Available online at http://scik.org
Adv. Fixed Point Theory, 5 (2015), No. 3, 342-358
ISSN: 1927-6303

COINCIDENCE POINT AND COMMON FIXED POINT THEOREMS IN CONE
METRIC TYPE SPACES

YING HAN*, RUIDONG WANG

College of Science, Tianjin University of Technology, Tianjin 300384, China

Copyright (© 2015 Han and Wang. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we prove coincidence point and common fixed point results of two, three and four self
mappings in normal cone metric type spaces. The results presented in this paper generalize some recent results

announced by many authors.
Keywords: Cone metric type space; Normal cone; Common fixed point; Coincidence point; Weakly compatible

mappings.

2010 AMS Subject Classification: 47H10, 54H25.

1. Introduction

In 1989, The concept of h-metric space was introduced by Bakht, who used it to prove the
Banach contraction mapping principle [1-5]. In 2007, Huang and Zhang introduced cone metric
spaces and established fixed point theorems of nonlinear operators [8]. Since 2007, fixed point
problem in the framework of cone metric spaces have been extensive investigated by many
authors; see, for example, [2-12] and the references therein. As a generalization and unification
of cone metric spaces and b-metric spaces, Khamsi and Husssain defined a new type of spaces
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which was called cone metric type spaces. For the results in the framework of cone metric type
spaces, we refer authors to [13-15] and the references therein.

The aim of this paper is to obtain coincidence points and common fixed points for two, three
and four self nonlinear mappings in a normal cone metric type spaces. The results presented in

this paper generalize some recent results announced by many authors.
2. Preliminaries

Definition 2.1. [7] A subset P of a real Banach space E is called a cone if it has the following
properties:

(1) P is non-empty,closed and P # {6};

2)0<a,pbecRandx,ye P=ax+byc P;

3)PN(—P)={06}.

For a given cone P C FEa partial ordering < on E with respect to P by x < y if and only if

y—x € P. We use x < y for y— x € intP,int P stands for the interior of P.

Definition 2.2. [7] A cone P is said to be normal if there exists a constant k¥ > O such that
[xI<x|yll, forallx,y€E,0 <x<y.

The least number x is called the normal constant of P.

Definition 2.3. [16,17] Let X be a nonempty set,s > 1 be a real number and E a real Banach
space with cone P.Suppose that the mapping d : X X X — E satisfies:

() d(x,y) > 6 for all x,y € X and d(x,y) = 6 if and only if x = y;

(2) d(x,y) =d(y,x) for all x,y € X;

(3) d(x,z) < s[d(x,y) +d(y,z)] for all x,y,z € X.

Then d is called a cone metric type on X and (X,d,s) is called a cone metric type space.

Example 2.4. [13] Let B = {e;|i = 1,2...,n} be an orthonormal basis of R" with inner product
(+,-) and p > 0. Define

1
Xp:{[x]|x:[0,1]—>]R”,/0 (1) e))\Pdt, j=1,2,....n},
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where [x] represents the class of equivalence of x with respect to relation of functions equal

almost everywhere. Let E = R" and
Pp={yeR"|(y,e;) >0,i=1,2,....,n}
be a solid cone. Define d : Xp X Xp — Pg C R" by
n 1
are) =Yoo [ (U=00.eoldr, fgeX,
i=1

Then (Xp,d,s) is a cone metric type space with s = 2P~1,

Definition 2.5. [16] Let (X,d, s) be a cone metric type space,x, a sequence in X and x € X.

(1) {x,} converges to x if for Vc € E with 0 < ¢ there exists ng € N such that d(x,,x) < ¢ for
all n > ng,and we write lim, . d(x,,x) = 6.

(2) {x,} is called a Cauchy sequence if for Vc € E with 0 < ¢ there exists ng € N such that

d(xp,xp) < c for all m,n > ng,and we write lim, e d (X, X)) = 6.

Lemma 2.6. [10] Let (X,d,s) be a cone metric type space and P a normal cone,then
(1) {xn} converges to x if and only if d(x,,x) — 0,as n — oo;

(2) {xn} is called a Cauchy sequence if and only if d(x,, %) — 6,as n,m — oo.

Definition 2.7. [18] Let f and g be self-mappings on a set X,if
w= fx=gx forsomexinX,

then x is called coincidence point of f and g ,w is called a point of coincidence of f and g.

