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Abstract. In this paper, we give a sufficient condition for a self-mapping 7 on X which has multiple fixed points

satisfying the Picard iteration {7"x} converges to a fixed point of T for every starting point in a subset of X.
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1. Introduction

In a complete metric space (X,d), fixed point theorems were categorized by Suzuki [8] as

follows: let T be a self-mapping on X,

(T1) Leader-type : T has a unique fixed point and {7"x} converges to the fixed point for all
xeX.

*Corresponding author

E-mail addresses:k.seto@math.shimane-u.ac.jp (K. Seto), kuroiwa@math.shimane-u.ac.jp (D. Kuroiwa),

Received January 27, 2015

387



388 KAZUKI SETO, DAISHI KUROIWA

(T2) Unnamed-type : T has a unique fixed point and {7"x} does not necessarily converge to
the fixed point.

(T3) Subrahmanyam-type : T may have more than one fixed point and {7"x} converges to a
fixed point of 7 for all x € X.

(T4) Caristi-type : T may have more one than fixed point and {7"x} does not necessarily

converge to a fixed point of 7'.

It is clear that (T1) implies (T3) and (T2) implies (T4). In particular, (T1) and (T3) are based

on the following Picard iteration: for a fixed x € X,
Xo=x, X, =Tx,—1 (n=1,2,...).

In this paper, we study convergence theorems concerned with the Picard iteration.
Many fixed point theorems of (T1) were studied, for example, see [1,2,3,4,6,9]. The most

famous fixed point theorem of (T1) is the following Banach contraction principle:
Theorem 1.1 (Banach, [1]). Let (X,d) be a complete metric space, and let T be a self-mapping
on X. If T is a contraction, that is,

there exists r € |0, 1) such that for all x,y € X, d(Tx,Ty) < rd(x,y).

Then T has a unique fixed point and {T"x} converges to the fixed point for all x € X.
Also the following theorem of (T1) is a well-known generalization of Theorem 1.1:

Theorem 1.2 (Meir and Keeler, [2]). Let (X,d) be a complete metric space, and let T be a
self-mapping on X. If T is a weakly uniformly strict contraction, that is, for all € > 0, there

exists 8 > 0 such that for all x,y € X,
€ <d(x,y) < €+ 0 implies d(Tx,Ty) < €.

Then T has a unique fixed point and {T"x} converges to the fixed point for all x € X.
Finally, a necessary and sufficient condition for (T1) were given in 2008 as follows:

Theorem 1.3 (Suzuki, [8]). Let T be a mapping on a complete metric space (X,d). Then (T1)

holds if and only if T satisfies the following two conditions:
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(1) For x,y € X and € > 0, there exist 8 > 0 and v € N such that
d(Tix,T'y) < e+ &8 implies d(T™x,T'y) < €

foralli,j e NU{0}.

(2) For x,y € X, there exist v € N and a sequence {a,} in (0,00) such that
; ; ; ; 1
d(T'x, T’y) < &, implies d(T"Vx, T/ y) < —
n
foralli,j e NU{0} andn € N.

On the other hand, there are a few fixed point theorems of (T3), see [5, 7, 8]. The following

is the most famous fixed point theorem in (T3) :

Theorem 1.4 (Subrahmanyam, [5]). Let (X,d) be a complete metric space, and let T be a

self-mapping on X. Assume that there exists r € [0, 1) such that for all x € X,
d(T%x,Tx) < rd(Tx,x).

Then T may have more than one fixed point and {T"x} converges to a fixed point of T for all
xeX.

Similar to (T1), a necessary and sufficient condition for (T3) were given as follows:

Theorem 1.5 (Suzuki, [9]). Let T be a mapping on a complete metric space (X,d). Then (T3)

holds if and only if T satisfies the following two conditions:

(1) For x € X and € > 0, there exist 6 > 0 and v € N such that
d(T'x,T’x) < €+ & implies d(T""x,T'x) < &

foralli,j e NU{0}.

(2) Forx,y € X, there exist v € N and a sequence {0y, } in (0,0) such that
o . . 1
d(T'x,T’y) < a, implies d(T"'x, T'*"y) < -
n
foralli,je NU{0} andn € N.

In the above theorems, sufficient conditions for a self-mapping 7 on X satisfying the Picard

iteration {7T"x} converges to a fixed point of 7 for every starting point x in X, are given. In this
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paper, we give a sufficient condition for a self-mapping 7 on X which has multiple fixed points
satisfying the Picard iteration {7"x} converges to a fixed point of T for every starting point x in

a given subset of X.

