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Abstract. In this paper, we introduce a new three-step iterative procedures with errors for approximating a common
fixed point of multivalued quasi-nonexpansive mappings. Srong and weak convergence theorems are established

in a uniformly convex Banach space.
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1. Introduction

Throughout this paper, we assume that E is a Banach space with the norm || || and N is
the set of all positive integers. Let D be a nonempty subset of E. The set D is said to be
proximinal if for each x € E, there exists an element y € D such that ||x —y|| = d (x, D), where
d(x,D) = inf{||[x —z|| : z € D}. It is known that a weakly compact convex subset of a Banach

space and closed convex subsets of a uniformly convex Banach space are proximinial [8].
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We denote CB(D), C(D) and P(D) by the families of nonempty closed and bounded subsets,
nonempty compact subsets and nonempty proximinal bounded subsets of D, respectively. Let

H be the Hausdorff metric induced by the metric d of E and given by

H (A,B) = max {supd (x,B), supd(y,A)}
XEA yeEB

for A, B€ CB(E). A multivalued mapping 7 : D — P(D) is said to be contraction if there exists

a constant k € [0, 1) such that for all x,y € D,
H(Tx,Ty) <k|x—yll,

and nonexpansive if [15] H (Tx,Ty) < ||lx—y||, x,y € D and quasi-nonexpansive if F (T) # ¢
and H (Tx,Ty) < |[x—y|| for all x,y € D and all p € F(T) [21]. A point x € D is called a
fixed point of a multivalued mapping 7 if x € Tx. Denote by F (T) the set of fixed points of
T, thatis, F(T) = {x € D: Tx = x}. It is clear that every nonexpansive multi-valued map T
with F(T) # ¢ is quasi-nonexpansive. But there exist quasi-nonexpansive mappings that are
not nonexpansive. It is known that if 7' is a quasi-nonexpansive multi-valued map, then F(T) is
closed [12].

A multivalued nonexpansive mapping 7 : D — CB (D) where D a subset of E, is said to
satisfy condition (/) if there exists a nondecreasing function f : (0,00) — 0,00) with f(0) =0,
f(r)>0forall r € (0,00) such that d(x,Tx) > f(d (x,F (T)) for all x € D (see [9]).

The mapping T : D — CB (D) is said to be hemi-compact if, for any sequence {x,} in D such
that lim,, .. d(x,, Tx,) = 0, there exists a subsequence {x,, } of {x,} such that lim, . x,, =x €
D.

A multivalued mapping T : D — P(E) is called demiclosed at y € K if for any sequence {x;, }
in D weakly convergent to an element x and y, € Tx, strongly convergent to y, we have y € T'x.

A Banach space F is said to satisfy the Opial’s condition [6] if for any sequence {x,} in E,
X, — x implies that

limsup ||x, —x|| < limsup ||x, — y||
n—oo Nn—yoo
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for all y € E with y # x. Examples of Banach spaces satisfying this condition are Hilbert spaces
and [? spaces (1 < p < e). On the other hand, L? [0,27] with 1 < p # 2 fail to satisfy Opail’s

condition.

2. Preliminaries

Fixed point iteration processes for approximating fixed points of nonexpansive mappings in
Banach spaces have been studied by various authors using the Mann iteration processes or the
Ishikawa ietration process. The study of fixed points for multivalued contractions and nonex-
pansive mappings using the Hausdorff metric was initiated by Markin [2] (see also [1]). Later,
an interesting and rich fixed point theory for such maps was developed which has applications
in control theory, convex optimization, differential inclusion and economics (see [3]). Morev-
er, the existence of fixed points for multivalued nonexpansive mappings in uniformly convex
Banach spaces was proved by Lim [4].

The theory of multivalued nonexpansive mappings is harder than the corresponding theory
of single valued nonexpansive mappings. Different iterative processes have been used to ap-
proximate fixed points of multivalued nonexpansive mappings; in particular, Sastry and Babu
[5] considered the following:

Let D be a nonempty convex subset of E, T : D — P(D) be a multivalued mapping with

peTp.

(i) The sequences of Mann iterates is defined by x; € D ,

Xn+1 = (1 _an)xn+anyn7 neN,

where y, € Tx, is such that ||y, — p|| =d (p,Tx,), and {a,} is sequence in (0,1) satis-
fying Y a, = oo.
(i) The sequence of Ishikawa iterates is defined by x| € D
Yn = (1 - bn)xn +bnzn7

Xntr1 = (1 —ap)xp + ayuy, n €N,
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where z, € Txy, u, € Ty, are such that ||z, — p|| =d (p,Tx,) and ||u, — p|| = d (p,Ty,), and
{an}, {b,} are real sequences of numbers with 0 < a,, b, < 1 satisying lim,_,..b, = 0 and
Y a,b, = oo.