Definition 2.8. [18] Let f and g be self-mappings on a set X,if fgw = gfw for all coincidence

points w, then the pair (f,T) is said to be weakly compatible.
3. Main results

Theorem 3.1. Let (X,d,s) be a cone metric type space with coefficient s > 1 and P a normal

cone with normal constant K.Suppose the mappings f,g: X — X for all x,y € X satisfy:

d(fx, fy) < aid(gx,gy) + ard(fx,gx) +azd(fy,gy) +asd(fx,8y) +asd(fy,gx)
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where a; > 0,i=1,---,5 with
2say + (s +1)(as +a3) + (s> +5)(as +as) < 2. (3.1)

Also, suppose that f(X) C g(X) and g(X) is a complete subspace of X. Then f and g have a
unique point of coincidence. Moreover,if (f,g) is weakly compatible,then f and g have a unique

common fixed point.
Proof. Let x( be an arbitrary point in X. Since f(X) C g(X), we can choose a point x; in X such
that fxo = gx;. Similarly, choose a point x, in X such that fx; = gx;. Continuing this process,
we obtain the sequence {x,} by fx, = gx,+1 for all n > 0. Then
d(8xn+1,8%) < a1d(8xn, 8xn—1) + a2d(fxn,8%n) + azd(fxn—1,8%n—1)
+ aad(fxn, §xn—1) +asd(fxn—1,8%n)
= a1d(gxn, gXn—1) + a2d(gXn+1,8%n) + azd (gxn, 8%n—1)
+ a4d (8%n+1,8%n—1) + asd(gxn, gxn)
< a1d(8xn, 8xn—1) + a2d (8Xn+1,8%n) + a3d (gxn, gXn—1)
+ sa4d (% 1,8%) + 504 (8%, 84 1)
= (ay +az + saq)d(gxn, gxn—1) + (a2 + saq)d(gxn+1,8%n),

and

d(gxn, 8Xn+1) = d(fxn—1, fXn)
< a1d(gxn—1,8%) +a2d(fXn—1,8%n—1) +azd(fxn, 8xn)
+asd(fxn—1,8%) +asd(fxn,8xn—1)
= a1d(gxn_1,8xn) + axd(gxn, gxn—1) + aszd(gxni1,8%xn)
+ asd (8xn, §%n) + asd (gxn+1,8%n—1)
< ard(gxn—1,8%n) +axd(gxn, 8xn—1) +a3d(gxn+1,8%n)
+ sasd(gxnt1,8%n) + sasd(gxn, gxn—1)

= (a1 +ax+sas)d(gxn, 8xn—1) + (az +sas)d(gxn+1,8%n)-
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Adding the last two inequalities, we have

2d(gxn, gxn+1) < (2ay +ax +az + sag + sas)d(gxn, gxn—1) + (a2 + a3 + sas + sas ) d (gxn, gXn+1)-

Then
2ay +ay + az + saq + sas
2—ap—az—saq4 — sas

d(gxnaganrl) < d(gxnagxnfl)a
for all n > 0. Put

A=

_ 2a;+ay+az+sag+sas
2—ar—az—sas—sas

It follows that sA < 1 and d(gxy, gxu+1) < Ad(gxn,gxn—1) < A"d(gxo,gx1). Now for m > n, we

have

d(gxnagxm) < Sd(gxmganrl) +S2d(gxn+lygxn+2) +e +Sm_n_]d(gxm72vgxm71)
+ 5" d (8% m—1,8%m)

S (S)Ln _|_82)Ln+1 4. _i_smfnfllmfZ +sm*”7tm*1)d(gxo,gx1)

SA™

< d .
< 77 (ex0,831)

Since P is a normal cone with normal constant K, we have

SA"
I d(esnzxm) 1< 052 | d(exo.gn) |

Thus, if n,m — o, then d(gx,,gx,) — 6. Hence, {gx,} is a Cauchy sequence. Since g(X) is

complete, there exist u,v € X such that gx, — v = gu. Since

d(8xn, fu) = d(fxn-1, fu)
< ayd(gxp—1,8u) +axd(fxn—1,8%-1) +azd(fu,gu)
+agd(fxn—1,8u) +asd(fu,gx,—1)
=ayd(gxy—1,v) + axd(gxn,gx,—1) +azd(fu,v)
+ asd(gxn,v) +asd(fu,gx,—1)
< aid(gxn,—1,v) +axd(gxn,gxn—1) + sazd(fu,gx,) + sazd(gx,,v)

