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Abstract: The objective of this paper is to utilize the notion of integral type implicit relation in fuzzy metric space.
In this paper, we prove the existence result for common fixed point theorem of integral type for six self-maps
satisfying integral type implicit relations is obtained in fuzzy metric space. Our main result improves and extends
several known results.
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1. Introduction

The concept of Fuzzy sets was initially investigated by Zadeh[11] as a new way to represent
vagueness in everyday life. Subsequently, it was developed extensively by many authors and
used in various field. To use this concept in Topology and Analysis several researcher have
defined several fuzzy metric space in various ways.

Commutativity of two mappings was given by sessa[10] with weakly commuting mappings.
Later on, Jungck[3] enlarged the class non-commuting mappings by compatible mappings which
asserts that a pair of self-mappings S and T be a metric space (X, d) is compatible if

lim d(TSx,, STx,) = 0 whenever lim Sx, = lim Tx, =t for somet € X.
n—-oo n—-oo

n—-oo
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A concept of compatible mappings was further improved by Jungck and Rhoades[4] with the
notion of coincidentally commuting mappings which merely commute at their coincidence points.
Recently, implicit relations are used as a tool for finding common fixed point of contraction
maps. (See [1],[5].[6].[7].[9].[8]). These implicit relations guarantee coincidence point of pair of
maps that ultimately leads to the existence of common fixed points of quadruple of maps
satisfying weak compatibility criterion. In 2008, Altun and Turkoglu[2] proved two common

fixed points theorems on complete FM-Space with an implicit relation.

2. Preliminaries

Throughout this paper, we use following definitions.

Definition 2.1. Let X be any set. A set in X is a function with domain X and values in [0,1].
Definition 2.2. A binary operation= : [0, 1] — [0, 1] is continuous t-norm if* is satisfying the

following conditions:

a. * IS commutative and associative.

b. * IS continuous.

C. ax 1 <aforalla e [0,1].

d. axb = c*d whenevera<cand b <dforall a, b, ¢, de [0,1].

Example a *b =minaand a *b = ab
Definition 2.3. A triplet (X, M, *) is a fuzzy metric space whenever X is an arbitrary set, * is
continuous t — norm and M is fuzzy set on X x X X [0, o0](X? X [0, oo])satisfying for every x, y,

z e Xand S, T >0, the following condition.

FM-1 M(x, y, t) > 0;

FM-2 M(x, y, 0) =0;

FM-3 M(x, y, t) =1 for all t > 0 if and only if x=y;
FM-4 M(x, Y, t) =M(y, X, t);

FM-5 M(X, y, t) * M(y, z, S) < M(X, z, t +S);
FM-6 M(X, Y, -) :[0,00) — [0, 1] is left continuous;

Definition 2.4. Let (X, M, *) be a fuzzy metric space. The sequence {xm} in X is said to be
convergent to a point ueX if

lim M(x,,,u,t) = 1forallt> 0
n—.0oo
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A sequence {xn} in X is said to be Cauchy sequence in X if

lim M(Xp, Xp4p,t) = 1forallt >0 ,p >0

n—-oo

The space is said to be complete if every Cauchy sequence in it converges to a point of it.
In this paper (X, M, *) is considered to be the fuzzy metric space with condition
FM-7

rlll_r)glO M(x,y,t) = 1 for all x, yeX.

Lemma 2.1. Let {yn} be a sequence is a fuzzy metric space (X, M, *) with the condition (FM-7)
is there exists a number k € (0, 1) such that

M(Yn+2 Yn+1, KO) = M(Yn41, Yo t) forallt > 0,
then{yn} is a Cauchy sequence in X.
Lemma 2.2. Let A and B be two self-maps on a complete fuzzy metric space (X, M, *) such that
forsome k € (0, 1) forall x,y eX and t> 0.
M(Ax, By, kt)> min{M(x, y, t), M(Ax, x, t) }then A and B have a uniqgue common fixed point in X.
Definition 2.5. Let A and S be mappings from a fuzzy metric space (X, M, *) into itself then
a. The mappings are said to be weak compatible if they commute at their coincidence point
i.e.Ax=Sx implies thatASx = SAx.
b. The mappings are said to be compatible if

lim M(ASx,,SAx,) =1 Vt>0

n—»,oo

Where {xn} is a sequence in X such that

lim Ax, = lim Sx, =x €X
n—>oo

n—»,oo

C. The mappings are said to be semi compatible if
lim M(ASx,, SAx,,t) =1, t>0

n—oo

Where {Xxn} is a sequence in X such that
lim Ax, = lim Sx, =x €X
n—oo n—oo
Implicit Relation:
Let K4 be the set of all real continuous functions F: R4 — R, non-decreasing in first argument and

satisfying the following condition.

