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Abstract. In this paper, we discuss the unique existence of fixed points for mappings with contractive functions
or expansive functions on 2-metric spaces, and give some new versions of the fixed point theorems on real metric
spaces. Our results generalize and improve the Banach’s contraction principle and some fixed point theorems for

expansive mappings on real metric spaces.
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1. Introduction and preliminaries

Banach’s contraction principle is as follows:
Theorem A. [1] Let (X,d) be a complete metric space and f : X — X be a mapping. If for each
x,yeX,
d(fx,fy) < kd(x,y),

where k € [0,1). Then f has a unique fixed point.
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The next result is a unique fixed point theorem for [-expansion mappings on a a metric space:

Theorem B. [2] Let (X,d) be a complete metric space and f : X — X be a onto mapping. If
d(fx,fy) = hd(x,y),Vx,y € X,

where h > 1. Then f has a unique fixed point.
In 1962, Rakotch generalized the Banach’s contraction principle. He obtained the following

theorem by replacing the constant k by a contraction function ¥.

Theorem C. [3] Let (X,d) be a complete metric space and f : X — X be a mapping. If for each
x,yeX,

d(fx, fy) <y(d(x,y))d(x,y),

where 7y : [0,00) — [0,1) is non-increasing and continuous function. Then f has a unique fixed
point xo € X satisfying lim,_,. f"x = xqo for any x € X.

In 1973, Geraghty gave another generalization of Banach’s contraction principle as follows:

Theorem D. [4-5] Let (X,d) be a complete metric space and [ : X — X be a mapping. If

d(fx, fy) < B(d(x,y))d(x,y),Vx,y € X,

where B : [0,00) — [0, 1) is a function satisfying the following condition: B(t,) -1 =1, — 0.
Then f has a unique fixed point.

The aim of this paper is to give some new versions of Geraghty’ theorem on 2-metric spaces
and investigate Geraghty type fixed point theorems for expansive mappings on real metric s-

paces and 2-metric spaces respectively.

Definition 1.1. [6-8] A 2-metric space (X,d) consists of a nonempty set X and a function
d:X xX xX — [0,4e0) such that

(i) for distant elements x,y € X, there exists an u € X such that d(x,y,u) # 0;

(ii) d(x,y,z) = 0 if and only if at least two elements in {x,y,z} are equal;

(iil) d(x,y,z) = d(u,v,w), where {u,v,w} is any permutation of {x,y,z};

(iv) d(x,y,z) < d(x,y,u) +d(x,u,z) +d(u,y,z) for all x,y,z,u € X.
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Definition 1.2. [6-8] A sequence {x,},cn in 2-metric space (X,d) is said to be a Cauchy
sequence, if for each € > 0 there exists a positive integer N € N such that d(x,,x,,,a) < € for

alla e X and n,m > N.

Definition 1.3. [6-8] A sequence {x, },cn is said to be convergent to x € X, if for each a € X,

lim,,_, + o d(xp, x,a) = 0. And we write that x,, — x and call x the limit of {x, },enN.

Definition 1.4. [6-8] A 2-metric space (X,d) is said to be complete, if every cauchy sequence

in X is convergent.
Lemma 1.5. [9] Let {x, } be a sequence in 2-metric space (X ,d) such that lim,,_s. d (X, Xy41,a) =
Oforall a € X. If {x,} is not a Cauchy sequence, then there exist a € X and € > 0 such that for
each i € N there exist m(i),n(i) € N with m(i),n(i) > i satisfying the following conditions

(i) m(i) > n(i) and n(i) — oo as i — oo,

(i) d(Xin(i)s Xn(i)» @) > € but d(Xp(i)—1,%n(i), @) < E.
Lemma 1.6. [6-8] If a sequence {x,} in a 2-metric space (X ,d) converges to x € X. Then

lim d(x,,b,c) =d(x,b,c),Vb,c € X.

H—>o0

2. Unique fixed point theorems

First, we give some Geraghty type fixed point theorems for mappings with a contractive

function on 2-metric spaces as follows:

Theorem 2.1. Let (X,d) be a complete 2-metric space and f : X — X be a mapping. If

d(fx,fy,a) < B(d(x,y,a))d(x,y,a), Vx,y,a € X (2.1)

where B : [0,00) — [0,1) is a function satisfying the following condition: B(t,) — 1 as n — oo
which implies t, — 0 as n — oo. Then f has a unique fixed point u € X and lim,_,. f"xo = u for

all xp € X.
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Proof. We take an xy € X and construct a sequence {x,} as follows
Xup1 = fxn = f"lxg, n=0,1,2,---.
For any fixeda € X andn=1,2,---, by (2.1), we have

d(Xpt1,Xn,a) = d(fxn, fxn—1,a) < [3(d(xn,xn_l,a))d(xn,xn_l,a) <d(xp,xp—1,a). (2.2)

Hence {d(x,+1,xn,a)} is a non-increasing sequence for any fixed a € X. Therefore there is a
r(a) > 0 such that d(x,41,x,,a) — r(a) as n — oo. If r(a) > 0, then d(x,1,x,,a) > 0 for all n.

