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Abstract. In this paper, the concept of set-valued quasi-contraction mappings in Menger spaces is introduced and
the proof of a set-valued fixed point theorem in this space is presented.
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1. Introduction

Probabilistic metric spaces originated in 1942 by Karl Menger [1]. The notion of Menger was
to replace non-negative real numbers with distribution functions as the values of the metric. An
analogy between probabilistic metric spaces and metric spaces can be drawn in a situation when
we only know probabilities of possible values of distances between two points and we are not
sure of the exact distance. Sehgal and Bharucha-Reid [2] introduced preliminary concepts and
definitions on the theory of probabilistic metric spaces and proved several fixed point theorems

in that space.
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2. Preliminaries

Definition 1.1. [3,4] A Triangular norm * also known as t-norm is a binary operation on the

unit interval [0,1] such that for all a,b,c,d € [0, 1], the following are satisfied

(i) axl=a
(i1) axb=>bxa
(iii) axb < c*d whenevera <cand b <d

(iv) ax(bxc) = (axb)xc.

Three popular examples of t-norms are

axb=ab, axb=min{a,b} and axb =max{a+b—1,0}.

Definition 1.2.[3, 4] A mapping F : R — R™" is said to be a distribution function if it is non-
decreasing, left continuous, inf?{F(x) : x € R} =0 and sup?{F (x) :x e R} = 1.
Informally the distribution function or cumulative frequency function, describes the probability

that a variate X takes on a value less than or equal to x € X.

Definition 1.3. A statistical measure that defines a probability distribution for a random vari-
able, denoted by f(x) is defined as the probability density function. The probability density
function when graphically portrayed, indicates by the area under the graph the interval under
which the variable falls.

Example 1.1 Flip an unbiased coin two times. Let H denote the outcome that a head is obtained,
T denote the outcome that a tail is obtained and the variate X be number of heads.

Clearly X = {0,1,2}.

F(1)=P(X<1)=PH,T)+P(T.H)+P(T.T) =L xH+EGxH+(Ex1) =2
F(2)=P(X <2)=P(T,T)+P(T,H)+PH,T)+PHH) =1 +1+1+1=1
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Therefore,
i, 0<x«1
2 1<x<2
F(x) =
1, 2<x
0, x<0
Example 1.2 Given
2x, 0<x<1
fx) =

0, otherwise
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we can find the distribution function by considering the three regions of f(x), namely x < 0,

0 <x <1 and x > 1 made obvious by a sketch of the graph of f(x) in Figure 1.1 below

2 fix)
0 1
, D=x=<
Figure 1.1: Diagram showing sketch of the function fi{x) = Eux u::'[t.ﬁ;rfﬂz‘sel

Forx <0, F(x) =P(X <x)= [*_0dr =0.
For 0 <x<1,F(x)=P(X <x) = [°_0dt + [ 2tdt = x*.
Forx>1,F(x)=P(X <x) = f?oo()dt—kfol2tdt+ff()dt =1.

Therefore,
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Definition 1.3 Let S be the set of all distribution functions on [—eo,e0|. The specific distribution
function L : R — R is defined by

0, t<0
L(r) =

1, t>0
Definition 1.4 Let X be a non-empty set and S the set of all distribution functions on [—eo, oo].
Then F : X x X — § is called a probabilistic distance on X and for all x,y € X, we write F, to

denote F(x,y).

Definition 1.5 Let X be a non-empty set and F be a probabilistic distance satisfying the follow-
ing conditions for all x,y,z € X and ¢,s > O:
(i) Fyy(t)=1ifand only if x =y
(i) Fry(0)=0
(i) Frylr) = Fu 1)
(iv) If Foy(t) = 1, Fy;(s) = 1 then Fy(t +5) = 1.

Then the pair (X, F) is called a probabilistic metric space or a PM-space.
Informally based on Definition 1.5 we can infer that Fy,(¢) is the probability that the distance

between x and y is less than 7.

Definition 1.6 The triple (X, F,x) is called a Menger space if (X, F) is a probabilistic metric

space, * is a t-norm and for all x,y,z € X with 7,5 > 0, Fi,(t +5) > Fe(t) % F;y(s).

Definition 1.7 Let (X, F, x) be a Menger space and * be a continuous t-norm.

(1) A sequence x, in X is said to be convergent to x € X if and only if for every € > 0 and
A € (0,1), there exists an integer ny = ng(€,A) such that F, ,(€) > 1 — A for n > ny and
we write x,, — x as n — o or lim 7x, = x.

n—soo

(ii) A sequence x, in X is said to be a Cauchy sequence if for every € > 0 and A € (0, 1), there

exist an integer no = ng(€,4 ) such that Fy,y, .

(¢)>1—A forn>ngand p > 0.

(1i1) A Menger space is said to be complete if every Cauchy sequence is convergent.
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The following theorem was proven by Singh and Jain [5].
Theorem 1.1 Let (X, F,*) be a Menger Space. If there exist k € (0,1) such that for all x,y € X
andt >0, Fy,(kt) > Fy(t), then x =y.