fOF U v, v, u) B dt >0 or fOF U v, u V)Q)(t) dt =0 (i)

Then implies u > v foru, v>0.
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fOF (u u 1, 1)

@(t)dt =0 impliesu > 1. (i)

Example:

¢ )for all tin R+and

. . 9
(i) Let F(u1,U2,Us,Us) = U1 — min(uz,Us,us) and @(t) = 10(11:02 oS (10(1+t)

(u,v) = 0 are non-decreasing function in first argument. Now suppose that

&Y e de =0 implies
F(u v, v, u 91r It
L el e e
= In omt
fo 10(1 + t)2 cos (10(1 n t)) dt >0 implies that

_ < 91t(u — v) )
sin >0
10(1 + (u— v))

It shows thatu > v forall u,v > 0.

F(u u 1, 1)

(i) J; B(H) dt >0
F(u w1, 1) 9g omt
- - >
jo 10(1 + £)2 C"5(10(1 + t)) dt =0
](u_l) on ( ont >dt >0 implies that
o 10(1+62 C\lo(t+p) & =5 MPEeS A

_ < In(u—1) >
sin >0
10(1+ (u-1)

It shows thatu > 1.

3. Main Result

Theorem 3.1 Let (X, M, *) be a complete fuzzy metric space and let A, B, S, T, | and J be
self-maps on a complete metric space (X, M, *) satisfying.

a. AB(X) < J(X), ST(X) = I(X)

b. AB=BA, ST=TS, IB=BlandJT=TJ

C. Either AB or | is continuous

d. (AB, 1) is semi compatible and (ST, J) is weak compatible.

For some Fe Ky there exists ke (0, 1) such that for all x, y € X and t>0
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F(M(ABx,STy,kt), M(Ix,Jy,t), M(Ix,ABx,t), M(Jy,STy,kt))
f E(w)dv =0 (1) and
0

F(M(ABx,STy,kt), M(Ix,Jy,t), M(Ix,ABxkt), M(Jy,STy,t))
f E()dv =0 (2)
0

Where &: [0, +oo] — [0, +oo] is a lebesgue integral mapping which is summable.

fosi (v) dv > 0.Then A, B, S, T, I and J have unique common fixed point in X.

Proof: Suppose Xo be an arbitrary point in X. since AB(X) < J(X) and since ST(X) c I(X) there
exist x1, xoe X such that ABxoc Jx1 and since STxic IX2. In general, we can construct sequences
{yn} and {xn} in X such that

Yan+1 = ABXzn = JXzn41 and yoniz = STXony1 = IXopge forn=0,1,2,... ...

() putXx=xXan, Y= Xan+1 in (1) we get

F(M(ABXZn,STX2n+1;kt); M(Ixzn,J%Xz2n+1,t), M(IXzn,ABXzp,0), M(]X2n+1;STX2n+1rkt))
j E()dv =0
0

F(M(y2n+1,Y2n+2Kt), M(Vz2nyan+1,0, MY2n¥zn+1.D), MY2an+1,Y2n+2.K0)
f E(v)dv =0 3
0

using (i) we get
M (Y2n+1, Yon+2, Kt) > M (y2n+1, Yon, ) 4)
Similarly, by putting X= Xan+2 and y=Xan+1 in (2)

F(M(ABx2n+42,STXz2n+1.kt), M(IX2n42J%X2n+1,0), M(IXzn42,ABXz2n42,kt), M(Xz2n+1,STX2n+1,)
] E()dv =0
0

F(M(y2n+3.¥2n+2Kt), M(Yzn+2,¥zn+1.0), M(Yzn+2,¥2n+3), MYzn+1.Y2n+2.)
f E(w)dv =20
0

Using (i) we get,

M(Y2n+3 Yon+2, Kt) = M(Yon+1, Yontz ©) (5)
Thus from (4) and (5) for n and t, we have
M(Yn, Yn+2,. k) = M(¥n41,Yn O (6)

Hence by lemma 2.2 {yn} is a Cauchy sequence in X, which complete therefore {y.} converges
topeX. The sequences {ABxan}, {STxon+1}, {IXan}, {Ixon+1} being subsequences of {yn} also
converges to p that is