+ a4d(gxn, V) +Sa5d(fu,gxn) + San(gxnvgxanL
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we find that

d(gxn,fu) < [Clld(gxn_l,\/) + (d2 +sa5)d(gxn,gxn_1)

— 1—sa3—sas

+ (saz + aq)d(gxn,v)].
Hence, we have

K
H d(gxnafu) H < 1— “ ald(gxnflav) + (a2+sas)d(gxn:gxn71)
—8asz — Sds

+ (as +saz)d(gxn,v) || -

If n — oo,then we have d(gx,, fu) — 6, Also, d(gx,,gu) — 6 as n — oo. The uniqueness of a
limit in a cone metric type space implies that fu = gu = v. Now we show that f and g have a
unique point of coincidence. For this end, assume that there exists another point u* in X such

that fu* = gu* =v*. Then

d(v,v") =d(fu, fu")

< ayd(gu,gu”)+ ard(fu,gu) +aszd(fu*,gu*)

+asd(fu,gu") +asd(fu”,gu)

=ard(v,v*) +axd(v,v) + azd(v*,v")

+asd(v,v*) +asd(v*,v)

< (a1 +a4+as)d(v,v"),
which gives a contraction, Hence,w e have v = v*. If (f,g) is weakly compatible, then fv =
fgu=gfu = gv. Sou=v by uniqueness. Thus v is the unique common fixed point of f and g.

Corollary 3.2. Let (X,d,s) be a cone metric type space with coefficient s > 1 and P a nor-
mal cone with normal constant K.Suppose the mappings f and g be self-mappings on X,such
that f(X) C g(X) and g(X) is a complete subspace of X. Suppose that one of the following
conditions holds:

(1) d(fx, fy) < aid(gx,gy) + axd(fx,8x) + azd(fy,gy),
forall x,y € X, where ay,ay,a3 > 0 and 2sa; + (s + 1)(az +a3) < 2.
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(2)d(fx,fy) < ard(gx,gy) +axd(fx,8y) +azd(fy, gx),

for all x,y € X, where ay,ay,az > 0 and 2sa; + (s> +5)(ay +a3) < 2.
(3) d(fx,fy) < ard(fx,8x) +ard(fy,8y),

forall x,y € X, where aj,ay > 0 and ay +ap < Hil
(4)d(fx, fy) < ad(fx,8y) +axd(fy,gx),

forall x,y € X, where aj,ay > 0 and a1 +ap <

(5) d(fx, fy) < ard(gx,8y),
forall x,y € X, where 0 < a; < %

2
§24s"

Then f and g have a unique point of coincidence.Moreover,if (f,g) is weakly compatible,then

f and g have a unique common fixed point.
Putting g = iy in Theorem 3.1 and Corollary 3.2, we get the following results.

Corollary 3.3. Let (X,d,s) be a cone metric type space with coefficient s > 1 and P a normal
cone with normal constant K.Let f : X — X be a map such that f(X) is a complete subspace of
X. Suppose that one of the following conditions holds:
(1) d(fx,fy) < ard(x,y) + ad (fx,x) + a3d(fy,y) + asd(fx,y) + asd(fy,x),
for all x,y € X, where ay,a,a3,a4,as > 0 with 2sa; + (s + 1) (az +a3) + (s> +5)(as +as) < 2.
(2)d(fx,fy) < ard(x,y) + ard(fx,x) + a3d(fy,y),
forall x,y € X, where ay,ay,a3 > 0 and 2sa; + (s + 1)(az +a3) < 2.
(3)d(fx, fy) < ad(x,y) +axd(fx,y) + azd(fy,x),
for all x,y € X, where ay,ay,az > 0 and 2sa; + (s> +5)(ay +a3) < 2.
(4) d(fx,fy) < ard(fx,x) +axd(fy,y),
forall x,y € X, where aj,ay > 0 and ay +ap < HLI
(5) d(fx, fy) < ard(fx,y) + azd(fy,x),
forall x,y € X, where aj,ay > 0 and a1 +ap <
(6) d(fx, fy) < ad(x,y),
forall x,y € X, where 0 < a; < %

2
§24s"

Then f has a unique fixed point.