The following is a useful Lemma due to Nadler [1].

Lemma 2.1. Let A, B€ CB(E) and a € A. If n > 0, then there exists b € B such that d(a,b) <
H(A,B)+n.

Based on the above lemma, Song and Wang [12] modified the iteration scheme used in [13]

and improved the results presented therein. This scheme reads as follows:

(iii) The sequence of Ishikawa iterates is defined x; € D

Yn = (1 _bn)xn + bpzn,

Xn+1 = (1 —ap)x, + apty, n €N,

where z,, € Tx,, u, € Ty, are such that ||z, — u,|| < H (Tx,, Tyn) + Ny and || 2,41 — up|| <
H (Txp41,Tyn) 4+ NMn, M € (0,00) and {a,}, {b,} are real sequences of numbers with

0 <ay, b, < 1 satistying lim,,— b, =0 and Y a,b, = oo.

It is to be noted that Song and Wang [12] need the condition Tp = {p} in order to prove their
Theorem 1. Actually, Panyanak [13] proved some results using Ishikawa type iteration process
without this condition. Song and Wang [12] showed that without this condition his process was
not well-defined. They reconstructed the process using the condition 7 p = {p} which made it
well-defined. Such a condition was also used by Jung [14]. They defined Pr(x) = {y € Tx:
||x —y|| = d(x,Tx)} for a multivalued mapping 7 : D — P(D). They also proved a couple of
strong convergence results using Ishikawa type iteration process

In 2000, Noor [16] introduced a three-step iterative scheme and studied the approximate solu-
tions of variational inclusion in Hilbert spaces. Suantai [19] defined a new three-step iterations
which is an extension of Noor iterations and gave some weak and strong convergence theo-
rems of such iterations for asymptotically nonexpansive mappings in uniformly convex Banach
spaces.

Recently, Cholamjiak and Suantai [17] introduced two new iterative procedures with errors

for two-quasi-nonexpansive multi-valued maps and proved strong convergence theorems of the
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proposed iterations in uniformly convex Banach spaces. They [18] also introduced another
new two- step iterative scheme with errors for finding a common fixed point of two quasi-
nonexpansive multi-valued maps in Banach spaces. The results obtained in [18] are extensions
of those of Shahzad and Zegeye [9]. They estimate the following scheme:

Let D be a nonempty convex subset of a Banach space E, &, Bn, ¢, B, € [0,1] and {uy},
{vn} are bounded sequences in D. Let T;,T> be two quasi-nonexpansive multi-valued maps
from D into P(D) and Prx = {yeTix = ||x—y|| =d(x,Tix)}, i = 1,2. Let {x,} be the sequence
defined by xp€D,

Y = 042, + B+ (1= 0, = B} )ty > 0,
Xnt1 = OnZn + Buxn + (1 = @y — Bn) Vi, n >0,
where z/n € Pr,x, and z, € Pryy,.

In this paper, we introduce and study new three-step iterative procedure with errors to ap-
proximate fixed points of a multivalued quasi-nonexpansive mappings in Banach spaces. We

define our iteration scheme as follows:
(
x1 €D,

Xpt1 = Olpyldy + BnVn + YuSn,
!/
/
Yn = 04, vy + ﬁnwn + ’)411’”,

" "
Zn = 0, Xn+ B, vu+ Yitn,,n €N,

\
where v, € Pr (xy), tn € Pr (yu), wn € Pr (z4) and o, 0, 0, B, Bl Br s Vs Y 7 € [a,b] C (0,1)
and 0+ B+ % =0, + B+ Y. = &, + B, + 7 = 1.Also {s,},{r,} and {,,} are bounded in D.
Lemma 2.2. [20] Let {s,} and {t,} be sequences of nonnegative real numbers satisfying the
inequality

Spp1 < Sp+t,, Vn>1.
If Yty < oo, then lim,_e. 5, exists.

Lemma 2.3. [8] Let E be a uniformly convex Banach space and 0 < p <t, < g <1 for all

n € N. Suppose that {x, } and {y,} are two sequences of E such that

limsup ||x,|| < r, limsup ||y,|| < rand lim ||[tyx, + (1 —1,) ya|| =7
n—oo n—oo n—reo
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hold for some r > 0. Then limy,_e ||x, — yu|| = 0.

