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1. Introduction

Let E be a real Banach space with dual F*. A mapping A : D(A) C E — E* is said to

be monotone if for each x,y € D(A), the following inequality holds:

(1) (x —y, Az — Ay) > 0.
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A is said to be y—inverse strongly monotone if there exists a positive real number v such

that
(2) (x —y, Az — Ay) > v||Ax — Ay||?, for all 2,y € D(A).

If A is y—inverse strongly monotone, then it is Lipschitz continuous with constant %, ie.,

[|Az — Ayl| < %Y||x —yll, for all x,y € D(A).

Suppose that A is a monotone mapping from C' C FE into E*. The variational inequality

problem is formulated as finding:
(3) a point u € C such that (v —u, Au) > 0, for all v € C.

The set of solutions of the variational inequality problem is denoted by VI(C, A).

Variational inequalities were initially studied by Stampacchia [7, 9] and ever since have
been widely studied. Such a problem is connected with the convex minimization problem,
the complementarity problem, the problem of finding a point u € C satisfying 0 € Au. If
E = H, a Hilbert space, one method of solving a point v € VI(C, A) is the projection
algorithm which starts with any point z; = x € C and updates iteratively as w,.1

according to the formula
(4) Tpi1 = Po(x, — a,Axy,), for any n > 1,

where Pg is the metric projection from H onto C' and {«,} is a sequence of positive real
numbers. In the case that A is y—inverse strongly monotone, liduka, Takahashi and Toy-

oda [4] proved that the sequence {x,} generated by (4) converges weakly to some element

of VI(C,A).

Our concern now is the following: Is it possible to construct a sequence {x,} which con-

verges strongly to some point of VI(C, A)?
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In this connection, when E' = H, a Hilbert space and A is y—inverse strongly monotone,
liduka, Takahashi and Toyoda [4] studied the following iterative scheme, the so called

hybrid projection iteration method:

xg € C, chosen arbitrary,

Yn = Po(x, — anAxy,),

(5) Co={z€C: |lyn — 2[| < |lzn — 2|I},
Qn={z€C:(x, —z,x0—x,) > 0},

| Tn1 = Poana(T0), n > 1,
where {«a,} is a sequence in [0,2v] and P is the metric projection of H onto C. They

proved that the sequence {x,} generated by (5) converges strongly to Py (¢ a)(Zo).

It is well known that if C' is a nonempty closed convex subset of a Hilbert space H
the metric projection Po : H — (' is nonexpansive. This fact actually characterizes
Hilbert spaces and consequently, it is not available in more general Banach spaces. In
this connection, Alber [1] recently introduced a generalized projection operator Ilo in a
Banach space E which is an analogue of the metric projection in Hilbert spaces. Next,

we assume that F is a smooth Banach space. Consider the functional defined by
$(x,y) = [|2|[* = 2(z, Jy) + ||y|]*, Vo, y € E,

where J is the normalized duality mapping from E into 2¥" defined by
Jr = {f" € E": (z, ) = |lz|* = || f*|"}.

It is well known that E is smooth if and only if J is single-valued and if F is uniformly
smooth then J is uniformly continuous on bounded subsets of E. Moreover, if F is a
reflexive and strictly convex Banach space with a strictly convex dual, then J~! is single
valued, one-to-one, surjective, and it is the duality mapping from E* into E and thus

JJ ™t =1Ip and J~1J = I (see, [16]).

Following Alber [1], the generalized projection Il : E — C', is a mapping that assigns to

an arbitrary point # € F the minimum point of the functional ¢(y, z), that is, [lcx = 7,
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where Z is the solution to the following minimization problem:

o(z,x) = inf ¢(y, x).

yel

If £ is a Hilbert space, then ¢(y,x) = ||y — z||* and II¢ = P¢ is the metric projection of
H onto C.

In the case that E is 2-uniformly convex and uniformly smooth Banach space, liduka and
Takahashi [3] studied the following iterative scheme for a variational inequality problem
for y—inverse strongly monotone mapping A:

.
xo € K, chosen arbitrary,

Yn = HCJ_I(an - anAxn)a
(6) Cn={2€ E:¢(z,yn) < é(2,7,)},
Qn={z€ E:{(x,— 2z Jxg— Jx,) >0},

L Lnt+1 = HCann(x()), n =1,

where Il¢,ng, is the generalized projection from E onto C),, N Q,, J is the normalized
duality mapping from E into E* and {a,} is a positive real sequence satisfying certain
conditions. Then, they proved that the sequence {x,} converges strongly to an element of
VI(C,A) provided that VI(C, A) # () and A satisfies ||Ax|| < ||Ax — Ap]|, for all x € C
and p e VI(C, A).

