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1. Introduction

Probabilistic functional analysis has emerged as one of the important
mathematical disciplines in view of its role in analyzing Probabilistic models in the
applied sciences. The study of fixed point of random operator forms a central topic in this
area. Random fixed point theorem for contraction mappings in Polish spaces and random
Fixed point theorems are of fundamental importance in probabilistic functional analysis.
There study was initiated by the Prague school of Probabilistics, in 1950, with their
work of Spacek [15] and Hans [5,6]. For example survey are refer to Bharucha-Reid[4].
Itoh [8] proved several random fixed point theorems and gave their applications to

Random differential equations in Banach spaces. Random coincidence point theorems
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and random fixed point theorems are stochastic generalization of classical coincidence
point theorems and classical fixed point theorems.

Random fixed point theorems are stochastic generalization of classical fixed point
theorems. Itoh [8] extended several well known fixed point theorems, thereafter, various
stochastic aspects of Schauder’s fixed point theorem have been studied by Sehgal and
Singh [14], Papageorgiou [12], Lin [13] and many authors. In a separable metric space,
random fixed point theorems for contractive mappings were proved by Spacek [15],
Hans[5,6]. Afterwards, Beg and Shahzad [2], Badshah and Sayyad studied the structure
of common random fixed points and random coincidence points of a pair of compatible
random operators and proved the random fixed point theorems for contraction random

operators in Polish spaces.

Preliminaries

In this section, we give some definitions which are useful to prove our results.

Definition: 2.1
A metric space (X.d)is said to be a Polish Space, if it satisfying
following conditions:-

i. X, is complete,

ii. Xis separable,

Before we describe our next hierarchy of set of reals of ever increasing
complexity, we would like to consider a class of metric spaces under which we can
unify 2%, @, R and there products. This will be helpful in formulating this hierarchy.
(as well as future ones) Recall that a metric space (X,d) is complete if
whenever (x,:n € w) is a sequence of member of X, such that for every
e = 0there isan N, such that m,n = N implies d(x,,x,) < ¢ thereis asingle

ol

x in X suchthat lim_ . x, = =x. Itiseasyto see that 2, w“ are polish space,

So in fact is @ under the discrete topology, whose metric is given by letting
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d(x,¥) = 1 when x # v and d(x,¥) = 0 when x = y.Let(X,d) be a Polish
space that is a separable complete metric space and (£2,q) be Measurable space.
Let 2¥ be a family of all subsets of X and CB(X) denote the family of all
nonempty bounded closed subsets of X. A mapping T: — 2* is called measurable
if for any open subset € of X, T~HC) = {w e 2: f(w)n C = ¢} €q. A mapping
£:02— X is said to be measurable selector of a measurable mapping T:2 — 2% |
if £ is measurable and for any @ €1, &(w) € T(w). A mapping f:02 XX =X
is called random operator, if for any x &€ X,f(-,x) is measurable. A Mapping
T:N x X — CB(X) is a random multivalued operator, if for every x € X, T(-,x) is
measurable. A measurable mapping &: 2 — X is called random fixed point of a random
multivalued operator T:2 x X = CB(X) (-2 xX —=X) if for every wen,
f(w) ET(w, (@), f(w),é(w) = &(w)). Let T:2 XX — CB(X) be a random
operator And {£,} a sequence of measurable mappings, &,:2 — X. The sequence

{¢.} is said to be asymptotically T-regular if d(fn(m],T(m, &, (w]) — 0.
Main Results
Theorem 3.1

Let X be a Polish space. Let T, 5:Q x X — CB(X) be two continuous random
multivalued operators. If there exists measurable mappings a, £,¥,8 : @ — (0,1) such

that,

H[S(m, x),T(w, }{]) < alw) max{d [x,.‘i(m,x:] ), ci[:}r, T(m,}rj)}
+ B(w) max{d [}F,S (e, x) ), d [x, T (m,}rj)}

+ y(w) max{d(x, S(w,x)),d(y, S(w, x))}
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+ 8(w) max{d(x, T(e,¥)).d(v. T(e,¥))}
3.1(a)

Foreachx,vEX ,w €0 and a,fS.v.8 € RT with
0 < alw) +28(w) + y(w)+286(w) < 1,and 1— f{ew)— 6(w) = 0 there exists a

common random fixed point of Sand T.
(hence H represents the Hausdrof f metric on CB(X) induced by the metric d)

Proof : Let &, : 1 —+ X be an arbitrary measurable mapping and choose a measurable

mapping &, : 1 = X such that &, (w) € S(w,&,(w)) for each @ £ 0. then for each w € 0.