Lemma 24. [7] Let T : K — P (K) be a multivalued mapping and Pr(x) ={y € Tx: ||x—y|| =
d(x,Tx)}. Then the following are equivalent.

(1) x€ F(T);
(2) Pr(x) = {x};
(3) x € F(Pr). Morever, F (T) = F(Pr).

3. Main results

We start with the following important lemma.
Lemma 3.1. Let E be a uniformly convex Banach space and D a nonempty closed convex subset
of E. Let T : D — P (D) be a quasi-nonexpansive multivalued mapping such that F(T) # 0 and
Pr is a nonexpansive mapping. Let {x,} be the sequence as defined in (2.1). Assume that

0 <1< 0,0,0, <k<1, Y2 1 <o, X7, <oo X2, 7 < oo. Then

(1) lim,,_,e ||x,, — p|| exists for all p € F.
(2) Forany p € F lim,_eod (x,,Tx,) =0.

Proof. Let p € F(T). Then p € Pr (p) = {p} by Lemma 2.4. Since s,, r,, and #, are bounded,
therefore exists M > 0 such that max {sup,cy ||tn — P, sup,en |52 — Pl|» sup,en |l — plI} <

M. 1t follows from 2.1 that

lea =Pl < ey otn = pll+ B lhva =PIl + % llta — p
< @ llva = pll+ Byd (v, Pr () + %M
< @ llva = pll -+ ByH (Pr () Pr (p) + %M
" I " (3'1)
< 0 llvu—pll+ By 5o = pll+ 1M
= (@ +B, ) lbea—pll+7M

< |lxn = pll+ 1M,
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lyn =PIl < 04, [[ve = pll + By [Iwn — Pl + %, lra — Pl
< and (vaT (P)) +ﬁnd (WI%PT (p)) + YnM

< 0, H (Pr (x4),Pr (p)) + ByH (Pr (z) . Pr (p)) + 1,M

, , / (3.2)
< 0, |50 — pll + By llzn — pl| + %M
< 0, |[%0— pll + B, l[xn — pll + %M + By, M
< ou— pll + %M + By, M
and
051 = Pl < Gl — Il + Ballva = pll + % llsn — pl
< &ud (tn, Pr (p)) + Bud (va, Pr (p)) + ¥uM
< 0,H (Pr (yn),Pr (p)) + B:H (Pr (xn) ,Pr (p)) + vuM
< 0 [y — pll + Bu [ — pll + 1M (33)

< Gl = |+ Bl = |+ 1M+ YoM + 0, M
< [l = pll + (Yn + oty + anB;%/:) M
= |l = pll+ €,
where €,= (yn + Ocn]/,ll + OC,,B,i)/,Z) M. From hipotez (ii), }, | €,< co. By Lemma 2.2, we have

lim, . |x, — p|| exists for each p € F.

Now, we show that lim,,_,..d (x,,Tx,) = 0. To this end, we show that

. <1 <1 o=
r}l_rgd(me(xn))—’}l_r& (xn,PT(xn))_r}l_r&Hxn val = 0.

By hipotez (1), since lim,_,.||x, — p|| exists and therefore {x,}, {y,} ve {z,} sequences are

bounded. We suppose that lim, e [|x, — p|| = ¢ for some ¢ > 0. Let

5= {supnsn—vnu e p— ,supnzn—vnn}

neN neN neN

limsup, .||V — p < limsup, .. H (Pr (x,),Pr(p)) < limsup, .. |, — p|| = c. So

limsup |lv, — p|| < c. (3.4)

n—yoo
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Similarly, we have limsup, _,., ||, — p|| < ¢, limsup,,_,,, |[w, — p|| < c. Taking limsup on both

sides of (3.1) and (3.2), respectively, we obtain

limsup ||z, — p|| < ¢
n—oo

limsup, ... ||v» — p|| < c. Next, we consider

N =P+ Y (sn—va)ll < utw — Pl + Y lls0 — vl
< d(un7PT(p))+YnS
< H(Pr(ya),Pr(p)) + 1S

< ||yn _pH + %S.

It follows that

limsup ||u, — p+ Y (sn —va)|| < c.
n—oo

Similarly, we have
||Vn_P+7’n(sn_Vn)|| < ||Vn_p|‘+7’n||sn_vn||
< d(vn, Pr(p)) + 1S
< H(Pr(xn),Pr(p))+ %S

< e —pll+nS.