Let T be a mapping from C' into itself. We denote by F(T") the fixed points set of T'. A
point p in C'is said to be an asymptotic fized point of T (see [14]) if C' contains a sequence
{z,,} which converges weakly to p such that nangO ||z, — Tx,|| = 0. The set of asymptotic
fixed points of T" will be denoted by F (T). A mapping T from C into itself is said to be

nonezpansive if ||Tx —Ty|| < ||z —y|| for each x,y € C and is called relatively nonexpan-
sive if (R1) F(T) # 0; (R2) ¢(p, Tz) < ¢(p,z) for 2 € C and (R3) F(T) = F(T). T is
called relatively quasi-nonexpansive if F(T) # () and ¢(p, Tx) < ¢(p, z) for all z € C, and

p e F(T).
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A mapping T from C into itself is said to be asymptotically nonexpansive if there exists
{k,} C [1,00) such that k, — 1 and ||[T"x — T"y|| < k,||z — y|| for each x,y € C and is
called relatively asymptotically nonexpansive if there exists {k,} C [1,00) such that (N1)
F(T) # 0; (N2) ¢(p, T"x) < knd(p,x) for € C and p € F(T), and (N3) F(T) = F(T),
where k, — 1, as n — oco. A self mapping on C' is called asymptotically reqular on C, if

for any bounded subset C' of C, there holds the following equality:

limsup{||T" "2 — T "2} : 2 € C} = 0.

n—oo

T is called closed if x, — x and T'x,, — y, then Tz = y.

Clearly, the class of relatively asymptotically nonexpansive mappings contains the class

of relatively nonexpansive mappings.

In 2003, Nakajo and Takahashi [12] proposed the following modification of the Mann

iteration method for a nonexpansive mapping 7" in a Hilbert space H:

xg € C, chosen arbitrary,
Yn = Ty + (1 — )Ty,
(7) Co={2€C:|lyn — 2| < lzn — 2},
Qn={z€C;{(x, — z,x0 — x,) > 0},

| Znt1 = Po,ng. (T0),n > 1,

where C' is a closed convex subset of H, P denotes the metric projection from H onto
a closed convex subset C' of H. They proved that if the sequence {a,} is bounded above

from one then the sequence {x,} generated by (7) converges strongly to Ppr)(zo).

In spaces more general than Hilbert spaces, Matsushita and Takahashi [11] proposed the

following hybrid iteration method with generalized projection for relatively nonexpansive
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mapping 7" in a Banach space F:

xg € C, chosen arbitrary,

Yn = J HanJz, + (1 — ) JJT2y,),

(8) Co={z€C:(2,yn) < ¢(z,22)},
Qn={z€C;{x,— 2z Jxg— Jx,) >0},

L Tpt+l = HCnﬂQn<x0>7n Z 17
They proved that if the sequence {«,} is bounded above from one then the sequence {x,}

generated by (8) converges strongly to Ilzzo.

Recently, many authors have considered the problem of finding a common element of the
fixed points set of relatively nonexpansive mapping and the solution set of variational

inequality problem for y—inverse monotone mapping (see, e.g., [8, 13, 15, 17, 20, 21]).

In [20], Zegeye et al. studied the following iterative scheme for a common point of solutions
of a variational inequality problem for v—inverse strongly monotone mapping A and fixed
points of a closed relatively quasi-nonexpansive mapping 7" in a 2-uniformly convex and

uniformly smooth Banach space E:

)
C7 = C, chosen arbitrary,

zn = He(x, — \Azxy,),
(9) ynzjil(ﬁjxn—'—(l_ﬁ)JTzn)a
Cn-i-l = {Z €Cy,: gb(z,yn) < gb(zaxn)}v

Tpny1 = HCn+1 (ZL‘()),TL > ]-7

\
where {\,} is a sequence satisfying certain conditions. They proved that the sequence
{z,} converges strongly to an element of F' := F(S)NVI(C,A) # () provided that A
satisfies ||Az|| < ||Az — Apl|, for all x € C, and p € F.