H (5(, (), T(, & ())) < a(w)max {d (£(w), 5(w,8 (@) d (& (@), T(w, & (@) )}

+ Blew) max{d (§,(w),5(, & (@))), d (80(), T (w,8,(«)))}

+ p(w) max {d (£ (), 5(@, & (@))), d (£ (©),5(w, £ () )}

+ 8(e) max{d (50, T(,5,@))) (5100, 7@ 8,())

Further there exists a measurable mapping &, : {1 — X such that for all

weN&(w) e T[m, fl(m]) and
d[:fl[:ﬂ'—’jrf: (‘1’)) < a(w) max{d [fﬁ(mj: fl(mj}rd[fltmjrf: (mj)}
+ 1‘9(&’] mﬂx{d(fitm]:fi(m] )rd[fu (m],f: (m])}

+ }"[Cdj max{d [fl} [Cr_-"j, fi (mj )!d (fi[m]r fi (m])}
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+ 5(*1’] max{d[:fu[m],fz (m]),d[fi(m],f: (m])}

alwl+ Blalt plal+ 8w
d[fl(ﬁd];fg (m]) = jg.:m}fg.:m} - d[fﬂ (m],nfl(m])
_ alawl+ Blal+ ylal+ 8w
Letk = Bl —5w)
This gives

d[fi[ﬁ-’]rf: [m:]) <k d(fﬁ(m]:fi(mj)

By Beg and Shahzad [2, lemma 2.3],, we obtain a measurable mapping

£;: 0 — X suchthat for all w € 0, &(w) € 5(w,&,(w)) and
d(£2(@), &3(@)) = alw) max{d (¢ (@), & (@), d(& (@), &(w))}
+ B(w) max{d (& (w), &, (@)),d (&, (w), & (@)}
+ y(w) max{d (&, (), & (), d (&, (@), & ()}
+ 8(w) max{d (&, (@), & (), d(& (@), & ()
d(&,(w), & () < k d(&,(0),& (@) < k2d (& (w), & (w))

Similarly, proceeding the same way, by induction, we get a sequence of

measurable mapping ¢,,: {2 — X suct that for n = 0 and for any w € 11,
Epneq(w) € S(Ct’rf:n ('1’:]) cand &, 4, (w) € T[wr‘f:nﬂ(m])

This gives,

(&, (@), §upy (@) kd(§, 1 (@).8, (@) = oo £ K7 (§ (), 81 (w))

For any m,n € N such that m = n, also by using triangular inequality we have
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d(E(), £ (@) < 2 d (& (),8, ()

Which tends to zero as n — oo, It follows that {&, («)] is a Cauchy sequence and
there exists a measurable mapping ¢ : 1 = X such that &,(w) — &(w) foreach w € 0. It

implies that &,,,., (@) = &(w). Thus we have for any w € 0,

d(&(w),5(w,8(@))) £ d(F (@), E2nea(@)) + d(2(0),S(@, Erpa2()))

d [f(m],.‘}(m, f(mj)) = d[f(m], $ansa (m]) + H [T[m, fﬂn+1(mj ),S(cu, $onsez (Cﬂj))
Therefore,

d (£(w),5(w,§(@))) < d(E(w), En12(@)) +

a(w) max{d (f:nﬂ (m],S[:cu, $onsa [w])), d (f:n +1 (@), T [m, oy (@) ))}

+ Blew) max{d (f:nﬂ(m]r-s[mr $onsez (‘fﬂ]))r d (f:n +2 (m],T[m, $ons1 (‘1’]))}

+ y(w) max {d [Eﬂn +37 (m],s[m, $onez [w])), d (fﬂn +1(m]:5[m:f:n =2 [m]))}

+ §(w) max{d (fﬂn +2 (m],T[m, f:n+1('1’]))r d (f:nﬂ(fﬂ]rT(mr Sr:n+1(fﬂj))}

Taking as n — o, we have
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d(¢(@),5(w,§(w))) = (a(w) + flw) + y(w)) d(§(w),5(w, ()
Which contradiction, hence &(w) = §{w, &(w) ) foral lw € Q.