Theorem 3.4. Let(X,d,s) be a cone metric type space with coefficient s > 1 and P a normal

cone with normal constant K. Suppose the mappings S,T and f are three self-mappings on X,
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satisfy: d(Sx,Ty) < a1d(fx, fy) +axd(Sx, fx) +azd(Ty, fy) + asd(Sx, fy) +asd(Ty, fx)

forall x,y € X, where ay,a;,a3,as,as > 0 with
2sai + (s+ 1) (az +a3) + (s* +5)(ag +as) < 2. (3.2)

Also, suppose that S(X)UT (X) C f(X) and f(X) is a complete subspace of X. Then S,T and
f have a unique point of coincidence.Moreoverif (S, f) and (T, f) are weakly compatible,then

S,T and f have a unique common fixed point.

Proof. Let xo be an arbitrary point in X. Since S(X) U7 (X) C f(X), we can choose a point x;
in X such that Sxog = fx;. Similarly, choose a point x; in X such that 7x; = fx,. Continuing this

process, we obtain the sequence {x, } by fxpri1 = Sxox, fXox12 = Txpps1, for all k > 0. Then

d(fx2ut1, frorv2) < ard(fxon, fxoui1) +axd (Sxax, fxar) + azd(Txoks1, [Xok+1)
+ aqd (Sxok, fxoxr1) +asd(Txos1, fXok)
< ard(fxan, fxans1) + aad (fxokr1, fxou) +azd(fxorsas fxorr1)
+agd (fxonits fxors1) +asd(fxous2, fXox)
< ard(fxog, fxory1) +axd(fxouy1, fxox) +azd(fxons2, fXons1)
+sasd (fxors2, fxor+1) + sasd(fxor1, fXor),

which implies that

a1 +ap +sas
d < —d
(foarsts froue2) < 5 p—

(fxor, fX2k41)-

Similarly, we have

d(fxok+3: fxur2) < ard(fxors2, fxoks1) +a2d (Sxarr2, fxor+2) +azd(Txoy 1, fxok+1)
+ asd(Sxax+2, fxox+1) +asd(Txos1, fxok+2)
< ard(fxons2, frons1) +aad (fxor i3, fXouy2) +azd(fxopso, fxorr1)
+aad(fxok+3; fxu+1) + asd(fxout2, [Xou42)
< ard(fxos2, fronr1) +ad(fxoys, frons2) +asd(fxons2, fronr1)

+ sasd (X213, fXony2) +saad(fxony2, fXok41)-
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Hence, we have

a1+a3~|—sa4d

d(fxok+2, [rous3) < (fX2k15 fX2k42)-

— 1—ay—say
Let
2= a1 +ap +sas B a1 +az+sag
1—az—sas’ 1—ar—sas

By induction, we have

d(fx2k+l ,fok+2) < ld(fokyfok-i-1>
< Aud(fxop—1, fxar)
S ApAd(fxop—2, fxor—1)

< <A (fxo, fx1)
and

d(fxors2, fx243) < pd(fxon1, [Xor42)
< uAd(fxak, fros1)

< < (UA)Y T (fxo, fx1)

for all kK > 0. From the condition (2.2), we have Au < le Now, for p < g, we have

d(fxop, [X2g+1) < sd(fX2p, fxops1) +S°d(fxaps1, [Xop2) +8°d(fX2p12, fX2p43)
+--- +S2q_2p+1d(foq,fx2q+1)
< s(A)Pd(fxo, fxi)+ S AAp)Pd(fxo, fx1) +5 (Au)Pd(fxo, fx1)

4. —|—s2q—2p+1(Au)q+ld(fx07fxl)
s(Aw)P  SPA(Ap)P

<3 —2om 1 _Sz(zu)]d(fxoafxl)
< (s . o).
Similarly, we can obtain
e

d(fx2p, fx24) S(1+S7L)1 d(fxo, fx1),

—s*(An)
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A(Au)P
g, frag) < (150 L d . ),

A(Au)?P
d(fxops1, fxog1) < (1+Sﬂ)%d(fxoafn)'

Hence, for 0 < n < m, there exists p < n < m such that p — o0 as n — oo, and

A (s Frm) < max{(1 +sx)%,(1 +su)%}d(fxo,fxl).