Hence by (2.2), we ahve

d(-xn+1 yXn, a)

0<
d(xnaxn—laa)

< B(d(xnaxn—l 7a)) <1
Let n — oo, then using the above inequality, we obtain

lim B(d(xy,xp—1,a)) = 1.

n—oo
Hence

lim d(x,1,%,,a) =0,Va € X. (2.3)
n—soo

Taking a = x,,—1 in (2.2), we obtain

d(xn—i-l;xn;xn—l) < B (d(xnaxn—l 7xn—l))d(xn7xn—17xn—l)~

Hence

d(Xp—1,Xn,Xn1+1) =0,V n=1,2,---. (2.4)
Fix k € N and suppose that d(xy, X, X,+1) = 0, where n > k+ 1. Using (2.1), we obtain
d (X X1, %0 42) = (¥, [Xnr1,2) < B(d (s Xng1, %) ) d (X, Xy 1,%) = O
Combining (2.4), we obtain
d(Xg, Xn, Xn11) =0,Yn >k > 1. (2.5)
So, by (2.5), for all m > n > k, we have

d(xkyxnaxm> < d(xkyxnaxmfl) +d(xkaxmflaxm) +d(xn7xm717xm) = d(xkyxnaxmfl)-
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Repeating this process, we obtain

d<xkaxn;xm) < d(xkaxn;xm—l) <..-< d(xk;xn;xn—i—l) =0.

Hence, we have the following fact

d (X, Xn,x,) = 0,Ym,n,k € N. (2.6)

Suppose that {x,} is not a Cauchy sequence, then by Lemma 1.5 and (2.3), there exist a € X
and € > 0 such that for any i € N there exist m(i),n(i) € N with m(i),n(i) > i satisfying

(i) m(i) > n(i)+1 and n(i) — e as i — oo}

(i1) d(Xpn(i)s Xn(i)» @) > € bt d(Xpn(iy—1,%n(i), @) < €,i=1,2,---

Using (2.3), (2.6), (ii) and

d<xm(i)7xn(i)7a) < d(xm(i)axm(i)—ba) + d(xm(i)—l 7xn(i)7a) +d(xm(i)7xn(i)7xm(i)—l)7
we obtain

1im d (2, (3) s X 3) - @) = M d (X ()1, %0(i), @) = €. (2.7)

[—oo i—oo

Since the following two inequalities

|d (Xin(i) > Xn(i)> @) — A Xom(is Xn(i)—15 @) | < d(Xi)—1,%n(i)> @) A d (i) s Xn(i) s Xn(i)—1)

| (Xin(iy— 15 Xn(i)—15@) — A (Xiniys Xn(i)—1: @) | < d(Xm(i)—15Xm(i)> @) +d (Xn(iy s Xim(i)— 1 Xn(i)—1)

hold, we see from (2.3), (2.6) and (2.7) that
Wi d(x,5) X, @) = M d (X (3) -1, % (3), @)

= 1im d (%,,(3); Xp(i) 1, @) (2.8)

[—oo

= l.li_glod(xm(i)—laxn(i)—l ,a) = €.
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By (2.1) and (2.6), one sees that
d(Xm(iys *n(i)> @)
<d(Xpn(i)s Xm(i)+1, @) + A (Xn(i)s Xm(i) 1> @) + dXn(i)s Xn(i) s Xim(i)+1)
<d(Xm(iys Xm(iy+1> @) +d (Xn(i) s Xniy 415 @) + A Xni) 11, %n ()15 @) +d (Xn(i) s Xim(i) 115 Xni) 1)
=d (X (i)s Xm(i)+1> @) +dXn(i)s Xn(i) 41, @) +d(fXm(iy s [Xn(i) @)

<d (X (i Xm(i)+1 @)+ d (i) Xn(i) 15 @)+ B (i) Xni) @) X3y X i) @)-
It follows that