This implies that limsup,_... ||[va — p+ ¥u (sn —va)|| < c. Since

(3.5)

lim || 0 (un — P+ Yo (50— V) + (1 = 04) (v — P+ Yu (0 — V) || = r}g{}o X041 — Pl =c,

n—oo
we obtain from Lemma 2.3 that

lim ||lu, —vy|| =0
n—oo

X1 =2l = |[va— P+ 0(un — Vi) + Ya(sn — vi) ||

< ||Vn _pH + O H“n _VnH + Y ||Sn_VnH

IN

||Vn _pH + 0 ||“n _VnH + M.

(3.7)
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This implies that ¢ < liminf, . ||v, — p|| and thus together with (3.4) inequality
¢ <lim inf ||v, — p|| <lim sup ||v, — p|| < c.
n—reo n—oo
We get lim,, s ||V, — p|| = ¢. Also,

va=pll < [va— ]| + [Jun — pl|
< ||Vn_”n||+d(”naPT (p))
< an_unH"’H(PT()’n)aPT(p))

< v = ttall + [y = plI

It implies that ¢ < liminfy,_,e ||y, — p|| . Thus ¢ < liminf,_,e ||y, — p|| < limsup,,_.. ||yn — pl| <

¢, it follows that lim, . ||y, — p|| = ¢. Note that
3= P = 0, (v = P 2y (1 = )+ (1= 01) (W = p %, (1 = wa)) ).
It follows that

lim
n—oo

04, (v = P+ 2 (1 =)+ (1= 01) (W = p % (1 = wa)) )| = .

Moreover, we get

!
< v = pll % llrn = wall

Vi — P+ Yy (ra — Wn)

< d(va,Pr(p))+%S
< H(Pr (%), Pr(p)) + 1,5

< e —pl+nS.
This yields that limsup,,_,., [|[v, —p+ 7, (ra — wy)|| < c. Similarly, we have

!
< wn = pll 4% llra —wal

Wi — P+ ¥y (0 — W)

< d(wa, Pr(p))+7%,S
< H(Pr(z),Pr(p))+7S

< lzu = pll+ 7.8
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This implies that limsup,_,.. ||ws — p+ ¥, (rn — wy)|| < c. Again by Lemma 2.3, we have
,}EE,HV"_W”H =0. (3.8)
It follows from (3.8) that

va=pll < llva=pll+ [lwa = pll

< [va =wall +d(wn, Pr (p))

IN

[[va = wall + H (Pr (2n) , Pr (P))

< ve = wall + |z = plI-
It implies that ¢ < liminf,,_« ||z, — p|| and thus together with (3.5)
¢ <lim inf ||z, — p|| < limsup ||z, — p|| < c.
oo n—soo

This implies that lim,_,« ||z, — p|| = ¢. Moreover,

"

Zn—P:a;: (xn_P+7’;Z(tn_Vn))+ (l_an> (Vn_P+7;:(tn_vn)>-

It follows that

lim e (0= p+ %, (= va) + (1= ) (va = p 4, (t”_v”)>H -

Also

X =P+ Y ta—wn)|| < xa—pll+ %, ta —vall

< b = pll+ %S,

< c. Similarly, we get

which implies that limsup,,_., |[x, — p+ )/,: (th —vn)

"
< v = pll % [ltn = vl

Vi =P+, (tn_Vn)

< d(n,Pr(p))+71.5
< H(Pr(x,),Pr(p)+7.8

< | —pll+ 1S
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This implies that

<c.

limsup ||x;, —p+}/,: (th —vn)

n—yoo

Hence by Lemma 2.3, we have lim,,_s. ||x, — v || = 0. So, the proof is completed.

Theorem 3.2. Let E be a uniformly convex Banach space and D a nonempty closed convex
subset of E . Let T : D — P (D) be a quasi-nonexpansive multivalued mapping such that F (T) #

0 and Py is a nonexpansive mapping. Let {x,} be the sequence as defined in (2.1). Assume that

(1) T satisfys Condition(I);
(2) Tyt < o0, Ty Yo <00 ve L 1 < oo
(3) 0<I< ocn,a,/l,oc" <k<l1.

n

Then the sequence {x,} generated by (2.1) converges strongly to a fixed point of F.