2. Main results

Now we give a main result with respect to a sufficient condition for a self-mapping 7 on X
which has multiple fixed points satisfying the Picard iteration {7"x} converges to a fixed point

of T for every starting point x in a given subset of X.
Theorem 2.1. Let (X,d) be a complete metric space, let T be a self-mapping on X, and let B
be a subset of X satisfies T (B) C B. Assume that for all € > 0, there exists § > 0 such that

forallx,y € B, € <d(x,y) < €+ 0 implies d(Tx,Ty) < €. (2.1)

Then {T"x} converges to a fixed point of T for all x € B.

Proof At first, we prove that
for all x,y € Bwith x #y, d(Tx,Ty) < d(x,y).

If not, there exist xo, yo € B with xo # yo such that d(Txo, Tyo) > d(xo,y0). Put & = d(xo,y0) >
0, then there exists & > 0 such that (2.1) holds by the assumption. From &y = d(xg, yo) < €+ o,
we have d(Txo,Tyy) < & = d(xo,y0). This is a contradiction. Next, for any given x € B, define
a sequence {x,} as

xXo=x, Xy =Txy—1 (n=1, 2,...).

If x, = x,,_1 holds, x,_ is the fixed point. Then we may assume that x,, # x,,_ for all n. Put

cp = d(x,,x,—1) for all n € N. Since ¢, > 0 and
Cn1l = d(Xpg1,%0) = d(Txy, Txp—1) < d(Xp,%0—1) = Cn,

{cn} is a lower bounded and decreasing sequence. Then there exists ¢ € [0, o) such that ¢, — c.
We show ¢ = 0. If ¢ > 0, by putting € = c, there exists 6; > 0 such that (2.1) holds. From
¢ <cyforall n € Nand c, — ¢, we have ¢ < ¢, < ¢+ 0; for sufficiently large n. Since & <

d(xp,xp—1) < €+ 01, then ¢;,1-1 = d(Tx,,Tx,—1) < € = c and this is a contradiction. Therefore
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¢ =0. Now we show that {x,} is a Cauchy sequence. If not, there exists & > 0 such that for all
N € N, there exist /,m > N such that d(x;,x,) > 2¢& and [ < m. Also there exists &, > 0 such
that (2.1) holds. Put 6’ = min{¢&,, 8, }. We have & < d(x,y) < & + 6’ implies d(Tx,Ty) < &.
Form ¢,, — 0, there exists M € N such that ¢, < 8’/3, for all n > M. Put N = M, then there exist

I,m > M such that [ < m and d(x;,x,,) > 2¢&. Also we have, forall j € {[,]+1,...,m},

5/
d(x,x) = d(x,xj41)| < dlxjoxjpr) = ¢ < =

From this and

/

0 2 /
c] = d(xl,xlﬂ) < ? < &+ 55/ <&6H+0 <26 < d(xl,xm),

there exists k € N such that & +206'/3 < d(x;,x;) < & + 8. Then we have d(x;y1,xc11) < &,

and then
d(xp,x0) < d(xp,xi1) +d (X1, %01) +d (1, Xk)
<c+ &+
2
<g+-8.
2+ 3
This is a contradiction. So {x,} is a Cauchy sequence. Since X is a complete metric space,
there exists ¥ € X such that x, — X. Next, we prove that 7"x — & for all x € B. Assume that
there exist xp,yo € B such that T"xy — X and T"yy — y where X # y. Put & = d(x,y) > 0,
then there exists d3 > 0 such that (2.1) holds. From {d(T"xo,T"yo)} is a lower bounded and
decreasing sequence, we have &3 < d(T"xo,T"y¢) for all n € N. Since T"x — % and T"y — 3,

we have d(T"xp, %) < 83/2 and d(T"yy,y) < 83/2 for sufficiently large n. Using (2.1), we have

d(T"xp, T"yg) < €. This is a contradiction. Finally, we prove that ¥ € F(T). Assume that
X¢ F(T).
0<d(x,Tx) <d(x,T"x)+d(T"x,Tx)
< d(% T"x) +d(T" 'x, %)
— 0.

This is a contradiction.
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In the above theorem, if B is closed then Theorem 2.1 is equivalent to Theorem 1.2, however
B may not be closed. In the following example, we give a map T to which Theorem 2.1 can be

applied but Theorems from 1.1 to 1.3 can not be applied.

Example 2.1. Let (R",d), and let T be defined as follows:

1
Ex X € (Ovoo)nv

2x  x ¢ (0,00)"

Tx =

Then we can apply Theorem 2.1 for open set B = (0,0)". Indeed, for all € > 0, by putting
0 = ¢, forall x, y € B satisfying € < d(x,y) < €+ 9,

1 1
AT Ty) = T3 1] = | 3= 3
Hx—y
= — (| X —
2 y

1 1
= Ed(x,y) < 5(8+5) =€.