< 1
1— ﬁ (d(xm(i)’xn(i)aa
Hence, by (2.3), we must have the following fact

€ < d(Xp (i), Xn(i), @) [d (Xin(iys Xom(iy+15 @) +d (Xn(i)s Xn(i) 1, @) -
)

1
limsup = o0,

i 1= B(d(Xn(i), Xn() @)

that 1s
lim sup B (d(xm(i);xn(i)7a)> = 1.
j—oo
Hence, we arrive at
lim sup d (X;u(3), X (i), @) = 0,
i—o0
which is contradict with the assumption d(x,;),X,(;),a) > € for all i. Therefore, {x,} is a

Cauchy sequence and there exists u € X such that x,, — u as n — oo by the completeness of

X. By (2.1), we obtain that for any a € X,
d(u, fu,a)
<d(fu,Xnt1,a) +d(U,xnt1,a) +d(u, X1, fu)
=d(fu, fxn,a) +d(u,xn11,a) +d(u,Xn11, fu1)
<pB (d(u,xn,a)) d(u,xy,a) +d(u,x,+1,a) +d(u,xp1, fu)

<d(u,xp,a) +d(u,xp+1,a) +d(u,x,11, fu).
Let n — oo, then d(u, fu,a) =0,Va € X by Lemma 1.6, hence fu = u. Suppose that v is another
fixed point of f, then there is b € X such that d(u,v,b) > 0. By (2.1),

d(u,v,b) =d(fu, fv,b) < ﬁ(d(u,v,b))) d(u,v,b).
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If B (d(u,v,b))) =0, then d(u,v,b) = 0; If B(d(u,v,b))) # 0, then d(u,v,b) < d(u,v,b). These
two results are both contradictions. So u is the unique fixed point of f. |
From the proof of Theorem 2.1, we have observed that if {x, } is not a Cauchy sequence, then
(2.8) holds. On the other hand, using (2.6), we have
d(xm(i)+1 »Xn(i)+15 a)
Sd(xm(l) 7 Xn(i)+1s a) + d<xm(i)+1 yXm (i) a) + d(xm(i)—H »Xn(i)+1 7xm(i))
Sd(xm(i) 1 Xn(i)s a)+ d(xn(i) yXn(i)+1> a)+ d<xm(i) 1 Xn(i)+1 7xn(i)) + d(xm(i)+1 3 Xm(i)> a)
:d(xm(i) »Xn(i)> a) + d(xn(i) »Xn(i)+1> a) + d(xm(i)-l—l »Xm(i)> a)‘

Similarly, we obtain

d(Xm(i) s Xn(iys @) < d (i) 115 %n(i) +1,@) +d(Xn (i), Xn(iy+1:@) +dXn(i) 11 Xm(i)» @)

Hence we have

| (Xin(iys Xn(iy> @) — d (i) 115 %) 1, @) | < A i) Xngi) 11, @) +d (Kiy 15 %m(i) @)
so using (2.3), we obtain

U d (X (5) 1, % (i) 1, @) = UM d (X)X @) = €.

Using the above fact and modifying the proof of Theorem 2.1, we can obtain a variant form

of Theorem 2.1 as follows:

Theorem 2.2. Let (X,d) be a complete 2-metric space and [ : X — X be a mapping. If

d(fx, fy,a) < B(d(fx,fy,a))d(x,y,a),Yx,y,a € X, (2.9)

where B :[0,00) — [0, 1) is a function satisfying the following condition: B(t,) — 1 as n — o
which implies t, — 0 as n — oo. Then f has a unique fixed point.
Remark 2.3. Theorem D is a version of Theorem 2.1 on real metric spaces.

The next result is another version of Theorem 2.2 on real metric spaces. Here, we omit its

proof.
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Theorem 2.4. Let (X,d) be a complete metric space and [ : X — X be a mapping. If

d(fx, fy) < B(d(fx. fy))d(x,y),Yx,y € X, (2.10)
where 3 : [0,00) — [0, 1) is a function satisfying the following condition: B(t,) — 1 asn — oo
which implies t, — 0 as n — oo. Then f has a unique fixed point.

Remark 2.5. Theorem 2.4 is not only a generalization of Banach’ contraction principle but also

another version of Theorem D.

Example 2.6. Let X = {1,2,3} and d : X X X — [0,0) as follows:
d(1,1)=d(2,2) =d(3,3)=0,d(1,2) =d(2,1) =2,d(1,3) =d(3,1) =3, d(2,3) =d(3,2) = 4.