3. Main results

Before getting to the main result we must first define the following. Definitions 2.1 and 2.2
given below are analogous to the definitions defined by Sookoo and Gunakala [6, 7].
Definition 2.1 Let (X, F, ) be a Menger space. Then CBr(X) denotes the set of all non-empty
closed and bounded subsets of X in the Menger space (X, F, *).

Definition 2.2 Let A,B € CBr(X). Then the Hausdorff Menger distance between the two sets
A and B is denoted by Myp(ct), where o € R, and is defined as

Mus(a) = max{5(A,B),5(B,A)}

where 8(A,B) = sup{F,p(a) :a € A}, §(B,A) = sup{Fsp(t) : b € B},
with
Fup(a) =inf{F(a):b e B} and Fyp(a) = inf{Fy(o) :a € A}.
Informally Mp(@) is the greatest probability that the distance one must traverse to get from a

point on one set to the closest point in the other set is less than o.

Definition 2.3 Let (X, F, *) be a Menger space. The set valued mapping T : X — CBp(X) is

said to be a Menger g-set-valued quasi-contraction if for any x,y € X, ¢ >0 and 1 < g < 2,

Mryry(@) < (g — 1)max{Fy (), Fre(), Bry(a), Fery (o), Fyrx(00) }

We will now proceed to give our main result.
Theorem 3.1 Let (X, F,*) be a complete Menger space. If the set-valued mapping T : X —
CBr(X) is a Menger g-set-valued quasi-contraction mapping where 1 < q < 2, then T has a

fixed point in X. That is, there exist u € X such that u € Tu.
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Proof: T is given to be a Menger g-set-valued quasi-contraction mapping.

Therefore, for all x,y € X we have,

Mrry(a) < (g — V)max{Fy(0), Fere(@), Fyry (@), Fary (@), Fyra(0t) }-
Now let ¢ > 0 be such that ¢ < ¢ < 2. This implies,

Mrry(a) < (¢ — D)max{Fy(a), Fxrx(e), Fyry(Q), Fxry(Q), Fyrx(Qt) }.

Now we note that for each A,B € CBr(X), with a € A there exist b € B such that
Fup(t) < Map(@).

Let x| € Txg and x, € Tx;. Therefore we have,
Foyx, (@) < Mryrxy (@) < (¢ = D)max{Fyox, (@), Fegrxy (), Fx, 72, (@), Feorx, (@), Fyy 7y (00) }
Similarly, it follows by induction that we have {x,} in X such that x, | € Tx,. This implies,

(Fxn—an—l (OC) ) Fxn—zTXn—z (OC) ) Fxn—lTxn—l (OC)

Fxn—ZTxn—l (a) ’ Fxn—l Txy,—» (a)

Fxnflxn(a) < MTxn72Txn71 (a) < (C — l)max

Using the first condition of Definition 1.5 and taking ot = (;7 + l—i) where ¢,s, p > 0, we get,

(B s G55 Fo s a5 ) Fo i (54 )

Fxn—ZTxn—l (% + %)’Fxn—lTxn—Z(% + %)

t N
Fe \x, (— + —) < (c—1)max
p p

t s
L R
For n = 1, and using the fact that ¢ < ﬁ for 1 < g < c <2, we have,

! s t N c
Fxoxl <;+_) <(c_1)FX0X0(l_)+_> :(c—l)g _1

p p c—1

Now by induction we will show that forn > 1,

tr s c =l
(1) Fxn_lxn _+_ < —l
p D c—1

NOW’ Fxnflx’l (é + %) < (C - I)Fxnflxnfl (% + %)

< (C - l)zFeranfZ (é + %)

<(e=1PFy s (542) <o < (e = 1) B (5 +2)
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Since we know that (¢ —1)"~! < " ! —1for 1 < g < ¢ <2, we have

t s c \"!
Fxnlxn<—+—) <"lo1< ( ) —1
p p c—1

Hence equation (1) holds.

We now proceed to show that {x,} is a Cauchy sequence.

From equation (1) with p > 0, it follows that

_Fxn_]xn(lt;—i—%) >1— (C_Ll)n—l

Now by Definition 1.6,

Fxnxn+p (t +S) > Fx,,x,H_l (% + %) *Fxn+1x11+2 (% + %) * o >|<Fxn-%-p—lxnﬂo (It_a + 1%)

> Foynyy (54 2) 5~ Fa s (5 2) %ot —Foy e (543)
> (1= (5)") * (1= (25)" ) *x (1= (&)
=(1-A)*x(1=2A)*..x(1—4p)
>1-2
where A; = (-5)"" ! fori=1,2,,pand A = min{A; : i =1,2,,p}.
Hence, Fy,y,.,(t+5) > (1 —A). This implies {x,} is a Cauchy sequence.
Now (X, F, ) is complete. This implies that there exist u € X such that nlz_)nzo My = u.
Now for ¢t > 0, we can conclude
Furu(t) <1=F,,(kt) with k € (0,1)

= lim Fyx,., (kt) < lim Fy,ry, (kt) = Furu(kt)

Therefore by Theorem 1.1 we have that u = Tu. Hence u is a fixed point in X.
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