Since P is a normal cone with normal constant kK, we have

Ap)P A(Ap)P
1 ) 1 man (145212 (1 o) s, )
Since Au < le’ we have if n,m — o. Then
s(Ap)? sA(Ap)P

So d(fxp, fxm) — 6. Hence, {fx,} is a Cauchy sequence. Since f(X) is complete, there exist
u,v € X such that fx, — fu =v. Since
d(Su, fu) < sd(fu, fx,) + sd(fxan,Su)
= sd(fu, fxon) +sd(Txpy—1,Su)
<sd(fu, fxa,) +sard(fu, fxon—1) +sard(Su, fu) + sazd(Txon—1, fX2n—1)
+ saqd (Su, fxon—1) + sasd(Txp,—1, fu)
<sd(fu, fxon) +sard(fu, fxan—1) + sard(Su, fu) + sazd(fxon, fx2n—1)
+ sasd(Su, fxon—1) + sasd(fxon, fu)
< sd(fu, fxa,) +sard(fu, fxon—1) + sard(Su, fu) + sazd(fxon, fx2n-1)

+ S2614d(SM,fM) + 52a4d(fu7fx2n71> +sa5d(fx2n,fu),
we find that
d(Su, fu)

s—[sd(fu, fxon) +sard(fu, fxon—1) +sazd(fxan, fx2n-1)

— 1 —say—scay

+5%asd (fu, fxon1) + sasd(fxon, fu)].
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Hence, we have

| d(Su, fu) |
K
S D | sd(fu, fx2n) +sard(fu, fx2n—1) +sazd(fx2n, fX2n-1)
—Say — s°ay

+s2agd(fu, fxon_1) + sasd(fxon, fu) || .

If n — oo, then we have || d(fu,Su) ||= 0. Hence, fu = Su. Similarly, we can show that fu = Tu,
that is, v = fu = Su = Tu. Now we show that S, 7 and f have a unique point of coincidence.

For this, assume that there exists another point #* in X such that fu* = Su™ = Tu* = v*. Then
d(v,v*) =d(Su,Tu")
< aid(fu, fu*)+ayd(Su, fu) +azd(Tu", fu™)
+ asd(Su, fu*) +asd(Tu*, fu)
=aid(v,v") +axd(v,v) +azd(v*,v")
+asd(v,v*) +asd(v*,v)
< (a;+a4+as)d(v,v"),

which gives a contraction, Hence, we have v =v*. If (S, f) and (7T, f) are weakly compatible,
then Sv=Sfu= fSu= fvand Tv="T fu= fTu = fv It implies that Sv =Tv = fv. Sou =v

by uniqueness. Thus v is the unique common fixed point of S, 7 and f.

Corollary 3.5. Let (X,d,s) be a cone metric type space with coefficient s > 1 and P a normal
cone with normal constant K. Suppose the mappings S,T and f be self-mappings on X,such that
SX)UT(X) C f(X) and f(X) is a complete subspace of X. Suppose that one of the following
two conditions holds:

(1) d(Sx,Ty) < ard(fx, fy) + axd(Sx, fx) + azd(Ty, fy)
forall x,y € X, where ay,az,a3 > 0 and 2sa; + (s + 1) (az +a3z) < 2.

(2) d(Sx,Ty) < ard(fx, fy) +axd(Sx, fy) + azd(Ty, fx)
for all x,y € X, where ay,ay,az > 0 and 2say + (s> +5)(ay +a3) < 2.

(3) d(8x,Ty) < ard(Sx, fx) + axd(Ty, fy)

forall x,y € X, where ay,a, > 0 and a) +a; < 34%1
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(4) d(Sx,Ty) < aid(Sx, fy) +axd(Ty, fx)
forall x,y € X, where aj,ay > 0 and ay +ap <

(5) d(SX, Ty) < Cl]d(fx,fy)
forall x,y € X, where a; > 0 and ay < %

2
§24s"

Then S,T and f have a unique point of coincidence.Moreoverif (S, f) and (T, f) are weakly

compatible, then S,T and f have a unique common fixed point.

Theorem 3.6. Let (X,d,s) be a cone metric type space with coefficient s > 1 and P a normal
cone with normal constant K.Suppose the mappings f,g,S and T be self-mappings on X, satis-
fying:

d(fx,gy) < ai1d(Sx,Ty)+ axd(fx,Sx) +azd(gy,Ty) +asd(fx,Ty) + asd(gy,Sx)

forall x,y € X, where ay,a>,a3,as,as > 0 with
2sa; + (s+1)(as +az) + (s* +5)(as +as) <2 (3.3).