It is known that (X, d) is a complete metric space. Let f : [0,00) — [0, 1) be a function satisfying
B(0)=0and B(¢) = ﬁ for all # > 0. Then B is non-continuous and non-monotonous, and
12

obviously, B(z,) — 1 as n — oo if and only if t, — 0 as n — oo. Let f : X — X be as follows

fl=1,f2=1,f3=2.

Since
d(f1,£3) =2 < 17—8 _ 1+11 <3 =B(2) xd(1,3) = Bd(f1,£3)) x d(1,3),
12
d(F2,3) =2 < 27—4 _ 1+11 4= B(2) xd(2,3) = B(d(f2, f3)) x d(2,3),

12

we have f and f satisfy all conditions of Theorem 2.4. Consequently f has a unique fixed point
1. |
Using Theorem 2.4, we obtain the following fixed point theorem for a mapping with a ex-

pansive function on real metric spaces.

Theorem 2.7. Let (X,d) be a complete metric space and f : X — X be a surjective mapping. If

d(fx, fy) > v(d(x,y))d(x,y),Vx,y € X, (2.11)

where 7y : [0,00) — (1,0) is a function satisfying the following condition: Y(t,) — 1 as n — oo

which implies t, — 0 as n — oo. Then f has a unique fixed point.
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Proof. If x,y € X and fx = fy, then by (2.11), we obtain that x = y. This means that f is

injective, hence f has its inverse mapping g. By (2.11) again, for each x,y € X,

d(x,y) =d(fgx, fgy) > v(d(gx,gy))d(gx,8),

hence
1
(d(gx, gy))

LetB(¢) = ﬁ, Vit €[0,00), then 0 < B(r) < 1 forallt € [0,00) and B(t,) — 1 as n — oo which
S

implies t, — 0 a

d(gx,gy) < d(x,y). (2.12)

n — oo, On the other hand, (2.12) becomes

d(gx,gy) < B(d(gx,gy))d(x,y). (2.13)

Hence g has a unique fixed point z by Theorem 2.4. Obviously, z is the unique fixed point of f.1

Similarly, using Theorem D, we obtain the following.

Theorem 2.8. Let (X,d) be a complete metric space and f : X — X be a surjective mapping. If

d(fx, fy) > v(d(fx, fy))d(x,y),Vx,y €X, (2.14)

where y: [0,00) — (1,00) is a function satisfying the following condition: Y(t,) — 1 as n — o

which implies t, — 0 as n — oo. Then f has a unique fixed point.

Proof. By using the same method we used in the proof of Theorem 2.7, f has its inverse

mapping g, so by (2. 14),

d(x,y) =d(fgx,fgy) > v(d(fgx, fgy))d(gx,gy) = y(d(x,y))d(gx,gy),

hence
1
d(gxagy> < —d(x7y)'
v(d(x,y))
The rest of the proof follows from Theorem D and the method of proof of Theorem 2.7. |

Remark 2.9. Theorems 2.7 and 2.8 are the generalizations of Theorem B.
Next, we give Geraghty type fixed point theorems for mappings with a expansive function on

2-metric spaces.
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Theorem 2.10. Let (X,d) be a complete 2-metric space and f : X — X be a surjective mapping.
If

d(fx,fy,a) > }/(d(x,y,a)) d(x,y,a),Yx,y,a € X, (2.15)
where 7y : [0,00) — (1,0) is a function satisfying the following condition: Y(t,) — 1 as n — oo

which implies t, — 0 as n — oo. Then f has a unique fixed point.

Proof. Take any xo € X. Since f is onto, we can construct a sequence {x,} in X such that
Xn :fX,H_l, n=0,1,2,---.
For any fixed n and any a € X,

d(%n,Xn11,a) = d(Fxni1, [Xni2,a) = Y(d(Xni1,X042,0) ) d (Xni 1, Xn42,0) > d(Xpp1,%042, Q).
(2.16)
From (2.16), we have {d(x,,x,+1,a)} is a non-increasing sequence for any fixed a € X. There-
fore there exists r(a) > 0 such that limy, e d (X141, %n,a) = r(a). If r(a) > 0, then d (x,+1,X,,a) >
0 for all n, hence using (2.16), we obtain

d(xnaxn+17a)
d(xn+17xn+27a)

1 < ,}/(d(xn-i-l;xn-i-z;a)) S

Let n — oo, then from the above, we obtain

F}E;I;lo ’}/(d(xn-l-l 1 Xn+2; Cl)) =1,

hence

lim d(x,41,%42,a) =0, Va € X. (2.17)

n—soo
Let a = x;, in (2.16), then we obtain

d(Xp, Xp41,%n42) =0,Yn=0,1,2,---. (2.18)