Similarly, for any w € 1,

d(&(@),5(0,8(@))) £ d(§(@), Eans1(@)) + H(S(w, 30 (0)).T (@, E2041()))
Hence &(w) = T(w, &(w) ) for all w € 0.
It is easy to see that, &(w) is common fixed point for 5§ and T in X.

Uniqueness

Let us assume that, &* () is another fixed point of S and T in X, different from

E(w), then we have
d(E(w),£*(@)) = d (£(w), S (@, &2 (@) + H (S(@, &2 (@)), T (@, 3 41 () )

+d(T(,E3p01()), £ ()
By using 3.1(a) and n — oo we have,
d((w).¢* (@) =0
Which contradiction,

So we have, &(w) is unique common fixed point of Sand T in X.

Corollary 3.2
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Let X be a Polish space. Let 5¥,T9 : Q x X — CB(X) be two continuous random

multivalued operators. If there exists measurable mappings a, 5,¥,8 : @ = (0,1) such

that,
H(57 (w,%), T%(w,)) < a(w) max{d(x,5? (w,x)),d(y, T ()}
+ B(w) max{d(y, 5% (w,x)).d (x, 77 (w,7))}
+ ¥(w) max{d(x, 57 (0,%)), d(v, 57 (, %))}
+ 8(w) max{d(x, T (w,7)). d(v. T (w,y))}
3.2(a)

Foreachx,vEX ,w €0 and a,fS.v.8 € RT with
0 = a(w)+28(w)+ y(w)+25(w) < 1,and 1—pB(w)—58(w) #0,p.q9 =1 there

exists a common random fixed point of Sand T.
(hence H represents the Hausdrof f metric on CB(X) induced by the metric d)

Proof: From the theorem 3.1, and on taking » = g = 1 it is immediate to see that, the
corollary is true. If not then we choose a &, : 11 — X be an arbitrary measurable mapping and
choose a measurable mapping £, : @ — X such that &, («w) € 5(w,&,(w)) for each w £ 0. then

for each w € Q, and by using 3.2(a) the result is follows.

Now our next result is generalization of our previous theorem 3.1, in fact we prove the

following theorem.

Theorem 3.3: Let X be a Polish space. Let T, 5:Q x X — CB(X) be two continuous
random multivalued operators. If there exists measurable mappings &, 5.y, 6 : @ — (0,1) such
that,

i . max{d [x,.‘i[m, x) ),d[}?, T[m,y])},
H(5(e,),T(w,1)) < a(w) mm{ ] [I’T(m’m}}
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@) min mm{d[x’stw’x])’d[}’rs(%x])}’}
+ f(w) {mfm{d(xrT(Cﬂr}’]),d[}zi’“(m,}r])}

3.3(a)

Foreachx, VEX ,w €0 anda, 5, € RT with0 = al(w) + (w) < 1, there exists a

common random fixed pointof Sand T.

(hence H represents the Hausdrof f metric on CB(X) induced by the metric d)

Proof

Let &, : 1 — X be an arbitrary measurable mapping and choose a measurable
mapping &, : @ — X such that &, () € 5(w,&,(w)) for each @ € 0. then for

each w £ 1.

H [s[m, &s(@)), T(w, nfl(wﬁ)]
B L CCOR L I®) Rl (A AR
< e d(fl[mj,s[m,fﬂ(m])),d{fﬂ(m],T[m,tﬁ(mj))}

max {d| & (w), S(w, &(w) ) ), d|v. 5w & (w)) )i,
+ﬁ(m]m1n{ {4 (&), s( )4 (3s( )} }

ma (4 (), T(w,61(0)), 4 (8200 T(w,84(0)))}

Further there exists a measurable mapping &, : {1 — X such that for all

weN&(w) e T[m, fl(m]) and

N - mm{d(%(m],ﬁ[m]),d[fi(mj,fz(m])},}
d(&(w).& (@) < alw) {mm{d[fi[m],fi(m]),d[fﬁ(m],fz[m])}
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4 B(w)min {mm{d@“(m]’fi(m))’d[“?(@rﬁiwl)}’}
max{d(&; (@), & (w)), d(& (w), & (@)}

d[fi(m]rf: (‘1’]) = [rx[m] + ﬁ(m])d@u (mjr‘f_i(m])
Letk = (a(w) + Blw))
This gives d(&, ()., (@) < k d(&(@).8,(w))