Recently, Zegeye and Shahzad [24] studied the following iterative scheme for a common
point of solutions of a variational inequality problem for y—inverse strongly monotone

mapping A and fixed points of an asymptotically nonexpansive mapping on a closed
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convex and bounded set C' which is a subset of a real Hilbert space H:

Cy = C, chosen arbitrary,

2y = Po(xn — MATy,),

(10) Yn = 0 Tn + (1 — ) ™2y,

Gt = {2 € Gt [z = ual* < |z — ol + 6.,

Tpi1 = Po,, (20),n > 1,

where Pg, is the metric projection from H into C, and 6, = (1 — a,,) (k2 — 1)(diam(C))?
and {a,},{\.} are sequences satisfying certain condition. Then, they proved that the
sequence {z,} converges strongly to an element of F' := F(S)NVI(C,A) # () provided
that A satisfies ||Az|| < ||Az — Apl|| for all z € C' and p € F.

We note that the computation of z,4, in Algorithms (5),(6) and (7)-(10) is not simple

because of the involvement of computation of C,, 1 from C,,, for each n > 1.

More recently, Zegeye and Shahzad [25] studied the following iterative scheme for a com-
mon point of solutions of finite family of ~-inverse strongly monotone mappings and fixed
points of two ¢-uniformly L-Lipschitzian and quasi-¢-asymptotically nonexpansive map-

pings in a 2-uniformly convex and uniformly smooth Banach space E:

xo € C, chosen arbitrary,
(11) Up = chil((]xn - /\nAnxn)a
Tpy1 = o Yoy Jx, + Bud Stu, + 0, JS5uy,),

where A, =: A,(mod N) and a,, B,,0, C [c1, 1], for some ¢; > 0, satisfying some mild
conditions. They proved that the sequence {z,} converges strongly to an element of
F = f]\ﬁ VI(C, Al)} ﬂ[ fQ] F(Sl)] provided that interior of F' is nonempty. We recall
that T' Z::10 — Cis callelc?qb—uniformly L-Lipschitzian if there exists L > 0 such that
o(T"x, T"y) < Lo(z,y),Vo,y € C and it called quasi-p-asymptotically nonexpansive if
there exists k, C [1,00) such that ¢(p,T"z) < k,¢(p,x),Vx € C,p € F(T). But it is
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worth mentioning, the assumption, that the interior of F' is nonempty is severe restriction.

It is our purpose in this paper to introduce an iterative scheme {z,} which converges
strongly to a common point of solutions of variational inequality problem for ~-inverse
monotone mapping and fixed points of asymptotically regular uniformly continuous rel-
atively asymptotically nonexpansive mapping in Banach spaces. Our scheme does not
involve computation of C),; from C), for each n > 1 and the requirement that interior of
F' is nonempty is dispensed with. Our theorems improve and unify most of the results

that have been proved for this important class of nonlinear operators.
2. Preliminaries

Let E be a normed linear space with dim E > 2. The modulus of smoothness of F is the
function pg : [0,00) — [0, 00) defined by

o+l +le =yl

pi(r) i sup { 121 ol = 3l =}

The space F is said to be smooth if pp(7) > 0, V7 > 0 and E is called uniformly smooth

if and only if lim pET(t) = 0.
t—0t

The modulus of convezity of E is the function dg : (0,2] — [0, 1] defined by

r+y

Sp(e) := inf {1 -

H Nl = Iyl = 1: €= o — yu}.

E is called uniformly convex if and only if dg(€) > 0, for every € € (0,2]. Let p > 1. Then
E is said to be p—uniformly convez if there exists a constant ¢ > 0 such that (e) > ce?,

for all € € [0,2]. Observe that every p-uniformly convex space is uniformly convex.

It is well known (see for example [19]) that

) p —uniformly convex, if p>2,
L, (1l,) or WP is
2 —uniformly convexr, if 1 <p<2.

In the sequel, we shall need the following lemmas:
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Lemma 2.1. [19] Let E be a 2—uniformly convex Banach space. Then, for all x,y € F,

we have
2
(12) le =yl = Sl Jz = Jyl|,

where J is the normalized duality mapping of E and 0 < ¢ < 1.

Lemma 2.2. [22] Let C' be a nonempty closed and convex subset of a real reflexive, strictly
convex, and smooth Banach space E. If A: C — E* is continuous monotone mapping,

then VI(C, A) is closed and convez.

Proposition 2.3. Let C' be a closed convex subset of a uniformly convexr and uniform-
ly smooth Banach space E, and let S be closed relatively asymptotically nonexpansive

mapping from C' into itself. Then F(S) is closed and conver.
Proof. The method of proof of Proposition 2.11 of [23] provides the required conclusion.

