_r>n |Xn —Txp|| =0, we have u € F(T).
n—oo n—oo

This completes the proof of Theorem 3.1.

Corollary 3.1. Let E be a real Banach space with normal structure N(E) > max(1,¢&),
& > 0, K a nonempty bounded closed convex subset of E, and T : E — E be an asymptot-
ically nonexpansive mapping with sequence {k,} C [1,00) such that E‘,o(kn —1) < +oo, and
f(resp.g) : E — E are L¢(resp.Ly)—Lipschitzian mappings, under ;;el hypothesis of Theo-
rem 3.1, the iteration scheme (3.5) converges strongly to a fixed point F(T) of T if and only if

lr}gg}ofd(xn,F(T)) =0.

Proof. Since T is asymptotically nonexpansive uniformly L—Lipschitzian, the proof follows

from Lemma 3.4 and Theorem 3.1.

Corollary 3.2. Let E be an arbitrary Banach spaces, T : E — E a nonexpansive mapping

with F(T) # 0 and f(resp.g) : E — E are Ly(resp.Lg)—Lipschitzian mappings. For any
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x1 € E,{x,} is generate by (1.7) satisfying the following conditions; (i) 0 < a. < a, < 1, for some
a € (0,1); (ii) T (1 —ay) = +oo (iii) 77 (1 —by) < 400 (iv) T2 Ay < oo (v) T By < oo,
Then {x,} converges strongly to a fixed point F (T) of T if and only if liminf,_, ;o d(x,,F(T)) =
0.

Theorem 3.2. Let E be a uniformly convex Banach space and K a nonempty closed convex (not

neccessarily bounded) subset of E. Let T : K — K an asymptotically nonexpansive mapping

with {k,} C [1,e0), 1i_r>n kn, = 1, under the hypothesis of Theorem 3.1, the iteration scheme (3.5)
n—oo

converges weakly to a fixed point of T.

Proof. From Lemma 2.1, (I —T) is demiclosed at zero, and since the lim [[xn = pl| =0, it

follows from standard argument that {x,}>>_, converges weakly to a ﬁxed pomt of T.

Remark 3.1. It follows from Lemma 2.2 and Theorem 3.1 that under the hypothesis of Theorem
3.1, {xn};7_, converges strongly to a fixed point p of T if and only if {x, };~_, has a subsequence
{xn j};"zl which converges strongly to p . Thus, under the hypothesis of Theorem 3.1, if T is
in addition completely continuous or demicompact, then {x,}; _, converges strongly to a fixed
point of 7.

Furthermore, if T satisfies condition (A), then lligji&fd (xn, F(T)) = 0. So under the condi-

tions of Theorem 3.1, {x,}_, converges strongly to a fixed point of 7.

Remark 3.2. Theorems 3.1 and 3.2 and Remark 3.1 extend the results of [10] from Hilbert
spaces to arbitrary Banach spaces and respectively from nonexpansive operator to more general
asymptotically nonexpansive maps as considered here. Furthermore, the strong monotonicity

condition imposed on f and g in [10] is not required in our results.

Remark 3.3. If b, =1 in (3.5), the results of Osilike, Isiogugu, and Nwokoro [15] become

special cases of our results.
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