By Beg and Shahzad [2,lemma 2.3], we obtain a measurable mapping
€5 : N — X suchthat forall w € 0, & (w) € S(w,&,(w)) and by using 3.3 (a), we

have
d(f: [Cﬂ]rfa (m]) <k d[fi(mjrf: (m]) = kzd[fﬁ(mjrfitm])

Similarly, proceeding the same way, by induction, we get a sequence of

measurable mapping £,,: 2 — X suct that for n = 0 and for any w € 11,
Epneq(w) € S(Ct’rf:n ('1’:]) yand &, ;. (w) € T[wr‘f:nﬂ(m])

This gives,

(&, (@), Eppy (@) Skd(E,_y (@), & (@) < v = K7 (Ep (@), ()
For any m,n € N such that m = n, also by using triangular inequality we have
d(E(@), £ (@) < 2 d (8 (0,8, ()

Which tends to zero as n — . It follows that {&,, ()} is a Cauchy sequence and
there exists a measurable mapping ¢ : = X such that &, (@) — &(w) for each @ € Q. It

implies that &,,,.4 (@) = &(w). Thus we have for any w € Q,

d(&(w),5(w,8(@))) £ d(F (@), E2nea(@)) + d(2(0),S(@, Erpa2()))
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d(£(@),5(w,§(@))) £ d(§(@), Epns2(@)) + H(T(@, Ens1(0)),5(@, Epns2(@)))
Therefore, by using 3.3(a) we have

d(£(@),5(w,§(@))) £ (a(@) + B(w)) d(£(w),5(w,E(«)))
Which contradiction, hence &(w) = 5{w, &(w) ) forall w € 0.

Similarly, for any w € 0,

d(&(w),5(w,8(@))) € d(Z(@), Eane1(@)) + H(S(@, 83, (). T (@, &3 01()))
Hence &(w) = T(w, &(w) ) for all w € 0.

It is easy to see that, &(w) is common fixed point for 5§ and T in X.

Uniqueness

Let us assume that, &* () is another fixed point of S and T in X, different from

E(w), then we have
d(£(w), £ (@) = d (£(w), S (@, 82 (@) + H (S(@, &2, (), T (@, 3 41 () )

+d (T[‘*—’r Eom +1(w:]), & [m])
By using 3.3(a) and n — o we have,
d(&(w),&*(w)) =0

Which contradiction,

So we have, £(w) is unique common fixed point of Sand T in X.
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Corollary 3.4

Let X be a Polish space. Let 57,79 : 0 x X — CB(X) be two continuous random
multivalued operators. If there exists measurable mappings a, 5,¥,8 : @ — (0,1) such

that,

H(5%(w,x), T w,y)) € a(w) min {max

{d(x,57(w,x)),d(v,T? (w,3)}, }
max{d(y,5? (w,x)),d(x T (w,))}

e ) min mm{d[x’sﬁ(m’xj)’d[}’rjp(m;x])}’}
+J€( j {mm{d(x’Tq(mr}’])yd[}’,Tq(m,}r])}

3.4(a)

Foreachx,vEX,w €0 anda, B.¥.6 ERT with0 = alw) + f(w) <1 and

p.q =1 there exists a common random fixed point of S and T.

(hence H represents the Hausdrof f metric on CB(X) induced by the metric d)

Proof:- From the theorem 3.3, and on taking » = g = 1 it is immediate to see that, the

corollary is true. If not then we choose a &, : 11 — X be an arbitrary measurable mapping and

choose a measurable mapping £, : @ — X such that &, («w) € 5(w,&,(w)) for each w € Q. then

for each w € Q, and by using 3.3(a) the result is follows.
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