Lemma 2.4. [1] Let K be a nonempty closed and convex subset of a real reflexive, strictly

convex, and smooth Banach space E& and let x € E. Then Vy € K,

¢y, Ugx) + oIk, ) < ¢y, ).
Lemma 2.5. [5] Let E be a real smooth and uniformly convex Banach space and let {x,}

and {y,} be two sequences of E. If either {x,} or {y,} is bounded and ¢(z,,y,) — 0 as
n — oo, then x, —y, — 0, as n — oo.

We make use of the function V : E x E* — R defined by
V(z,z*) = ||z]]* — 2(x, z*) + ||z]]?, for all z € E and 2* € E,

studied by Alber [1]. That is, V(z,2*) = ¢(z,J 'z*) for all x € E and z* € E*. We

know the following lemma.

Lemma 2.6. [1] Let E be a reflexive strictly convexr and smooth Banach space with E*

as its dual. Then
V(x,x*) + 2<J_1.7:* —x,y") < V(x,z" +y"),

forallz € E and z*,y* € E*.



STRONG CONVERGENCE THEOREM 383

Lemma 2.7. [1] Let C be a convex subset of a real smooth Banach space E. Let x € E.

Then xo = llgx if and only if

(z — g, Jr — Jxg) < 0,Vz € C.

Lemma 2.8. [20] Let E be a uniformly convex Banach space and Br(0) be a closed ball of
E. Then, there exists a continuous strictly increasing convex function g : [0, 00) — [0, 00)

with g(0) = 0 such that
loz + (1 —a)yll® < oflzl* + (1= a)llyl]* — a(l — a)g(llz — yl)),

for a € (0,1) and for x,y € Br(0) :=={z € E : ||z|| < R}.

Lemma 2.9. [18] Let {a,} be a sequence of nonnegative real numbers satisfying the

following relation:
An+1 S (]- - ﬁn)an + ﬁnénan Z no,

where {5, } C (0,1) and {6,} C R satisfying the following conditions: lim /3, = 0, g B =
n—o0
n=1
00, and limsupd, < 0. Then, lim a, = 0.
n—00 n—0o0

Lemma 2.10. [10] Let {a,} be sequences of real numbers such that there ezists a subse-
quence {n;} of {n} such that a,, < an,4+1 for alli € N. Then there exists a nondecreasing
sequence {my} C N such that my — oo and the following properties are satisfied by all

(sufficiently large) numbers k € N:
Uy, < Qg1 and A < Ay 11

In fact, my = max{j < k:a; < aju}.
3. Main results

We remark that, as it is mentioned in [24], if C'is a subset of a real Banach space E and
A : C — E* is a mapping satisfying ||Az|| < ||Ax — Apl||, Yz € C and p € VI(C, A), then
VI(C,A) = A71(0) = {p € C : Ap = 0}. We shall make use of this remark to prove the
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next theorem.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a uniformly smooth and
2-uniformly conver real Banach space E. Let A : C'— E* be a y-inverse strongly mono-
tone mapping satisfying ||Az|| < ||Ax — Ap||, Vx € C and p € VI(C,A). Let T : C — C
be an asymptotically reqular uniformly continuous relatively asymptotically nonexpansive
mapping with sequences {k,}. Assume that F = VI(C, A)NF(T) is nonempty. Let {z,}

be a sequence generated by

xg =w € C, chosen arbitrarily,

w, = J Y Jz, — N\ Ax,),

Y = Mo HapJw + (1 — o) Jw,),

Tnt1 = e 7H(BaJwn + (1 = B) JT"yn),

(13)

where o, € (0,1) such that lim, o, = 0, 300 @, = 00, lim, 0, 2=t = 0, {8,} C

Qn

le,d] € (0,1) and {\,} is a sequence in [a,b] for some real numbers a,b such that 0 < a <
A <b < 6277, for % a 2-uniformly convex constant of E. Then {x,} converges strongly to

an element of F.

Proof. Let p := Ilpw. Then by Lemma 2.4 and Lemma 2.6 we get that

d(p,wy) = ¢(p, J NIz, — MAxy)) = V(p, Jx, — \Axy,)

IN

Vip, (Jxn, — M\Axy,) + N Azy,)
—2<J’1(an — MAx,) — p, \pAxy,)
= Vi(p,Jzn) — 22 (Jzp — M\Azy) — p, Azy,)

(14) = o(p,xn) — 22X\ {xy — p, Axy) — 2)\n(J_1(an — MAz,) — x,, Axy,)
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Thus, since p € F and A is y—inverse strongly monotone, Lemma 2.1 and the fact that

An < %7, we have from (14) that

d(p,wn) < o(p,xy) — 2\ (2, — p, Az, — Ap)

20 (J Tz — MNATy) — T, Azy)

< 9lp,z) ~ Dl A P
F20 || (T2 = N Azy) — T () ||| A
< 0lpma) — Pl Ara | + X2 Az
(15) = 60, 0) + Donl e — )| Az
(16) < o(p,wn).