Fix k € N and suppose that d(xg,x,+1,X:,4+2) = 0, where (n+ 1) —k > 1, then by (2.15) and
(2.18),

0 = d (g, Xnt1,%n42) = d(fXni2, fur3, %) = V(d(Xn42,%043, %) ) d (X4 2, X013, %),

hence

d(xn+27xn+37xk> =0.
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By the induction principle, we have the following fact

d(Xg, Xn, Xn+1) =0,Vn > k> 1. (2.19)
For all m > n > k, by (2.19), we obtain that

d(Xpes Xy Xm) < d (Xpe, Xy Xon—1) + d (X, Xn—1,%m) + d (X, Xon—1,%m) = d (Xgy Xy Xpp—1) -
Repeating this process, we obtain
d (X, X, Xm) < d (g, X, Xn—1) < -+ < d (X, X0, Xn11) = 0.

From the inequality obtained above, we have the following fact

d (X, Xn,xx) = 0,Vm,n,k € N. (2.20)

Suppose that {x,} is not a Cauchy sequence, then repeating the process of the proof of The-
orem 2.1, we are sure that (2.8) in Theorem 2.1 also holds.

By (2.15) and (2.20), we have

=d (Xpn(i)—1+Xn(i)-1,4)

<d(X(i)—15%m(i)> @) + dXm(iys Xn(i)—154) +d Xom(i)—1,%n(i)— 15 Xm(i))

<d (Xp(i)=1>%m(i)> @) + dXon(iys Xn(i)» @) + d (Xn(iys Xn(i)—154) +d (Xn(i) s Xn(i)—15%n(i))
=d (X (i)~ 1:Xm(i)> @) + d (Xn(iys Xn(i)» @) +d (Xn(i)s Xn(i)—1, @)

Hence we have

1
Y(d(xm(z) »Xn(i)> a)) —1

€ < d(Xn(i)s Xn(i), @) < [d (X (iy— 15 %m(i)> @) +d (Xn(i)s Xn(i) -1, @)

So we obtain by (2.17)

liminf[}/(d(xm(i),xn(i),a)) —1]=0,

[—>oo
namely

liminf[}/(d(xm(i) »Xn(i)> a))] =1

i—oo
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Hence we have
liminfd(xm(i)7xn(i)7a) =0,
i—yo0
which is a contradict with the assumption d(x,,,(;),Xn(;),@) > € for all i, so {x,} is Cauchy.

Therefore there exists u € X such that x,, — u as n — o by the completeness of X. Since f is

onto, there exists z € X such that u = fz. By (2.15), for each a € X and n, we have
d(xp,u,a) = d(fxpi1, f2,a) > ¥(d(Xng1,2,0) ) d(Xps1,2,a) > d(Xn11,2,0).
Hence, we have
d(u,z,a) = Jii?od(xn+1,z,a) < ’}glgod(xn,u,a) =0,VaeX.

Consequently z = u = fz. Namely, z is a fixed point of f.
Suppose that w € X is another fixed point of f, then there exists b € X such that d(z,w,b) > 0.
By (2.15), we have

d(z,w,b) =d(fz, fw,b) > y(d(z,w,b))d(z,w,b) > d(z,w,b),

which is a contradiction. Hence u is the unique fixed point of f. |
Using the idea of Theorem 2.2 and modifying the proof of Theorem 2.10, we obtain another

form of Theorem 2.10 as follows:

Theorem 2.11 Let (X,d) be a complete 2-metric space and f : X — X be a surjective mapping.
If

d(fx, fy,a) > y(d(fx, fy,a))d(x,y,a),Vx,y,a € X, (2.21)
where 7y : [0,00) — (1,0) is a function satisfying the following condition : Y(t,) — 1 as n — oo

which implies t, — 0 as n — oo. Then f has an unique fixed point.

Remark 2.12 Theorems 2.7 and 2.8 are some other versions of theorems 2.10 and 2.11 on real
metric spaces respectively. Although Theorems 2.7 and 2.8 can follow from Theorem 2.4 and
theorem D, Theorems 2.10 and 2.11 can not follow from Theorems 2.1 and 2.2. In fact, f in
Theorems 2.10 and 2.11 is not necessarily onto, hence f can not be invertible. Consequently

we can not use the method of the proof of Theorem 2.7 and Theorem 2.8.
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