Proof. Let p € F(T). Then as in the proof Lemma 3.1, lim,,_, ||x, — p|| exists for any p € F(T)
and it can be shown that d(x,,Tx,) — 0 as n — . Show that {x,} converges strongly to ¢ for
some g € F. Since that T satisfies the condition (I), we have d(x,,F) = 0. Thus there is a
subsequence {x,, } of {x,} and a sequence {p;} C F such that ||x,, — p|| <% for all k. From

(3.3), we obtain

Hxnk+1 —PH S Hx"k+1—1 —PH + Emya-1

< Hx”k+1_2 _pH t Cme -2 1 Emy -1

N1 —ng—1

< ||xnk _pH + Z ST
i=0

for all p € F. This implies that

Nyt 1 —ng—1 1 Nj1—n—1

Hx”kﬂ _p” < ||Xnk _pH + Z enk+i<? + Z Enk+i .
i=0 i=0
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Now, we shall show that {p;} is a Cauchy sequence in D. Noted that

1Pkt — el < || Pt = X ||+ || ny — Pr||

1 1 Nyt 1 =1 —1
< D/ +=+ Chnp+i
k+1 k k
2 2 =
1 N1 —ng—1
< F + Z Cmti -
i=0

This implies that {p;} is a Cauchy sequence in D and thus ¢ € D. then we show that g € F.

therefore
dist (p.T (q)) < dist(px,Pr(q)) < H(Pr(pk).Pr(q)) < |lpx — 4|

Pk — q as n — oo, it follows that dist(q,Tq) = 0 and thus g € F. Pr is a nonexpansive mapping
so F(Pr) is closed. Therefore, ¢ € F(T) = F(Pr). It implies by ||x,, — p«/| <2—lk that {x,, }
converges strongly to g. Since lim,_,. ||x, — g|| exists, it follows {x,} converges strongly to g.

This completes the proof.

Theorem 3.3. Let E be a uniformly convex Banach space and D a nonempty closed convex
subset of E . Let T : D — P (D) be a quasi-nonexpansive multivalued mapping such that F (T) #

0 and Pr is a nonexpansive mapping. Let {x,} be the sequence as defined in (2.1). Assume that

(1) T hemicompact;

(2) Loyt < oo Lo Ty <o ve Lo 1 < oo
(3) 0<I<ano,0 <k<l.

Then the sequence {x,} generated by (2.1) converges strongly to a fixed point of F.

Proof. Let p € F(T). Then as in the proof Lemma 3.1 lim,,_ ||x, — p|| exists for any p € F(T)
and it can be shown that d(x,,Tx,) — 0 as n — . Since T is hemicompact, we may assume

that x,,, — g for some g € D. Note that

d(¢,T(q)) < d(q,Pr(q)) <llg=xull+ lben, = 2n |l +d(2n-Pr(q))
< Mg =g [ = [P, =z, |+ H (Pr (2 ), Pr(q))

< 2 ||q_xnk” + ||x”lk _Z”kH — 0.
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This implies that d(q,T(g)) =0 and thus g € F(T). Since lim,_,o ||x, — p|| exists for each

p € F(T), it follows that x,, — g as n — oo. This completes the proof.

Now we approximate fixed points of the mapping T through weak convergence of the se-

quence {x,} defined in (2.1).

Theorem 3.4. Let E be a uniformly convex Banach space satisfying Opial’s condition and D a
nonempty closed convex subset of E. Let T : D — P (D) be a quasi-nonexpansive multivalued
mapping such that F(T) # O and Py is a nonexpansive mapping. Let {x,} be the sequence as
defined in (2.1). Assume that Y, ¥, < oo, Yoo %y < o0 and Y0, Y < oo and 0 < | < i, 0,
Oc,,l, <k < 1. Let I —Pr be demiclosed with respect to zero, then {x,} converges weakly to fixed

point of T.

Proof. Let p € F(T) = F (Pr). As in the proof of Lemma 3.1, lim,,_,« ||x, — p|| exists. Now
we prove that{x, } has a unique weak subsequently limit in F (7). To prove this, let z; and z, be
weak ences limits of the subsequences {x,,} and {x,, } of {x,}, respectively. By (3.9), there
exists v, € Tx, such that lim,_,c||x, — vu|| = 0. Since I — Py is demiclosed with respect to
zero, therefore we obtain z; € F (Pr) = F (T). In the same way, we can prove that z, € F (T).
Next, we prove the uniqueness. To his end, we suppose that z; # z,. By the Opial’s condition,

we have

lim e o — i = Tim [y, — 1]
i (oo}

< lim [lx,; — 2
nj—roo

= lim ||x, — 22]|
n—soo
= nllg}x, ”x"j _Z2H

< tim e,

= lim ||x, —z1]|-
n—>oo

This is a contradiction. Hence {x, } converges weakly to a point in F'. This completes the proof.
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