Now from (13), Lemma 2.4, property of ¢ and (16) we get that

o) = o, e HanJw + (1 — o) Jw,)

IN

o(p, J HamJw + (1 — o) Jw,,)

= pll* = 2(p, anJw + (1 = o) Jwy) + [l Jw + (1 = a) Jw, |

IN

HpH2 - 2an<p, Jw> - 2(1 - Ozn)<p, an>

o[ Jw]|* + (1 = )| Jws||*

= ad(p,w) + (1 — an)d(p, wy)

IN

(17> an¢(pv w) + (1 - an)¢(pv :L’n)

Then, from (13) and property of ¢ we get that

(b(pv xn+1> = (b(p? HCJil(Bann + (1 - ﬁn>JTnyn)

S ﬂn¢(p7 wn) + (1 - /Bn)gb(pa JTnyn))y
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which implies using relatively asymptotic nonexpansiveness of 7', (16) and (17) that

O, tns1) < Brd(pwn) + (1= Bn)knd (D, yn)

Bud(p,n) + (1 = Ba)d(p, yn)) + (1 = B) (ke — 1) (p, yn)
Bad(p, x3) + (1 = Bo) [and(p, w) + (1 = an)d(p, 24)]
(1= Ba)(kn — 1) [and(p, w) + (1 = an)d(p, za) ],

[an(1 = Ba) + (1 = Bo) (ki — L)an] d(p, w)

H[(1 = an(l = Ba)) + (1= Bu) (kn — D(1 = ai)] o(p, 20)

S (p, w) + [1 —(1- 6)571} d(p, ),

IA

IN

IN

IN

(18)

where 0, = (1 — 8,,)knu,, since there exists Ny > 0 such that (kz;—;l) < €k, for all n > N,

and for some € > 0 satisfying (1 — €)d,, < 1. Thus, by induction,

925(]?, IN-H) < max{¢(pv IO)’ (1 - 6)_1¢(p, w)}7vn > No.

which implies that {z,} is bounded and hence {y,} and {w,} are bounded. Now let
2y = J Y apJw + (1 — a,)Jw,). Then we have that y, = Ilgz,. Using Lemma 2.4,

Lemma 2.6 and property of ¢ we obtain that

d(p, Yn)

IN

o(p, 2n) = V(p, Jzn)

IN

Vip, Jzn — an(Jw — Jp)) = 2(zn — p, —an(Jw — Jp))
= o(p, J (andp + (1 — a)Jwy) + 2a,(z, — p, Jw — Jp)
< and(p,p) + (1 — an)d(p, wn) + 200 (2 — p, Jw — Jp)
= (1= an)o(p, wn) + 205 (20 — p, Jw — Jp)

(19) < (1 —an)o(p,zn) + 200, (2 — p, Jw — Jp).
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Furthermore, from (13), Lemma 2.8 and relatively asymptotic nonexpansiveness of T" we

have that

O, Tns1) = d(p, Mo d " (BuJwn + (1= Ba) ST y))
Bud(p,wn) + (1= Ba)p(p, JT"yn)

—(1 = Bn)Bng (|| Jwn — JT"ynl])
Brd(p, wn) + (1 = Bn)d(p, yn)

+(1 = Bn) (b = 1)(p, yn) — (1 = Bn) Bug(|[Jwn — JT"yn]]),

IA

IN

which implies from (15) and (19) that
2 2
O Tar1) < Bu|6D) + 20 (A0 =)l ?]

(1= B) | (1= ) (p, 22) + 200, (20— p. Jw — J)|

+(1 = Ba)(kn — )00, Yn) — (1 = Bn) Bug (|| Jwn — JT"yy]|)

< (1=0,)9(p,xn) + 20, (20 — p, Jw — Jp) + (kn, — 1)M
(20) —(1 = Ba)Bug(|| Jwy — JT"yn|]) — 220 Ba(y — %An)HA%HQ
(21) < (1=0,)0(p,zn) + 20, (2, — p, Jw — Jp) + (k, — 1) M,

for some M > 0, where 0,, := «,(1 — 3,,) for all n € N. Note that 6, satisfies lim#6,, =0
and Y > 6, = oco.