Also, suppose that f(X) C T(X),g(X) C S(X) and one of f(X),g(X),S(X),T(X) is a complete
subspace of X. Then (f,S) and (g,T) have a common point of coincidence.Moreoverif (f,S)

and (g,T) are weakly compatible, then f,g,S and T have a unique common fixed point.
Proof. Let x( be an arbitrary point in X. Since f(X) C T(X),g(X) C S(X), we can choose a
point x; in X such that fxo = Tx;. Similarly, choose a point x, in X such that gx; = Sx;. Con-
tinuing this process, we obtain the sequence {x,} and {y,} by yon—1 = fxon—2 = Txop—1,Y2n =
8x2n—1 = Sxop, for all n > 0. Then
d(yan—1,Y2n) = d(fX2n—2,8%n1)
< a1d(Sxan—2,Tx2p1) + a2d(fx2n—2,8%2n2) +azd(gxan—1,Tx211)
+agd(fxon—2,Tx2n—1) +asd(gxan—1,5%n-2)
< ard(yan-2,Y2n-1) +a2d(Y2n—1,y20-2) +a3d(y2n,Y20-1)
+asd(Yon—1,y20-1) +asd(y2n,Y20-2)
< a1d(yan—2,Y20-1) + a2d(yon—1,y20-2) +a3zd (y2n,y20-1)

+sasd(yan, yan—1) + sasd(Yan—1,Y2n—2),
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which implies that d(yz,—1,y2,) < %d (Y2n—2,Y2n—1)- Similarly we can show that

a)+az+say
d(yon,y2n41) < —————d(Y2n-1,Y2n)-
1—a;—say
aj+apx+sas ay+az+sag
l—a3—sas > 1—ay—say

Letting A = max{ }, we know that 0 < A < % Therefore d(yn,yn+1) <

Ad(Yyn—1,yn) < A"d(yo,y1), for all n € N. Now, for m > n we have

d(ynaym) < Sd(ym)’nJrl) +52d(yn+layn+2) +-- +Sm_n_1d(ym72:ymfl)
+5"7d (Ym—1,ym)

m—n—19ym—-2_ ;m—nym—1
g(s;t"—i—sz/l"“—i—m—ks AMTEL ST, )d(yo,y1)

sA"

<2 4
< 77 4000)

Since P is a normal cone with normal constant k, we have || d(yn,ym) ||< Kl“f:k | d(yo,y1) ||

Thus, if n,m — o, then d(y,,ym) — 0. Hence, {y,} is a Cauchy sequence. Suppose that S(X)

is complete. Then there exist u,v € X such that Sxy,, = yy,, — v = Su. We claim that fu = v. For
this end, consider
d(fu,v) <sd(fu,gxou—1)+sd(gxon—1,v)

< sa1d(Su,Txp, 1)+ saxd(fu,Su) + sazd(gxon—1,Tx2n—1)

+ sasd(fu, Txpn—1) + sasd(gxon—1,Su) + sd(gxan—1,v)

= sa1d(v,yon—1) + saxd(fu,v) + sazd(yan,yan—1)

+sasd(fu,yan—1) +sasd(yn,v) +sd(y2n,v)

<sa1d(v,yan—1) +saxd(fu,v) +sazd(yan, y2n—1)

+ s2asd (fu,v) + s*asd (v, yon—1) + sasd(yan, v) + sd(yan, v).
It implies that

d(fu,v)

1

~1—say — g2 [Sald(vayZn—l) +sa3d(y2n,y2n_1)

as

+ 5%agd (v, yon_1) + (sas + s)d(yan,v)].
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Hence, we have

Id(fu,v) |l
K
= 1 —say — s2ay | sa1d (v, y2n—1) + sazd(y2n; y2n—1)

+ s2a4d (v, yon—1) + (sas +s)d (yan,v) || .
If n — oo, then we have || d(fu,v) |= 0. Hence, fu =v = Su. Since v € f(X) C T(X), there
exists a point w € X such that 7w = v. Now we will show that gw = v. Since

d(gw,v) < sd(fxan,gw)+ sd(fxon,v)