ABX2n— p, STx2n+1— p, Ixon— p, Jx2n+1— p. @)

Case 1: I is continuous, since | is continuous, we get
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I(ABX2n) — Ip, 1220 — Ip )
The semi compatibility of the pair (AB, I) gives
lim AB(Ix,,) = Ip 9
n—-oo

1.1.Putting X=IXn, y=Xzn+1 in (1) we obtain

J‘F(M((AB)IXZn'(ST)inH.kt), M(LIXzn JX2n41,8), M(LIXpn,(AB)IXzn,t), M(JX2n4+1,(ST)X2n41.kt))
0

E(w)dv =0
(10)
Letting n—oo and using (8), (9), (10) and the continuity of the t-norm * we have
F(M(Ip,p,kt), M(Ip,p,t), M(Ip,Ip,t), M(p,pkt))
f E(v)dv =0 (11)
0
that is
F(M(Ip,p,kt), M(Ip,p,t), 1, 1)
j E()dv =0 (12)
0

Using (ii) we obtain
M(Ip,p,t) = 1 forall t > 0 which givesM(Ip,p,t) =1 i.e. Ip=p (13)
1.2. Putting X=p, y=Xzn+11n (1) we obtain

F(M(ABp,STxzn+1.kt), M(Ip,Jxzn+1,t), M(Ip,ABp,t), M(JXz2n+1,STXzn+1.kt))
Jo Edy =0  (14)

letting n—oo and using (8) and (14) we obtain

F(M(ABp,p,kt), M(p,p,t), M(p,ABp,t), M(p,p,kt))
f E(w)dv =20
0

F(M(ABp,p,Kt), 1, M(ABp,p,t), 1)
] §(u)dv =0 (15)
0

As F is non-decreasing in first argument, we have

F(M(ABp,p,t), 1, M(ABp,p,t), 1)
j E()dv =0

0
Using (i) we obtain ABp =p (16)
from equation (13) and (16) ABp=p =1Ip a7

Now put Xx=Bp and y=Xzn+1 in (1) we get

F(M((AB)Bp,(ST)Xz2n+1.kt), MUI(Bp),Jxzn+1,t), M(I(Bp),(AB)Bp,t), M(JX2n+1,STXzn+1.kt))
j E()dv =0
0
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AsIB = Bl, AB=BA (18)
We have
I(Bp) = B(Ip) = Bp and AB(Bp) = B(AB)p = Bp.
Letting n—oo and using (7) and the continuity of t-norms #* we get
I(Bp) = B(Ip) = Bp and AB(Bp) = B(AB)p = Bp.
fF(M(Bp,p,kt), M(Bp.p.t), M(p.p.t), M(ppkt))
0

E(v)dv =0

That is
F(M(Bp,p,kt), M(Bp,p,t), 1, 1)
J

§()dv =0 (19)

Using (i) we get

M(Bp,p,t) =1, Vt>= 0 which gives M(Bp,p,t) =1
Bp =pandso p=ABp =Ap
therefore Ip = Ap = Bp =p (20)

1.3. Since AB(X) < J(X) there exist uex such that

ABP =Ip=p=]u.

Putting X=X2n, y=U in (1) we have

F(M(ABx,p,STukt), M(Ixzn,Jut), M(Ixzn,ABXop,t), M(Ju,STukt))
f E(v)dv =0 (21)
0

Letting n—oo and using (7) we get

F(M(p,STukt), M(p,Jut), M(p,p,t), M(Ju,STukt))
f E(w)dv =0
0

F(M(p,STukt), M(p,p,t), M(p,p,t), M(p,STukt))
] E()dv =0
0

F(M(p,STukt), 1, 1, M(p,STukt))
f E(w)dv =20
0

Using (i) we have M(p,STu,kt) =1
Thus p = STu

Therefore STu = Ju = p.since (ST,]) is weak compatible. we have J(ST)u = (ST)]Ju,
That is

STp = Jp (22)
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1.4. Put X=xzn, y=p in (1) we get

F(M(ABxX,p,STp,Kt), M(IXpn,Jp,t), M(IX2n,ABxzn,t), M(Jp,STp,Kt))
f E(w)dv =0
0

Letting n—oo and using (7) and (22) we get

F(M(p,STp,kt), M(p,STp,t), M(p,p,t), M(STp,STpkt))
f E()dv =0
0

F(M(p,STp,kt), M(p,STp,t), 1, 1)
f E()dv =0
0

As F is non-decreasing in first argument, we have

F(M(p,STp,t), M(p,STp,t), 1, 1)
f g()dv =0 (23)
0

Using (ii) we get M(p,STp,t) = 1forallt> 0.
Thus we have STp = p
Put X = xonand y = Tp in (1) we get