n

Now, the rest of the proof is divided into two parts:
Case 1. Suppose that there exists ng € N such that {¢(p,z,)} is non-increasing. In
this situation, {@(p, z,)} is convergent. Then from (20) we have that
2 n
(22) 2)\nﬁn(7 - C_g)‘n)HAanQ + (1 - 5n)5ng<”']wn - JT ynH — 0,
which implies, by the property of g and the fact that \, < %7, that

(23) [|Az,|| = 0 and Jw, — JT"y, — 0, as n — oo,
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and hence, since J~! is uniformly continuous on bounded sets we obtain that
(24) w, —T"y, — 0, as n — oo.
Furthermore, Lemma 2.4, property of ¢ and the fact that a,, — 0, as n — oo, imply that

O(Wn, yn) = O(wn,Ilczn) < G(wn, 24)

= d(wn, J HanJw + (1 — ay,)Jw,,)

< and(wn, w) + (1 = an)d(wn, wn)
(25) < apd(wp, w) 4+ (1 — ) P(wy, wy,) — 0 as n — oo,
and hence
(26) wy, — Y, — 0 and w, — 2z, — 0, as n — oo.

Therefore, from (24) and (26) we obtain that
(27) Yn — 2n — 0 and y, — T™y,, — 0, as n — oo.
Therefore, since

e = Tyl < Mlyn = Tl + 177y = T gl + 11Ty — Ty,
= Nyn = T"yull + 1T"y0 = Tyl | + [|T(T"yn) = Tynll,
(28)
we have from (27), asymptotic regularity and uniform continuity of 7" that
(29) [|yn — Tyn|| — 0, as n — oc.
Since {z,} is bounded and F is reflexive, we choose a subsequence {z,, } of {z,} such that
Zp, — z and limsup(z, — p, Jw — Jp) = 11££lo<2”1 —p,Jw — Jp). Then, from (27) we get

n—oo

that
(30) Yn;, — 2, Wy, — 2, aS 1 — 00.

Thus, since T satisfies condition (N3) we obtain from (29) that z € F(T).
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Next, we show that z € A7*(0). Now, from Lemma 2.4 and Lemma 2.6 we have that
O (Tnywn) = (T, J (T2 — MAT,)) <V (20, JT, — A\Azy))
< Vi, (Jon — MAzy,) + MAxy,) — 20T T2, — MAzy,) — 20, \Ay,)
= d(wp, 1) +2(J (Jzp — MADy) — T, — Anzy)

= 20 (Jzp — MAzy) — 20, —Anzy)

IN

2| (T — MuAy) — T x| ||A,|| < %AiHAanz,
then, using (23) we obtain that

(31) O(zp, w,) — 0, as n — oo,

which implies by Lemma 2.5 that

(32) T, —w, — 0, as n — oo,

and hence from (30) we have that z,,, — z. Now, since A is y-inverse strongly monotone,

we have
(33) YWAZ,, — Az||? < (2, — 2, Axp, — AZ) = 0, as i — oo.

In particular, Az,, — Az. Because, Az, — 0, so Az =0. Hence, z € A71(0).

Thus, from the above discussions we obtain that z € F' := F(T)NVI(C, A). Therefore, by
Lemma 2.7, we immediately obtain that lim sup(z, —p, Jw—Jp) = lim (z,, —p, Jw—Jp) =
n—00 100

(z —p,Jw — Jp) <0. It follows from Lemma 2.9 and (21) that ¢(p,z,) — 0, as n — oc.

Consequently, x,, — p.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that

O, Tn,) < AP, Tny41)

for all i € N. Then, by Lemma 2.10, there exist a nondecreasing sequence {my} C N such

that my — 00, &(p, Tm,) < O, Tmy+1) and @(p, xx) < G(p, Tmy+1), for all & € N. Then
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from (20) and the fact that 6, — 0 we have
|| Az, || = 0 and g(||Jwpm, — JT™* ym, ||) — 0, as k — oo.

Thus, using the same proof as in Case 1, we obtain that wy,, — Ty, — 0, Wi, —Ym, — 0,

Wiy, — Zmy, — 0, Wiy, — Ty, — 0, as k — oo and hence we obtain that
(34) lim sup(z,, — p, Jw — Jp) < 0.
k—oo

Then from (21) we have that
gb(p? xmk"!‘l) < (1 - Hmk)gb(p? xmk> + 20mk <ka - D Jw — Jp) + (kmk - 1)M
(35)

Since @(p, T, ) < G(P, Timy+1), (35) implies that

< 20, (2m, — s Jw — Jp) + (km, — 1) M.