So T holds the condition of Theorem 2.1. Therefore T may have more than one fixed point and

{T"x} converges to a fixed point of T for all x € B. However, Theorems from 1.1 to 1.3 can not

be applied because {7"x} does not converge when x € X \ (BU{0}) and also B is not closed.
In the following example, we can see (T3) holds for a self-mapping T which holds the con-

dition of Theorem 2.1:

Example 2.2. Let (R?,d), and let T be defined as follows:
1
Tx= §(x+PA(x)),

where A = [—1,1]%, Py(x) = {y € A | d(x,y) < d(x,z) forall z € A}. Let F(T) be the set of all

fixed points of T, then we can see F(T) = A, that is, T has multiple fixed points. Since

Ty — 2_1”x+ (1 - %) Py(x) = Py(x) € A= F(T)

for all x € X, (T3) holds for T. Let B(; ;) := {x € R? | T"x — (1,1)}. Then we can check that
the condition of Theorem 2.1 for B = B ;) holds. Indeed, for all € > 0, by putting § = ¢, for
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all x,y € B(y 1y, Pa(x) = Pa(y) = (1,1). Therefore

e<d(x,y)<e+06=d(Tx,Ty)=d (%(x—l—PA(x)),%(y-l—PA(y)))

= H%(x—i-PA(x)) — %(y-I-PA(X))H

L=yl
= —||lx —
) y

1

= 5 (x,y)

<%(s+6):e.

Also we have T"x — (1,1) for all x € B(; ;) and By ;) = [1,00)2. In a similar way, for each
7 €A, let B, ;= {x € R? | T"x — z}, then we have the condition of Theorem 2.1 for B = B holds
and T"x — Py(x) € A= F(T) for all x € B;.

On the other hand, since (T3) holds, the conditions of Theorem 1.3 also hold. However it
seems that it is hard to know the limit nh_r>r°10 T"x by using Theorem 1.3.

Motivated by Example 2.2, we give a result of (T3) from Theorem 2.1 by putting a certain
subset B of X. For A C X and n € N, denote that 7~"A := (T")~'A and T°A := A.

Corollary 2.1. Let (X ,d) be a complete metric space, and let T be a self-mapping on X. Assume

that for all € > 0, there exists & > 0 such that forallx,y € X\ U T "(F(T)),
neNU{0}

€ <d(x,y) < €+ implies d(Tx,Ty) < €.

Then {T"x} converges to a fixed point of T for all x € X.

Proof Let
B=Xx\ |J TF(T)).
neNU{0}
We show T'(B) C B. If there exists y € T(B) such that y ¢ B, then there exists x € B such that

y=Tx. Sincey=Tx¢B,Txc |J T "(F(T)),and this shows Tx € T~"(F(T)) for some
neNU{0}
np € NU{0}, that is,

xeT™ YF(T)c |J TF(T)).
neNU{0}
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This contradicts to x € B. Using Theorem 2.1 {T"x} converges to a fixed point of T for all

X € B. On the other hand, when x ¢ B, since
xe |J T7(F(T)),
neNU{0}

there exists ng € NU {0} such that 7"x € F(T), that is, T"x = T"x hold for all n > ng. This
means {7"x} converges to a fixed point of 7. This completes the proof.
In the end of the paper, we give an observation between our result and the previous ones.

Define a binary relation ~ on X by for every x,y € X,

x ~ yif and only if 7"x — z and T"y — z for some z € X or

both {T"x} and {T"y} do not converge.

Then ~ is an equivalence relation on X, that is, for all x,y and z € X,
(1) x~ux,
(2) if x ~ y then y ~ x, and
3) ifx~yandy~ zthenx ~ z.
Let the equivalence class of x and the quotient set be
] ={yeX[x~y}and X/~={[x] [x € X},

respectively, and define a function ¢ : (X /~)\ {N(T)} — X by

©(x) = lim T"x,

n—oo

where N(T') = {x | {T"x} does not converge}. By using the notations, fixed point theorems can
be categorized as follows:

(1) N(T) =0, |F(T)| = 1, and 9(X/~) C F(T),

(2) N(T)=0,F(T) #0,and ¢(X/~) C F(T), and

3) N(T)NB=0,F(T) #0,and ¢(B/~) C F(T),
where B/~= {[x] | x € B}. We can see that (1) is equivalent to (T1), (2) is equivalent to (T3),
and (3) is equivalent to the result of Theorem 2.1. If B = X then (3) coincide with (T3), and

if B= X = B, then (3) coincide with (T1) where z € X. As we have seen in Examples 2.1 and
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2.2, including the situation N(7') # @, Theorem 2.1 is useful to observe the limits of the Picard

iteration.
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