F(M(ABx,p,(ST)Tp,kt), M(IXzp,JTp,t), M(IXzn,ABXon,t), M(JTp,(ST)Tp,kt))
f E()dv >0
0

AsJT =TJand ST =TS we have
JTp = TJp = Tp and ST (Tp) = T (STp) = Tp.
Letting n—o0, we get

F(M(p,Tp,kt), M(p,p,t), M(p,p,t), M(Tp,Tpkt))
f E(w)dv =20
0

F(M(p,Tp,Kt), 1, 1, 1)
] E()dv =0
0

As F is non-decreasing in first argument, we have

F(M(p,Tp,Kt), 1, 1, 1)
j E()dv =0
0

Thus M(p, Tp,t) = 1

ThenTp=p

Now STp=Tp=pimpliesSp=p

Hence Sp=Tp=Jp=p (24)
Combining (20) and (24)
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Ap=Bp=Ilp=Jp=Sp=Tp
i.e. p is common fixed point of A, B, I, J
Case 2: AB is continuous, since AB is continuous and (AB, 1) is semi compatible, we get
(AB) Ix2n — ABp, (AB)?X2n — Bp, 1ABx2n — ABp (25)
Thus

lim ABIx,, = rlh_)rrc}0 [ABx,, = ABp.

n— oo

Now we prove ABp = p

2.1. Put X = ABX2n, Y = Xon+1 in (1) and assuming ABp # p.

F(M((AB)?2n,STxzn+1kt), M(IABXzpJX2n41.t), M(IABXzn,(AB)?Xzn t), M(Xzn41,STXzn kb))
f E(vw)dv =20
0

Letting n—o0 and using (25)

F(M(ABp,p,kt), M(ABp,p,t), M(ABp,ABp,t), M(p,pkt))
j E(w)dv =0
0

F(M(ABp,p,kt), M(ABp,p,t), 1, 1)
f E()dv =0
0

As F is non-decreasing in first argument, we have

F(M(ABp,p,kt), M(ABp,p,t), 1, 1)
f E()dv =0
0

Using (ii) we have M(ABp,p,t) = 1forallt > 0
ThusABp = p (26)
2.2. Putx =p, y = Xan+1 in (1) we get

F(M(ABpP,STxn+1.kt), M(Ip,Jxzn+1,t), M(p,ABp,t), M(Xon+1,STX2n+1,Kt))
] E()dv =0
0

Letting n—oo and using (8) and (26), we get

F(M(p,pkt), M(p,p,t), M(Ip,pt), M(p,pkt))
j E()dv =0
0

F(1, M(Ip,p,t), M(p,p,), 1)
f E()dv =0
0

Using (ii) we obtain
M(Ip,p,t) = 1, vt >0
Thus Ip =p
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Hencelp = p = ABp
Further using (1.2) we get Bp = p

Thus ABp = pgivesAp =pandsoAp = Bp =Ip =p
also it follows from step (1.3) that Sp = Tp = Jp =p
Hence we get

Ap =Bp =Ip=]Jp=Sp=Tp =p

The uniqueness of common fixed point is an easy consequence of inequality (1) and (2) in view
of ¢1 and ¢2.
Corollary 3.1
Let (X, M, *) be a complete fuzzy metric space and let A, B, S, T, | and J be self-maps on a

complete metric space (X, M, *) satisfying.

A?BP(X)cJi(X), SSTHX)cIi(X)

o o T 9

AB=BA, ST=TS, IB=BlandJT=TJ

Either AB or | is continuous

(AB, 1) is semi compatible and (ST, J) is weak compatible.

For some Fe K there exists ke (0, 1) such that for all x, y € X and t>0

F(M(A?BPxS°Ttykt), M(IixJly,t), M(I'xA?BPxt), M(Jly,SSTtykt))
f E()dv =20
0

and

F(M(A?BPxS°Ttykt), M(I'xJly,t), M(I'xABPxkt), M(Jly,SSTtyt))
f E()dv =20
0

forallx,y € Xanda,b,s,t,i,j € N.

Where &: [0, +00] — [0, +oo] is a lebesgue integral mapping which is summable.

fOSE (v) dv > 0.Then A, B, S, T, I and J have unique common fixed point in X.
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