In particular, since 6,,, > 0, we get

ko — 1
oD xm,) < 2zm, —p, Jw = Jp) + <9'“—)M.
mg
Then, from (34) and the fact that 5= — 0 we obtain ¢(p, #,n,) = 0, as k — co. This

k

together with (35) gives ¢(p, Tm,+1) — 0, as k — oo. But ¢(p, zx) < ¢(p, Tm,+1), for all
k € N, thus we obtain that x; — p. Therefore, from the above two cases, we can conclude

that {x,} converges strongly to p and the proof is complete.

It is worth to mention that the method of proof of Theorem 3.1 provides the following

theorem.

Theorem 3.2. Let C' be a nonempty, closed and convex subset of a uniformly smooth

and 2-uniformly convex real Banach space E. Let A : C — E* be a y-inverse strongly
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monotone mapping. Let T : C' — C' be an asymptotically reqular uniformly continuous
relatively asymptotically nonexpansive mapping with sequences {k,}. Assume that F =

ATH0) N F(T) is nonempty. Let {x,} be a sequence generated by

)
xo =w € C, chosen arbitrarily,

Wy, = J_l(an - )\nAxn)7
Yo = e HapJw + (1 — ay)Jw,),
Tp+1 = HCJ_l(Bann + (1 - 6n)<]Tnyn>7

\

where o, € (0,1) such that lim, o, = 0, 00 @, = 00, lim, 0, 2=t = 0, {8,} C

Qn

le,d] € (0,1) and {\,} is a sequence in [a,b] for some real numbers a,b such that 0 < a <
A <b < 6277, for % a 2-uniformly convex constant of E. Then {x,} converges strongly to

an element of F.

The following is an example of an asymptotically regular uniformly continuous relatively

asymptotically nonexpansive mapping.

Example 3.3. Let C := [}, 1] and define T': C — C by

T(z) =

Then following an argument used in [6], it can be seen that T is relatively asymptotically
nonexpansive, asymptotically regular and uniformly continuous mapping. For detail, see

126].

If in Theorem 3.1, we assume that A = 0, then the assumption that E be 2-uniformly

convex may not be needed. In fact, we have the following corollary.

Corollary 3.4. Let C be a nonempty, closed and convexr subset of a uniformly smooth
and uniformly convex real Banach space E. Let T : C — C' be an asymptotically regular

uniformly continuous relatively asymptotically nonexpansive mapping with sequences {k,}.
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Assume that F := F(T) is nonempty. Let {x,} be a sequence generated by

xo =w € C, chosen arbitrarily,
(37) Yo = Hed anJw + (1 — ay) Jzy),
Tnt1 = chil(ﬁnjxn + (]- - ﬁn)JTnyn)7

where o, € (0,1) such that lim, oo 0, = 0, Y " @, = 00, lim,_, kzzl =0, {6} C

le,d] € (0,1). Then {z,} converges strongly to an element of F.

Proof. If we put A = 0 in (13) then we get that w, = z, and (13) reduces to (37).
Therefore, the conclusion follows from Theorem 3.1 without the requirement that £ be
2-uniformly convex.

If in Theorem 3.1, we assume that T = I, identity map on C then we get the following

corollary.

Corollary 3.5. Let C' be a nonempty, closed and convezr subset of a uniformly smooth
and 2-uniformly convex real Banach space E. Let A : C' — E*, be a y-inverse strongly
monotone mapping satisfying ||Az|| < ||Az — Apl|, Vo € C and p € VI(C, A). Assume

that F :=VI(C,A) is nonempty. Let {x,} be a sequence generated by

xo =w € C, chosen arbitrarily,
(38) Yn = Hod HapJw + (1 — an)(Jz, — MAzy)),

T = e (Budw, + (1= B) Jyn),
where oy, € (0,1) such that lim, oo, = 0, > 07 o, = 00, {8} C [e,d] C (0,1) and
{A\n} is a sequence in [a,b] for some real numbers a,b such that0 <a < X\, <b < 0277, for

% a 2-uniformly convez constant of E. Then {x,} converges strongly to an element of F'.

Proof. If we put T' = I, identity map on C, then (13) reduces to (38). Therefore, the

conclusion follows from Theorem 3.1.