< sard(Sxan, Tw) + sard(fxon, Sxo,) + sazd(gw, Tw)

+ saqd(fxon, Tw) + sasd(gw, Sxan) + sd(fxon,v)

= said(yan,v) + saxd(Yan+1,Y2n) + sazd(gw,v)

+ sasd(yan+1,v) + sasd(gw,yan) +5d(Yan+1,v)

< sa1d(yan,v) +saxd (Yan+1,Y2n) +sazd(gw,v)

+ sagd (yoni1,v) + s2asd (yan,v) + s2asd (gw,v) + sd (yani1,V).
It implies that

d(gw,v)
1

< ——————[sa1d(y,,v) +saxd(yan,
o l—Sa3—s2a5[ 1 <y2n ) 2 (y2n ))2n+1)

+ (sas + s)d(yan+1,v) + s2a5d(y2,,, v)].
Hence, we have

I d(gw,v) |l

K
= 1 —sa; —52a5 H Sa]d(VJyZn) +sa2d(y2n7y2n+l)

+ (sa4 +s)d(v7))2n+1) +s2a5d(y2n,v) || .

Letting n — oo in the above equality, we get || d(gw,v) ||= 0. Hence, gw = v = Tw. Thus (f,S)

and (g,7T) have a common point of coincidence in X. Now if (f,S) and (g,7) are weakly
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compatible, then fv = fSu = Sfu = Sv =w; (say) and gv = gTw = Tgw = Tv = wy (say).
Since
d(wi,wy) =d(fv,gv)
< a1 d(Sv,Tv) + axd(fv,Sv) +a3d(gv,Tv) + asd(fv,Tv) + asd(gv,Sv)
<aid(wi,w2) +axd(wi,wi) +azd(wy,wa) + asd(wi,w2) + asd(wo, wi)

< (a1 +aq +as)d(wi,wa),

we find a contradiction. Thus we have d(w;,w,) = 0, that is, w; = w,. Hence, we have fv =

gv = Sv =Tv. Now we shall show that fv =v. Since

d(fv,v) =d(fv,gw)
< ayd(Sv,Tw) + ard(fv,Sv) + asd(gw, Tw) + asd (fv,Tw) + asd(gw, Sv)
< ard(fv,v) + azd(fv, fv) +asd(v,v) + asd(fv,v) + asd (v, fv)
< (a1 +ag+as)d(fv,v),

which is a contradiction. Thus we have fv = v, and v is a common fixed point of f,g,Sand T.

Next we prove the uniqueness. Let v* be another fixed point. Then
divyv*) =d(fv,gv")
< ard(Sv,Tv*) + axd(fv,Sv) + azd(gv*,Tv*) + asd(fv,Tv*) + asd(gv*,Sv)
<aid(v,v") +axd(v,v) +azd(v: ,v°) + asd(v,v*) + asd (v*,v)
< (ay+a4+as)d(v,v"),
which is a contradiction. Thus we have v = v*. This completes the proof.

Corollary 3.7. Let (X,d,s) be a cone metric type space with coefficient s > 1 and P a normal
cone with normal constant K.Suppose the mappings f,g,S and T be self-mappings on X, such
that f(X) C T(X),g(X) C S(X) and one of f(X),g(X),S(X),T(X) is a complete subspace of
X. Suppose that one of the following conditions holds:

(1) d(fx,gy) < aid(Sx,Ty) +axd(fx,Sx) +azd(gy, Ty),
where ay,ay,a3 > 0 and 2sa; + (s+ 1) (a2 + a3) < 2.
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(2) d(fx,8y) < a1d(Sx,Ty) + axd(fx,Ty) + azd(gy, Sx),
where ay,as,a3 > 0 and 2sa) + (s> +5)(ax +a3) < 2.
(3) d(fx,8y) < ard(fx,Sx) + axd(gy, Ty),
where ay,ar,a3 > 0 and a1+ ar < S%
(4)d(fx,8y) < ard(fx,Ty)+ ard(gy,Sx),
where ay,ay,a3 > 0 and a1+ ax < szis'
(5)d(fx,gy) < ard(Sx, Ty)

1
forall x,y € X, where ay > 0 and a) < 5.

Then (f,S) and (g,T) have a common point of coincidence. Moreover, if (f,S) and (g,T)

are weakly compatible, then f,g,S and T have a unique common fixed point.
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