If in Theorem 3.1, we assume that 7T is relatively nonexpansive we get the following corol-

lary.
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Corollary 3.6. Let C' be a nonempty, closed and convexr subset of a uniformly smooth
and 2-uniformly convex real Banach space E. Let A : C' — E*, be a y-inverse strongly
monotone mapping satisfying ||Az|| < ||Az — Apl||, Vo € C and p € VI(C,A). Let
T :C — C be a relatively nonexpansive mapping. Assume that F := VI(C, A) N F(S) is

nonempty. Let {x,} be a sequence generated by

xro =w € C, chosen arbitrarily,

w, = J Y Jz, — N\ Ax,),

Y = e HapnJw + (1 — o) Jw,),
Ty = e 7 (Budwn + (1 = B,) I Tyn),

(39)

where a,, € (0,1) such that lim, oo, = 0, > 07 vy = 00, {Bn} C [e,d] C (0,1) and
{A\n} is a sequence in [a,b] for some real numbers a,b such that 0 < a < X\, <b < 6277, for

% a 2-uniformly convex constant of E. Then {x,} converges strongly to an element of F'.

Proof. We note that the method of proof of Theorem 3.1 provides the required assertion.

If E = H, a real Hilbert space, then F is 2-uniformly convex and uniformly smooth real
Banach space. In this case, J = I, identity map on H and IIo = Pg, projection mapping

from H onto C. Thus, the following corollary holds.

Corollary 3.7. Let C' be a nonempty, closed and convex subset of a real Hilbert space
H. Let A: C — H be a y-inverse strongly monotone mapping satisfying ||Ax|| < ||Az —
Apl|, Ve € C and p € VI(C,A). Let T : C — C be an asymptotically reqular uniformly
continuous relatively asymptotically nonexpansive mapping with sequences {ky,}. Assume

that F:=VI(C,A) N F(T) is nonempty. Let {x,} be a sequence generated by

xo =w € C, chosen arbitrarily,
Wy, = Tp — MAT,,

Yn = Po(apw + (1 — ay)wy,),

Tnt1 = Po(Buwn + (1 = B82)T"yn),
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where o, € (0,1) such that lim, oo 0, = 0, > 7 @, = 00, lim,_, ’“’;;1 =0, {B.} C
le,d] € (0,1) and {\,} is a sequence in [a,b] for some real numbers a,b such that

0<a<\ <b<~. Then {x,} converges strongly to an element of F.

4. Applications

In this section, we study the problem of finding a minimizer of a continuously Fréchet
differentiable convex functional in Banach spaces. We shall make use of the following

lemma by Baillon and Haddad [2].

Lemma 4.1. Let E be a Banach space, Let f be a continuous Fréchet differentiable con-
vex functional on E and let 7 f be the gradient of f. If <7 f s é-Lz’pschz’tzmn continuous,

then <7 f is a-inverse-strongly monotone.

Theorem 4.2. Let E be a 2-uniformly convexr and uniformly smooth real Banach s-
pace. Let f be a continuously Fréchet differentiable convex functional on E and </ f is
L_Lipschitzian continuous and F := (7 f)"1(0) ={z € E: f(z) = mingep f(y)} # 0. Let

{z,} be a sequence generated by

xog =w € C, chosen arbitrarily,
(41) Yo = Lo JHanJw + (1 — ) (Jo, — Ay 7 f(20)),
Tp+1 = HCJ_1<5ann + (1 - 5n)Jyn)>

where o, € (0,1) such that lim, .0, = 0, > 07 o, = 00, {B,} C [¢e,d] C (0,1) and
{A\n} is a sequence in [a,b] for some real numbers a,b such that 0 < a <\, <b < CQTO‘, for

% a 2-uniformly convex constant of E. Then {x,} converges strongly to an element of F.

Proof. We note from Lemma 4.1 that s/ f is a-inverse strongly monotone operator from

E into E*. Thus, using Theorem 3.2 with "= I, {z,,} converges strongly to F.

Remark 4.3.
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(1) Theorem 3.1 improves and extends the corresponding results of Zegeye et al. [20],
Zegeye and Shahzad [24] and [25] in the sense that either our scheme does not
require computation of (), for each n > 1 or the assumption that the interior of
F' is nonempty is not required.

(2) Corollary 3.4 improves the corresponding results of Nakajo and Takahashi [12]
and Matsushita and Takahashi [11] in the sense that either our scheme does not
require computation of (1 for each n > 1 or the class of mappings considered
in our corollary is more general.

(3) Corollary 3.5 improves the corresponding results of liduka and Takahashi [3] and
liduka, Takahashi and Toyoda [4] in the sense that our scheme does not require

computation of (), for each n > 1.
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